
A T H E O R E M ON S T E P FUNCTIONS ( I I ) 

P . K . K A M T H A N 

The obiect of this paper is to g ive a cr i ter ion for the convergence or d i 

vergence of an infinite aeries associated to a step function by means of 

an integral containing characte r i s t i c quantities of the function itself. 

1. L e t 
CO 

w h e r e t h e sequence {X„} i s c h o s e n i n s u c h a m a n n e r so as t o s a t i s f y t h e f o l 

l o w i n g c o n d i t i o n s : 

( i ) 0 — * 0 < A t < ••• < c* ; 

( n ) " l i m - f - = f ; (0 < Z ) < ~ ) , 

(Hi) ^ ( A B + 1 = h>0; hD^l, 
n-*oa 

he a n e n t i r e f u n c t i o n . L e t M{o), f t (o) a n d A v(„) s t a n d as u s u a l . Suppose %n de

n o t e s t h e « Sp rungs t e l l en » f o r f(s)i e q u i v a l e n t t o l o g | a „ / a „ _ ! | / (1„ — l„_t) 

( f o r p r o p e r t i e s o f xn
 s e e Vh P- 7 1 8 ) - S i n c e A v ( a ) i s a s tep f u n c t i o n w i t h j u m p s 

a t Xn> w e h a v e ( [ a ] , p . 43) 

T h r o u g h o u t t h i s n o t e w e suppose , as we m a y w i t h o u t l o s s o f g e n e r a l i t y , t h a t 

^(0) — 1 . I w i s h t o p r o v e t h e f o l l o w i n g : 

2. T h e o r e m : Let f(s) be an entire function of finite order (/?) > 0 ; then the 

convergence or divergence of the integral: 

6 5 
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CO 

0 

implies the convergence or divergence of the infinite series: 

(2.2) J I « - I 9 ' * » . 

T o p r o v e t h e r e s u l t , t h e f o l l o w i n g n e c e s s a r y l e m m a s a r e r e q u i r e d : 

L e m m a 1 s Lei W' (x) be ung function integrable for x > 0, then 

a 

2 (K - ¥ (Xn) - '1> (") - / ¿r(i) ( í ) dt. 

F o r t h e p r o o f , sec [" ] . 

L e m m a 2 : The series : 

CO 

(3.1) ^ C A ^ V - O a - o x , 

aná M e integral; 

CO 

0 

converge or diverge together. 
F o r , b y l e m m a 1, w e h a v e 

. N 
(3.2) £ 

I f t h e l e f t - h a n d s i de o f (3.2) i s h o u n d e d as 7* a n d c o n s e q u e n t l y /V «> , t h e 

i n t e g r a l o n t h e r i g h t does n o t exceed t h e v a l u e s o n t h e l e f t a n d hence 

CO 

o 

c o n v e r g e s . Suppose , o u t h e o t h e r h a n d , t h a t 

CO 

f i v ( i , e-«*dt 
o 
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c o n v e r g e s ; t h e n , s i n c e A v ( ( ) i n c r e a s e s , we h a v e , f o r /? > 0, 

(l-e«?)Xv{T)_ f dt f f ^ ( t ) d i 

~ * V ( T ) J e a t ^ J e « t d t ^ J e«t
 dt> 

T T 0 

o r , w e f i n d t h a t 

^ £ = 0 (1 ) , 

a n d so t h e r i g h t - h a n d s i de o f (3.2) i s h o u n d e d a n d t h i s g i ves t h e c o n v e r g e n c e 

o f (3.1) . A r g u m e n t s f o r d i v e r g e n c e c a n s i m i l a r l y be d i sposed o f . 

L e m m a 3 : The series (3.1) and the series : 

CO 

(3.3) 2 e xp [ - £ - { (lt ~ X0) X l + • • • + (in ~ ln-i) Xn}] 

n — 1 

converge or diverge together. 

F o r , l e t (3.1) he d i v e r g e n t . T h e n , s i n c e %a i n c r e a s e s , w e f i n d t h a t t h e 

s e r i e s (3.3) i s 

CO 

> ^ + ( m + «)- ,2(J ln — A n - i ) e - H * " ' ( A T — a c o n s t a n t ) 

a n d so (3.3) d i v e r g e s . N e x t suppose t h a t (3.1) i s c o n v e r g e n t . N o w 

B u t as (3.1) i s c o n v e r g e n t , we h a v e ?.V(T) — 0(eaT), l o r a l l l a r g e 7*. H e n c e f o r 

l a r g e T 

l og/* (70 

= 0 ( 1 ) , f o r a l l l a r g e T; 

a n d t h a t f o r a l l l a r g e 7*. 

C o n s e q u e n t l y 
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N n N 

E e x p [- rn 2 ( A* ^**] < 2 e _ l % i + a 0 ( x , i ) 

« = = 1 i = i n = l 

< K + ( A _ 8) K 2 (AB - e-«K„ 

= /£• + [ e - a n v ( T ) - f « y A v U ) c - « d * ] -

T h e r e f o r e t h e se r i es (3.3) i s c o n v e r g e n t . 

L e m m a 4 s The integrals : 

CO 

Oo To 

converge or diverge together. 

T h i s i s easy t o e s t a b l i s h f r o m t h e r e l a t i o n : 

a a 

™ A \ f l o g f * W _7 l o g / i ( Q , l o g/ « ( g ) _ 1 /• Aviv) , 

w h i c h c a n be , i n t u r n , o b t a i n e d f r o m 

l o g i* (x) = l o g (*0) + y Av(*> • 

L e m m a 5 5 The integrals : 

J eax ' y "a* 

converge or diverge together. 

F o r , t h e e q u a t i o n (3.4) c a n he w r i t t e n f o r l a r g e o, s i n c e log M(o) ~ l o g fi (a), 

w h e r e W (o) i s c o n f i n e d b e t w e e n t w o p o s i t i v e f i n i t e l i m i t s , a n d t h e n t h e r e s u l t 

f o l l o w s e x a c t l y as i n t h e p r e c e d i n g l e m m a . 



A T H E O R E M O N STEP F U N C T I O N S ( I I ) 69 

Proof of the Main Theorem: F r o m t h e d e f i n i t i o n o f %n , i t f o l l o w s : 

« x p [ - ^ { ( A l - A 0 ) Z i + - " + ( A , . - ^ - l ) z » } ] = e x p [ - ^ l o g | ^ | ] = | « J « « / i 1 . , 

w h e r e w e ] h a v e , as w e m a y , s u p p o s e d t h a t | a0 | — 1 . T h e t h e o r e m n o w f o l 

l o w s h y c o m b i n i n g t h e l e m m a s 2, 3 a n d 5. 
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ÖZET 

B u araştırmada bir basamak fonksiyonuna tekabül ett i r i len bir serînin y a 

kınsaklık v e y a ıraksaklığmı belirtmeğe yarıyan bir kr iter , fonksiyonun 

karakte r i s t ik büyüklüklerini i h t i v a eden bir integra l yardımiyle ifade 

edilmiştir. 


