
S T E A D Y F L O W S O F T W O C O N D U C T I N G I N C O M P R E S S I B L E A N D I M M I S C I B L E F L U I D S 

J . B . S H U K L A AND R . PEASADÎ*) 

T h e flow of two conduct ing viscous , incompress ible and immiscible f luids 
between two non-couduct ing para l le l plates i n the presence of a uniform 
t ransverse magnetic f i e l d has been discussed , F o r a large magnetic f ie ld , 
i t has been s h o w n that the flow f luxes for the two f luids , the interface 
v e l o c i t y and inter face i n d u c e d magnet ic f ie ld decrease as the strength of 
the magnetic f i e l d increases , but the s k i n fr ic t ions at the two plates do 
not depend upon this . W h e n the s trength of the magnetic f ie ld approaches 

zero, we get w e l l k n o w n results for non-conduct ing f luids . 

1. Introduction, The f l o w of t w o incompressible and immisc ib le f l u i d s 
between t w o plates has been considered i n [ ' ] . Recently f l o w of n- immiscible 
f l u i d s occupying d i f f e r e n t heights between two plates has been considered by 
K A P U R and S H U K L A [*]. They have shown that whatever be the number of 
f l u i d s and whatever he t h e i r heights , a unique ve loc i ty m a x i m u m always 
exists, and a f o r m u l a f o r f i n d i n g the layer i n w h i c h th i s m a x i m u m occurs 
has also been derived. The same authors ["] have also considered the f l o w of 
t w o conduct ing f l u i d s between t w o plates i n the presence of a transverse mag­
netic f i e l d , neglect ing the induced electromagnetic effects. They have studied 
t h e effects of the magnetic f i e l d on the f l u i d s f l o w and invest igated the case 
of the m a x i m u m ve loc i ty . Here, we have considered the f l o w of two conduc­
t i n g , incompressible and immisc ib le f l u i d s between two p a r a l l e l nonconduc­
t i n g plates i n the presence of a transverse magnetic f i e l d when the induced 
electromagnetic effects are taken i n t o account. The main a im here is to dis­
cuss the effects of the appl ied magnetic f i e l d , viscosit ies and conduct iv i t ies 
of the t w o f l u i d s on the induced inter face magnetic f i e l d . 

2. Basic Equations. Consider the f l o w of t w o conduct ing , incompressible 
a n d immisc ib le f l u i d s , between t w o non-coneuct ing, p a r a l l e l s ta t ionary pla­
nes, separated by a distance 2h apar t . A u n i f o r m magnetic f i e l d is applied i n 

(*) T h e authors are t h a n k f u l to Prof. J . N . K A P U R for his guidance and adviee i n the 
prepara t ion of this paper . 
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a transverse d i r e c t i o n . Let ftx, p2, o\, a2, fie^ (iei} denote the coeff ic ients o f 
v iscos i ty , c o n d u c t i v i t y and permeabi l i ty respectively of the two f l u i d s each 
accupying a he ight h. 

We take the ar-axis a long the in ter face and the #-axis perpendicular to 
i t d r a w n i n t o the f i r s t f l u i d . Let us suppose t h a t a constant pressure gradient 
is applied to b o t h the f l u i d s . The physical s i t u a t i o n is i l l u s t r a t e d i n the 
f o l l o w i n g f i g u r e 

H 0 

ï m m 

F i g . 1 

Flow of two conducting immiscible fluids ; Velocity profile. 

The basic equations governing the f l o w of the conduct ing f l u i d s are [ 4 j 

(1 \ ^13 _|_ fl ei I J d h i — P 

(2) ^ | + 0 i , e f H o ^ = 0 

i = 1,2 

where u f and h; are the velocit ies and the induced magnetic f ie lds f o r the t w o 
f l u i d s and 

dx 

Since the tangent ia l components of veloc i ty and magnetic f i e l d s h o u l d 
he cont inuous at the in ter face , the boundary condit ions f o r u and h are as 
f o i l ows 

( u.—Q , A, — 0 at y— h 
(3) 

( a, — H 0 , hl = ha at - i / — 0 

( az — 0 , A, —0 at y ——h 

( u a = «o , ht — hQ at 9—0 

where «„ and h0 are the ve loc i ty and magnetic f i e l d at the in ter face . 
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A l s o , since the n o r m a l component of magnetic i n d u c t i o n should he con­
t i n u o u s , we have [tev =p e2=p e. 

So lv ing equations (1) and (2) us ing the boundary condit ions (3) we have 
the- expressions f o r ve loc i ty and induced magnetic f i e l d f o r the f i r s t f l u i d as 
fo l lows : 

< 8 ) = ( 2 c o s h V - l ) I * ' f ° S h M l " 1 _ C ° S h X S + C ° S h M ' { 1 - Î } ) 

+ ( A° - 7 ^ 7 ) i 1 - c o s h M ' - ™ . h ^ + « . . h M, (1 - 1 ) } + _ ^ L . B . 

