STEADY FLOWS OF TWO CONDUCTING INCOMPRESSIBLE AND IMMISCIBLE FLUIDS

J. B. SuurLa axp R, Prasap(®)

The flow of two conducting viscous, incompressible and immiseible fluids
betwesn two non-couducting parallel plates in the presence of a uniform
transverse magnetic field has been discussed, For a large magnetic field,
it has been shown that the flow fluxes for the two fluids, the interface
veloeity and interface induced magnetic field decrease as the sirength of
the magnetie field increases, but the skin frictions at the two plates do
not depend upon this. When the strength of the magnetic field approaches

zero, we get well known results for non-conducting fluids.

1. Introduction., The flow of two incompressible and immiscible fluids
between two plates has been considered in [']. Recently flow of n-immiscible
fluids occupying different heights between two plates has been considered by
Karur and Suaukra [*]. They have shown that whatever be the number of
fluids and whatever he their heights, a unique velocity maximum always
exists, and a formula for finding the layer in which this maximum occurs
has also been derived. The same authors [*] have also congidered the flow of
two condueting {luids between two plates in the presence of a trangverse mag-
netic fleld, neglecting the induced electromagnetic effects. They have studied
the effects of the magnetic field on the fluids flow and investigated the case
of the maximum velocity. Here, we have congidered the flow of two conduec-
ting, incompressible and immiscible fluids between two parallel noncondue-
ting plates in the presence of a transgverse magnetic field when the induced
electromagnetic effects are taken into account. The main aim here is to dis-
cuss the effects of the applied magnetic field, viscosities and conductivities
of the two fluids on the induced interface magnetic field.

2. Basic Equations. Consider the flow of two conducting, incompressible
and immiscible fluids, between two non-coneucting, parallel stationary pla-
nes, separated by a distance 2k apart. A uniform magnetic field is applied in

(*} Phe authors are thankful to Prof. J. N. Kapur for his guidance and advice in the
preparation of this paper.
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a transverse direction. Let p,, p,, o, 6,, pe,, pe,, denote the coefficients of
viscosity, conductivity and permeability respectively of the two fluids each

accupying a height A.

We take the x-axis along the interface and the g-axis perpendicular to
it drawn into the first fluid. Let us suppose that a constant pressure gradient
is applied to both the fluids. The physical gituation is illustrated in the
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Flow of two conducting immiscible fluids : Velavity profile,

The basic equations governing the flow of the conducting fluids are [4}

Loy | pecy, dhi __ p
) ' dy* T T Ty
d*h; diy
(2) Ty-;ﬁLUi.ueiHo d'y_o
i—1,2

where z; and h; are the velocities and the induced magnetic fields for the two
fluids and

Since the tangential components of velocity and magnetic field should

he continuous at the interface, the houndary conditions for » and h are as

follows
Sttl?;“() y h,IO at g=h
(3)
(UL:"’u: by =hy at - y=0
u,—0 , h, =0 at g=—nh
(4)
: luy=unq, by = h, at =0

where g, and k, are the velocity and magnetic field at the interface.
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Also, since the normal component of magnetic induction should he con-
tinuous, we have ge, —pe, = pne.

SBelving equations (1) and (2) using the boundary conditions (3) we have
the expressions for velocity and induced magnetic field for the first fluid as

1 ( Ph ){ .
hy — sinh M
Vo ’ H, pe !

(=81

-~ ey @_ . . K
{8) h,= 5 (cosh M, — 1) u, Vrn,u,{blllh A sinh M, + sinh M, (1 MT)

follows :
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Similarly from (1), (2) and (4) we have expressions for the second fluid as
follows

1
@ = 2(cosh M, — 1)

o, {cosh My-—cosh M;:y ~+ cosh M, (1 + %) — 1}

!
()

_ _ Myy : ( Q} %wi_
(o g 1ottt —oosn B - cost a1+ £ Vo ha

1 Ph . .
+ Vo (lxg +m) {Slllh M, + sin

_ 1 . .
8) hy— Z{cosh #, 1) [ﬂo Vauii, lsmh M, +sin

where M, and M, are the HartMann numbers for the two flows.

By using the following transformations

Lo mfy  _ hy e
Sy ’ hi= BV g,
_ g My r _ hy e
g — Ph2 ? h2 - PhEV:g,
(9) iz :"""'-"un Ll b lfl. :'—hﬁ- ﬂ:
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the equations (B), (6), (7) and (8) are reduced to non dimensional forms as
follows

(10) E{:m;_—l) I:Eo {cosh M, —1—cosh M, 5+ cosh Ml(i—g)}
— (f;n —A%i) {siuh M, —sinh M, 5 — sinh M, (1—§)}],
(11) B :i‘(m;h—lMl—“T) [au {s'mh M, § — sinh M, -} sinh M, (1 —g)}
. s _Mii){q ._ﬂcoshMl—corshMlg—{—coshM1 (l—g)}] +hy ~Mi1§.
(12) ‘ == m—ﬁ [,12 a, {Gosh M,—1—cosh M, 5+ cosh M, {1+ g)}

+ (%; o +i) {siuh M, sinh M, 7 — sinh M, (1 +§)}]

and

- 1 : : : ;
(13) ‘ kb, = T{oosh M, — 1) [J.* @ {smh M, sinh M, 5 ~—sinh M, (13- g)}

Mo, 1 _ i INE TAY /R O
+ (M2 Ry +II_J:) {1—005]1 M;—cosh M, 7 -+ cosh M2(1~f—y)}] -+ i, hy w7

