
ON C O N V E X FUNCTIONS AND T H E I R A P P L I C A T I O N S TO E N T I R E FUNCTIONS 

G. L . R l S H I S H W A R 

I i i this paper the growth of an indef in i te ly i n c r e a s i n g function of a r e a l 
v a r i a b l e has been studied i n relat ion to another function by i n t r o d u c i n g 
the notion of order a n d type . A n attempt has been made here to unify 
•certain aspects " of the two theories of entire functions defined by T A Y L O R 
s e r i e s and D I R I C H L E T ser ies r e s p e c t i v e l y , w h i c h h a v e so far been treated 
separately b y different w o r k e r s i n the two f ie lds . Some applications g i v e n 

i n conclus ion are intended to emphasize this fact . 

1. L e t F ( x ) a n d y(x) be t w o i n d e f i n i t e l y i n c r e a s i n g f u n c t i o n s o f t h e r e a l 
v a r i a b l e x d e f i n e d b y 

X 

(1.1) l o g F(x)= l o g F(xa) + / « ( / ) g(t) dt 

a n d 

X 

<1.2) + / g(t) dt 

w h e r e a ( f ) a n d g(t) a r e b o t h p o s i t i v e f o r 0 ^ x 0 ^ t ^ x a n d i n t e g r a b l e i n t h e 
sense o f L E B E S G U E . W e s a y t h a t y>{x) b e l o n g s t o t h e c l a s s A o r t o B a c c o r d i n g 
as f o r a n y p o s i t i v e c o n s t a n t k 

( 1 . 3 A ) v>(kx)—y{x)=0{V) 

( 1 .8B) y>(x+k) — y>(x) = 0 ( 1 ) 

as x a p p r o a c h e s i n f i n i t y . S i n c e yj(x) i n c r e a s e s i n d e f i n i t e l y w i t h x, w e h a v e 
l o g v ( x ) — o { yi{x)} a n d f r o m ( 1 . 3 A ) , i t f o l l o w s t h a t y>(kx) ~ y(x) w h i l e ( 1 . 3 B ) 
g i v e s y>(x + k) ~ y(x). S i n c e a ( f ) a n d g(t) a r e b o t h p o s i t i v e , so a r e t h e f u n c ­
t i o n s l o g F ( x ) a n d y>(x). F u r t h e r , i f w e t a k e <x(x) t o be a l s o n o n d e c r e a s i n g , 
t h e n i t f o l l o w s e a s i l y t h a t log F(x) is a convex function of y(x). 
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I n t h i s p a p e r w e s t u d y t h e g r o w t h o f t h e f u n c t i o n s F(x) a n d x(x) i n 
r e l a t i o n t o t h e f u n c t i o n ip(x) a n d o b t a i n a n u m b e r o f r e l a t i o n s . I t w i l l b e 
seen t h a t m a n y k n o w n r e s u l t s o f t h e t h e o r y o f e n t i r e f u n c t i o n s r e p r e s e n t a b l e 
b y T A Y L O R s e r i e s a n d t h o s e d e f i n e d b y D I R I C H L E T ' S s e r i e s , become t h e d i r e c t 
c o n s e q u e n c e s o f t h e . r e s u l t s o b t a i n e d h e r e . 

T h r o u g h o u t i n o u r d i s c u s s i o n s w e s h a l l a s s u m e t h a t F(x) a n d ip{x), as 
d e f i n e d i n (1.1) a n d (1 .2 ) , a r c b o t h i n d e f i n i t e l y i n c r e a s i n g f u n c t i o n s w h i c h 
a r e a l s o p o s i t i v e s i n c e « ( f ) a n d g(t) a r e b o t h p o s i t i v e f o r Q ^ X a ^ t < x a n d 
t h a t <x(t) i s a l s o n o n d e c r e a s i n g , t h u s m a k i n g l o g F(x) a c o n v e x f u n c t i o n o f 
yi(x) w h i c h w i l l be t a k e n t o b e l o n g e i t h e r t o t h e c lass A o r t o t h e c lass B a s 
d e f i n e d a b o v e . 

2. T h e o r e m 1. 

// 
(2 1) l i m S U P j o g l o g F(*)= e 

x->-oo i n f y>(x) X 

then 

(2.2) l i m S U P I p g = e . 
V . V - K K ) l U f 1p(x) I 

P r o o f ! 

F i r s t suppose t h a t ip(x) b e l o n g s t o t h e c l a s s A; t h e n f o r k > 1 , w e h a v e 

X j '. kx kx 

l o g l o g **<*„) + f g(t) dt + f «< i ) g{t) dt > f g(t) dt 
XQ X X 

^ « (x) [ y>{kx) — .yr(x) ]. . 

A s y>(x) s a t i s f i e s t h e c o n d i t i o n ( 1 . 3 A ) , y(kx) y>{x) a n d h e n c e w e g e t , 

(2,3^ ' ' U r n ? u p l o g l i m S U P I o g l Q g *"(*) 
i n f ip(x) ~ x-i-oo i n ' f 

A l s o , 

l o g i * ( * ) = l o g F ( * 0 ) + y g(t) dialog f W + « ( i ) [ v W - v W ] . 