S i m i l a r l y f r o m (1), (2) and (4) we have expressions f o r the second f l u i d as 
f o l l o w s 

<
7

> - =
 Z (
.JM , ^ ) [ « • f o s h M ^ o s h +

C O S I
M - 0 +1)-4 

+ vèr(
A

»+7^){ s i n h ^+ B i " h ^- 8 i n h ^( 1 +f) } ] -

< 8 ) * • = 2 ( ^ , - 1 ) [«• ̂ {sinhM-+sinh-siBh
 M> i1+I)} 

+ (*•+/&-) i 1 - " 0 5 1 1 "•-00Bh + c o s h ^ i 1 + i )}]+ *• - t B s ' 

where Mx and M2 are the H A R T M A N N numbers for the t w o f l o w s . 

By u s i n g the f o l l o w i n g t r a n s f o r m a t i o n s 
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the equations (5), (6), (7) and (8) are reduced to n o n dimensional forms as 
f o l l o w s 

(10) at = 2 ( c o s h M 1 — 1) L"° { c o s h M l ~ 1 ~ c o s l 1 MiV + c o s h M l 

— — • i ^ j s i n h M1 — s i n h Mtg — s i n h 71^(1—#)j J > 

(11) ht — 2 ( c o s h M , — 1) L"° { S l n h M l g ~ S i n h M l + S i n h M l ( 1 

+ (Ao ~ j ^ ) { 1 — cosh M t - cosh Ml y + cosh Af t (1 - # ) j ] + h0 — ^- y. 

" 2 = 2 (cosh M — 1) l P °° { C ° s i l M a _ 1 _ ° 0 S l 1 M a 5 + c o s h M* t 1 + ^ } 

+ *° + J ^ ) { S i n h M ' + s i n h ^ ~ S i n h M a ( 1 + ^ } } ] 

(12) 

and 

(13) h2 = ^ c o s h ^ — i ) [ r g o { s i n h M * + s i u h Mtğ — s i n h AT, (1 + $)J 

+ (w2 *° + ¥" 2) I 1 " 0 0 8 1 1 ^ . - c o s h M%g + cosh Jtf, < ! + * > } ] + jj£ £0 - ^ f . 

3. Determination of interface velocity and magnetic field. For determi­
n i n g in ter face ve loc i ty a0 we assume t h a t the shear ing stresses are cont i ­
nuous at the in ter face ; the c o n d i t i o n f o r this is 

/ dui \ / duş \ 
1 \ dff Jy^o 2 \ dy Jy^o 

w h i c h can be w r i t t e n i n the dimensionless f o r m as 

(M) =ff?V • 
Then f r o m (10), (12) and (14) we have, 

( 1 B ) *°=-m> 1 w - ' 
2 + p - 2 

t a n h - ^ t a n h - ^ 

Now f o r d e t e r m i n i n g h0 we use the c o n t i n u i t y of the tangent ia l compo­
nent of the electric f i e l d , the c o n d i t i o n f o r w h i c h i n n o n dimensional f o r m is 
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(16) A t(dkj\_ = M ( Ô ï \ 
\dy / v = 0 M2 \dy Jg=Q 

Then again f r o m (11), (13) and (16) we get the interface magnetic f i e l d as 
f o l l o w s 

Ml \ ( M 
2 _ i \ ( M, y I 2 

, , t a n h ^ / U M * J \ t a n h ^ 
(17) ha— 2 7 X 2 

upper 

Aft Mi M2 

t a n h ^ ^ t a n h ^ 

4. Skin frictions at the plates and flow fluxes. The s k i n f r i c t i o n at the 
r plate is g iven by 

w h i c h gives on u s i n g (10) 

(18) f [ = = ( M l £ 0 - ! ) + «„ 
t a n h — L 

Là 

S i m i l a r l y the s k i n f r i c t i o n at the lower plate (g ~ — 1) is given by 

M2 

(19) i , —-|- ( M , ft0 + 1) + 2» u0 ^ 
t a n h 

The f l a x f o r the f i r s t f l u i d is given by 
1 

0 

Then f r o m (10) and (20) we get f i n a l l y 

/ Ml 

^ Q l " 2 ^ ^ t a n h ^ 

S i m i l a r l y the f l o w f l u x for the second f l u i d is g iven by 

/ Mi 

P / , a " 2 + ^ \ t a n h f 

file:///tanhf
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5. Results. Since M/tai ih M increases as M increases, f r o m equations (15) 
we see t h a t the inter face veloci ty decreases as Mt and M% increases. But Mt 

aud M2 can increase by increasing ei ther , the s t rength of the magnetic f i e l d , 
or by increas ing conduct iv i t ies of the f l u i d Thus we i n f e r t h a t the in ter face 
veloc i ty decreases as the s t rength of the magnetic f i e l d increases or as the 
conduct iv i t ies of the t w o f l u i d s increase. 