3. Deiermination of interface velocity and magnetic field. For determi-
ning interface veloeity =, we assume that the shearing stresses are conti-
nuous at the interface; the condition for this is

d_m) _ (51_“_2\
“l(dy ¥=o ‘u"‘r dy )y=u

which can he written in the dimensionless form as

(14) : (%}520 = (%)%O B

Then from (10), (12) and (14) we have,

1
15 Ha o
( ‘)) iy, ﬂ@ M,
2 2
|2
2 i,
tauh7 tanh 5

Now for determining A, we use the continuity of the tangential compo-
nent of the electric field, the condition for which in non dimensional form is
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(16) 22 (dle) M, (Fff':z) :
dg jy=0 M, \dj Jy—0

Then again from (11}, (13) and (16) we get the interface magnetic field as
follows

A o,
2
2M —1 “(zﬂji) 2M_1
L tdnth 2 tanh—zi
) S , ,
2 Mo \: 2
i () —
tanhTl 2/ tanh T“

4. Skin frictions at the plates and flow fluxes. The skin frietion at the

upper plate is given hy
i ()
T hu‘ dy p=1

which gives on using (10)

(18) gli_l(MJlu_i)“{"ﬁu Mj_
2 M,
tanh /=
2
Similarly the skin friction at the lower plate (7 = —1) is given hy
M,
- 1 7 o 2
(19) o :i(Mlhﬂ+1)—i-J. o ¢
tanh —2"
The flox for the first flaid is given by
1
) a=2 = [ a i
¢
Then from (10) and (20) we get finally
M,
~ iy (leluh"l) 2
(21) Q=+ — —1
2 M3 tanh =+ M‘

Similarly the flow flux for the second fluid is given by

M,
(22‘) Q Q& f"ﬁ A? ue + (Mll_i.g—l'l) T 1

2
M} tanh =% M’
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3. Results. Since M/tanh Af increases as M increases. from cquations (15)
we see that the interface velocity deereases as M, and M, inereases. Bul M,
and M, can increase by increasing either, the strength of the magnetic field,
or by increasing conductivities of the fluid Thus we infer that the interface
veloeity decreases as the strength of the magnetic field increases or as the
conductivities of the two fluids increase,

To see the effect of viscosities, equation (15) can be writlen as

(23) =1 !
Ph? \/ coth ky “’\/ colh .—=
. JVm o 3\/#7
where k, and k, are independent of p, and p,.
Since
\Va, coth | ky and Ve coth ks
2 VM? 2 \/#'3

respectively increase as g, and u, increase, we infer from (15) that the inter-
face velocity decreases as viscosity of the two fluids increase.

For large M, and M, i. e. when the strength of the {magnetic field is
large, we get from equations (156). (17), (18), (19), (21) and (20),

S S b o L et
ST F A k O 1
L 2 o . Zp
(24) T ’ " T
— 1 2 — 1 2a®
QNI T G~ 1

From these equations it is obvious that the interface velocity, induced inter-
face magnetic field and the flow fluxes of the two fIuids, decrease as Lhe
strength of the magnetic field increase, But the skin frictions at the two pla-
tes are almost independent of the applied field. The induced magnetic field
decreases because of the reduction of the interface veloeity by the applied
magnetic field. These results are in conformity with the stabilizing property
of the magnetic field.

To study the effects of viscosities and conductivities, A, can be approxi-
mated for large magnetic field, as

gyt
2#’2

(25) h

14 11[’51.

Ty Hy
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From this it is clear that h, vanishes when o, 4, =0, 4,. It increases as o, or
p, increases and decreases as o, or g, increases.

Similarly the expressions for ¢, and =z, can be approximated .as

2Ph

1]
#1+ \/!"lnue 2

2Ph

Ty B ————
Ot i
o | [t

2

Here we can see that z, decreases as o,, g, or p, increases for fixed ¢, and it

(26)

increases as ¢, increases for fixed o,, p,, and p,. Similarly », decreases as gy,
@y or p, increases for fixed o, and it increases as o, increases for fixed o, p,,
and u,. For the flow fluxes, we can similarly see, that @, and Q, decreases
as any of the quantities ¢,, 6,, p, or p, increases.

When A, and A, are small we have,

L1 M3 14 p
o = [1““12"' 1+m]
@)
A
pr4+11
U B _M (A2—1) | ptie
R R e At cas N
e 1, 2 1)
R 2 B fut{ar— pt— At
gt | e G )
- 1 MYf 14w @ —1\)
Gm gt u s iy Ter Ger) )
29)
~ 2 1 M ar(ldp®)  u* fAr—1
Rt G o (1))

From these equations we can see that when M, -0 we get the results
discrihed in [!].
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OZET

Luzueciyeti haiz, iletken, skighirllamayan ve karigamayan ilki sivimn, iletken
olmayan iki paralel levha arasindald alimi, levhalara dik ditzgin bir mag-
netilk alanmin varhgl halinde incelenmigtir, Bilytik bir magnetik alan ha-
linde, aluma dik magnetik alamin giddeti arttikea, iki sivimn akim hizlar-
nin, araylizey hizimin ve arayilzey ilzerinde indidksiyondan doiayi meydana
gelen magnetik alann, azaldiklayl girttlmektedir. Buna mukabil iki levha
dwerindeki ytizey stirtiinmeleri bu alana tabi degildir. Magnetik alapin gidde-

tinin sifira yaklagmasi halinde, iletken olmayan sivilar igin eskiden beri

bilinen sonuglar telrar elde edilmektedir.




