ON APPROXIMATE SEMI-CONTINUOUS FUNCTIONS AND ALLIED SETS

A, P, Bamsnas

In thisz papsr approximately semi-continuous funetions have heen defined
and tho concepts of metrically closed and open sets have been introdu-
ced. Some properties of approximately semi-continuous funclions Eave
bheen established and the behaviour of approximately semi-continuous fane-
tions in regard to metrically closed sels and metrically open sets have

heon studied.

1. Introduction: Let f(x)} be a bounded real function defined im the in-
“terval [a, 8]. Let €€ [a, 5] and = >0 be arbitrary. We say that f(x) is approxi-
mately upper semi~continzous or in short a. w. s. ¢. at x =& if there exists a
measurable set §(C [a, #] with € as a point of density [Y] such that

flx) < fle) 4+ if x€S

Similarly, f(x) is said to he approximately lower semi-contingows or in
short a. 1. s, ¢. at x =t if there exists a mecasurable sct S [a, 8] with & as
a point of density such that

fle)y > f&}—e,  if xCS.

If f(x}is a. u. s. c. {or a. I. s. ¢.) at each £ of [a, ], then it iz said to
bt a. w. s. ¢c. (0T a. I. 5. ¢.} in [a, B].

It iz obvious that if f{x) is approximately continuous {[?], p. 182} at
x =%, then it is both . I. s. ¢. and a. z. s. ¢. at x=E and also conversely.
But there exist functions which are neither upper semi-continuous nor ap-
proximately continuous at a point § where it may be a. u. s. c.

The following is an illustration:

flx)=0 if x ig irrational

=3

it x=1

1
2
=1 for all other rationals.
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The purpose of the present paper is to prove some properties of approxi-
mately semi-continuous functions. To do this, we are led to introduce the
concept of metrically closed scts and as a consequence we have investigated
to what cxtent approximately continuous functions can he characterised with
the aid of the sets complementary to metrically closed sets.

Throughout the paper, we shall always consider those scts which are
suhsets of the segment {q, ] and those real funections which are single.va-
lued, hounded and defined in [a, b].

2. Theorem 1. Suppose f{x} and g(x} are a.l. s. ¢c. at x,C [a, b]. Then
flx)+ g(x) is also a. . 5. c. at x,.

Proof : Let A he any number with f(x,}+ g{x,} > A. Then there cxist B
and C such thal f(x,)> B, g(x,) >C, B4+ C > A. Since f(x) and g(x) arc
a.l. 5. c. at x5 by definition there exist measurable sets S, and §, with x,
as point of density and such that f{x) > B for x € 8§, and g(x} > C for x £ S,.
Let §=5, M S, Then § is measurable and x, is a point of density of S and
fx}+ g(x} > B+ C > A for x € §. Since 4 is any nomber with A < f{x,} -+ g{x,)
the theorem follows.

Theorem 2. Let an increasing seguence of functions

fuxy = folap e v v e s = falx)= - e

be given; suppose that all the functions f,{x} are a. l. s. ¢. at x, € [a, b]. Then
flx}= Lt fp(x}is a. l. s. c. af x,.
n—>w

Proof: Lel A be a real number such that f(x,) > A. Then for all suffi-
ciently large values of a, f,(x,) > A. We choose oue of the values of these
n’8, say n—m and keep it fixed. Since f,, (x) is a. L. 5. ¢. al x = x, it follows
that there cxists a measurable set § C [e, 5] with x, as point of density and
such that fm(x) > A4 if x € §. Since for every x, f(x)= f, (x) we have f(x} > A4
if x€£.5. As A is any number with A < f(x,;), the theorem follows.

Combining theorems 1 and 2 we get the following :

Theorem 3. Suppose that all the terms of the series ¥ u,(x) ore nonnega-
tive and the series converges in [a, bl. If each u,(x} is a. l. s. ¢c. at x,, then the

sam of the series is also a. l. s. ¢. at x,.
Definition: A point « is said to he a melric limit point of a set S, if in

every neighbourhood of «, there is a point of density of 5. A set S is said
to he metrically closed if it containg all its metric 1imit points.