To see the effect of viscosit ies , equation (15) can he w r i t t e n as 

(23) 

where kl and k2 are independent of ^, and j » 2 . 

Since 
k 

coth -—rL= and coth ,; 2 

2 VMÏ ' 2 VV-J 

respectively increase as j t , and p2 increase, we i n f e r from. (15) t h a t the i n t e r ­
face ve loc i ty decreases as viscosi ty of the two f l u i d s increase. 

For large Mi and M.2 i. e. when the s t rength of the ^magnetic f i e l d is 
large, we get f r o m equations (15). (17), (18), (19), (21) and (20), 

2 - 1 lp — 1 

(24) 

n ~ 1 2 n 1 2 l ' 

F r o m these equations i t is obvious t h a t the interface ve loc i ty , induced i n t e r ­
face magnetic f i e l d and the f l o w f l u x e s of the two f l u i d s , decrease as the 
s t r e n g t h of the magnetic f i e l d increase. But the s k i n f r i c t i o n s at the two pla­
tes are almost independent of the appl ied f i e l d . The induced magnetic f i e l d 
decreases because of the r e d u c t i o n of the interface ve loc i ty by the appl ied 
magnetic f i e l d . These resul ts are i n c o n f o r m i t y w i t h the s t a b i l i z i n g proper ty 
of the magnetic f i e l d . 

To s tudy the effects of viscosities and conduct iv i t ies , can be approxi ­
mated f o r large magnetic f i e l d , as 

(25) K
 P h 

1 + 
0 a f t a 
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F r o m t h i s i t is clear t h a t h0 vanishes when o 1 ^ l — o s ^ 2 . I t increases as o 2 or 
fi2 increases and decreases as al or fi1 increases. 

S i m i l a r l y the expressions f o r t1 and « s can he approximated as 

2 PA 

(26) 

Pit**"* 

2Ph 

Here we can see t h a t %l decreases as tf2, ^ 2 or p,L increases f o r f i x e d al and i t 
increases as at increases f o r f i x e d at, /*,, and p2. S i m i l a r l y « 8 decreases as « „ 

or / i 2 increases f o r f i x e d o 2 and i t increases as o 2 increases f o r f i x e d 
and («2. For the f l o w f l u x e s , we can s i m i l a r l y see, t h a t Qt and Q2 decreases 
as any of the quant i t i e s aLi a2, i.tl or (i2 increases. 

When Mi and M2 are s m a l l we have, 

(27) 
' 1 - f - A 2 L 12 1 + A 2 J 

/*» A' — 1 Af, 

(28) 

Xs /.t2 + 1 12 

1 + 

X2 

2 \2A 12 \ 2 r ( ^ 2 + l ) 1 ( l + A ^ 

2 \2A 

(29) 

Q
2
: 

2 1 1 + JLa 1 12 l 2 t V + l ) 1 (1 + A 2 ) E  

1 . 1 "AT? f l + i t s 

} 

2 (1 + Xs) 1 12 

r 

î -AT; f i + • P - ^ l 

L2 24 \ + ^ 6 r VJ 1 6, 

1 M I f ^ p - l \ \ 
12 24 \ ( ! + * ' ) ' e i ' ^ ' + i / j 2 (1 + A») 1 12 

From these equations we can see t h a t when Mt->-0 we get the resul t s 
discr ihed i n 
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Ô Z E Ï 

L u z u c i y e t i haiz , i le tken , sıkıştırılanı a y a n v e k a r ı ş a m a y a n i k i s ıvının, i l e t k e n 

o l m a y a n i k i p a r a l e l l e v h a a r a s ı n d a k i akımı , l e v h a l a r a dik düzgün bir mag­

netik a lanın v a r l ı ğ ı hal inde ince lenmiş t i r . B ü y ü k bir magnetik a lan ha­

l inde , a k ı m a d i k magnetik alanın şiddeti a r t t ı k ç a , i k i sıvının akım hızları ­

nın, a r a y ü z e y hızının v e a r a y ü z e y üzer inde i n d ü k s i y o n d a n doiayı m e y d a n a 

gelen magnetik alanın, azaldıklar ı g ö r ü l m e k t e d i r . B u n a m u k a b i l İki l e v h a 

ü z e r i n d e k i y ü z e y s ü r t ü n m e l e r i bu a lana tâbi deği ldir . Magnetik a l a m n ş i d d e ­

t i n i n sıfıra y a k l a ş m a s ı hal inde , i l e t k e n o l m a y a n s ıv ı lar için e s k i d e n ber i 

bi l inen sonuçlar tekrar elde edi lmektedi r . 