Theorem 4. Jf A is any sef, then the set of metric limit points of A is

metrically closed.
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Proof: Let 4, denote the set of metric limit points of 4 and let €t be a
metrie limit, point of A4,. We are to show that £ ¢ 4,. Let Jx be a neighbour-
hood of %. Since £ is a metric limit point of A,, there exists a point of den-
sity of 4, and consequently a point of density A in f¢. Since Iz is any neigh-
bhourhood of g, £ is a metric limit point of 4. Hence £ C 4, and the theorem
is proved.

Theorem 3. If for any real number « the set
Efe €la; 8] flx) 2o}
is i-rnetricallg closed, then f(x) is a. uw. s. ¢. in [a, b].

Proof : Let s >0 bhe arbitrary and ¢ be taken at random on the segment
[a, b].
Let
Si=E{xCla, b];  flx}=f(E) +4)
and

Sy=E{x€la, b]:  fle}< f(E) 14}

So, 8,4 §:=—[a, b] and §; M .5, = &. Since 5, is, by hypothesis, metrically clo-
ged and t € §,, there exists a neighbourhood of £ almost all points of which
belong to §,. Hence there exists a measurable ~et § with § as a point of den-

sity and such that

fey<fE)+e i  xc S

Hencerf(x) is @, w. s. ¢. at x =E. Since E is any peoint in [a, ] the theorem
follows,

Note: It is ohvious that theorems 1, 2 and 5 have analagous counterparts
if one replaces a. I. s. ¢. by a. . s. ¢. and viceversa,

3. If S is any metrically closed set in [a, b] and & € .S, then it follows
that there exists a neighhourhood of £ almost all points of which helong to
the complement of .S. This consideration suggests the following d=finition.

Definition: A point E of a set .§ is said to be a metric interior point of
S5, if there exists a neighbourhood of & almost all points of which are points
of \S. A set § is said to he metrically open if every point of § is a metric in-
terior point of S.

The following results follow immediately:

(1} If 4 ig a metrically closed set, then its complement is metrically
open.

(2) If 4 is a metrically open set, then its complement is metrically closed.
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(3) ' A and B are metrically open sets, then 4 J B and A M B arc met-
rically open sets,

(4) Union of an arbitrary family of metrically open scts is a metrically
opeu sct.

4. It way be of some interest Lo ask what relations these metrically
open sets bear with the approximately continuous functions. In the following
we have attempted to establish some of these connections. To do this, we
introduce another type of set defived helow.

Definition: A sct § is said to be an 4-type sel if every point of § is a
point of density of 5.

Theorem 6. Let f(x) be a bounded function defined in [a, b]. If for every
metrically open set O, f~1{0) is metricolly open, then f(x) is approximately conti-

nuous in [a, b].

Conversely, if f(x) 1s approximately continuous and f—' fulfils the con-
dition (N {[2], p. 224} in [a, 4] Lhen for any metrically open set O, f~1(0) is
an A-type set.

Proof : Let E€ [a, 4] and & = 0 be arbitrary. Let O be a metrically open
set with span less than e and containing f(§). Then t & g-1(0). Since, by
hypothesis, f—(0) is metrically open and & € f~1(0) there cxists a measu-
rable set .§ with & as a poinl of density and | f{x)— Ff(&) | <eif x €.5. So,
f(x) is approximately continuous al »=¢. Since £ is any point in [a, 8], the
first part of the theorem follows.

Conversely, let f{x) be approximalely continnous in (e, 5]. Let O he o
metrieally open set. If f—!'(Q) is void, the theorem is proved. So, let § € [a, 8]
and f(&) € O. Since f(x) is approximately continuous at x =t and f—! fulfils
the condition {#) in [a, 5], there exists a sct Ag with E as a point of density
and f(Ag) C O. Let the point & be adjoined to the set A and the resulting
set denoted by As.

Then E ¢ As C /(0.
So, -
/Hoy= U Ads
§C (0}
Hence every point of f~'(0) is a point of density of f~1(0), i.e. f71(0)
is an A—type set.

This completes the proof,
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OZET

Bu araghrmada (yaklagik yari-stirekli fonksiyon) tamimi ortaya atilmig ve
bunun incelemmesi igin (metrik olarak kapali veya agik cilmle} kavramlar
ithal edilmigtir. Yaklagik yari-stirekli fonksiyonlarin bazi dzelikleri ispat
edilmig ve bu ¢egit fonksiyonlarin metrik olarak kapali veo metrik olarak

agik ctimlelerle ilgili Hzelikleri incelenmigtir,