— l o g l o g ^ l o g « ( * ) , m . ; 
; • — ^ — - " ~ ^ r + o ( 1 ) - . . , . 

T h u s . . : . 

(2 4) ' l i m S U P l Q g ^ l i m S U P ] ° g ^ ' Z M . 
^ ' x^oo m f " ^-+co m f ^ ( A ; ) 
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N o w , (2 .2) f o l l o w s f r o m (2 .1 ) , (2.3) a n d (2 .4 ) . 

N e x t s u p p o s e t h a t y>(x) b e l o n g s t o t h e c lass B ; t h e n 

x+k x+k 

l o g F(x+k) = log F(Xo)+...f « ( f ) . g(t) dt> f « ( < ) . * < i ) dt 
xa . x 

^ct(x) [y,(x + k)— V>(x)]. . . .. 

A s y(x-\-k)~y>(x) = 0(l), w e g e t y>(x + k) ~ y>{x) a n d hence 

<2.5) l i m S U P I p g « < * ) ^ l i m B U P I o g 1 °8 . 
.v->co m f <p(x) X-+V3 i n f 

H e n c e , (2.2) f o l l o w s f r o m (2 .1 ) , (2.4) a n d (2 .5 ) . 

C o r o l l a r y ! 

// F'(x) be the derivative of F(x) [which exists for almost all values of 

x x0J, then 

l o g F'{x)_ 

l i m S U P F(*) • Six) Q 

i n f tp(x) I 

S i n c e f r o m (1 .1 ) , w e h a v e o n d i f f e r e n t i a t i o n •• = « ( * ) . g{x) f o r a l ¬

m o s t a l l v a l u e s o f x ^ x 0 , t h e c o r o l l a r y f o l l o w s f r o m (2.2) o n s u b s t i t u t i n g 

F / / , -. f o r a(x). 
F{x).g{x) v ' 

H e n c e f o r t h , w e s h a l l r e f e r t o t h e c o n s t a n t s Q a n d X as d e f i n e d i n (2.1) 
b y «y>~order» a n d « l o w e r yj—orders- r e s p e c t i v e l y o f t h e f u n c t i o n s F(x) w h i c h 
w i l l he s a i d t o be o f « r e g u l a r y~growths- w h e n Q — X, T h e j u s t i f i c a t i o n f o r 
t h i s l i e s i n t h e f a c t t h a t Q a n d X d e p e n d o n t h e f u n c t i o n ij>(x). 

T h e o r e m 2. 

Let Q and X be respectively the y>—order and the if—lower order of the 

function F(x)'y if 

(2-6) l i m S U P ' < * > ' , „ =1 ( 0 < o < o a ) 

v ' m f e x p . [e -v (* ) ] " ? 
then 

(2 .7) A ^ l i m i n f l o S f[x^ * ^ l i m s u p I o g f < * > ^ J L , 
ey *-+oo . vK*) e * *->-co . «(^r) £>5 

P r o o f ! 

F r o m (1.1) w e h a v e , . \ - , 
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(2-8) 4rff=*W^(;t) 
e v e r y w h e r e e x c e p t f o r a set o f m e a s u r e z e r o . L e t 

l i m * U P l Q g F M _ c 
x-+oo i u f a.(x) d 

t h e r e f o r e f o r s > 0 , w e h a v e , 

, ' l o g F(x) 

« * 

h e n c e i n v i e w o f {2 .8 ) , w e h a v e , 

. l o g F(x) ^ * w . l o g F(x) 

o r 

< r f ~ e > / f f r ) .Tig F M * < / *< ' ) * « ' + ' ) / F W TigF(t) * 
o r 

O (1) + ( d - «) l o g l o g < [ - V ( * a ) 3 < (c - f *) l o g l o g + O (1> 

o r 

[ { d ~ e ) 1 Z ) 0 g F ( x ) + < [ 1 -o(1) 1 < [—B)lZ\og F(x)+o(1>] * 
H e n c e 

l i m s u p l o g ^ g / t * ) ^ ^ . 

a n d 

o r 

H e n c e 

l i m i n f l o g l o g F W ^ l 
*-»-oo V>{x) C 

a n d c ^ -4-

i 2 9 ) H m i n f l i m s u p lo% FW , 

A g a i n , f r o m (2 .6 ) , We h a v e , 
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h e n c e i n v i e w o f ( 2 . 8 ) , w e h a v e 

(3 — a) . g(x) . e* . < < (y + B ) . g(x) .eQ-*(*). 

I n t e g r a t i n g t h e a b o v e i n e q u a l i t i e s b e t w e e n t h e l i m i t s x0 t o * a n d t h e n d i v i ­
d i n g b y OL(X) w e g e t 

T h e r e f o r e , 

(2.10) J - ^ l i m i n i I o g , g ( * > ^ l i m s u p l o g F < * > 
e - j 1 x->co <*(*) x-+oo <t(x) e .3 

P r o m (2.9) a n d (2 .10) , t h e r e s u l t o f (2.7) f o l l o w s . 

C o r o l l a r y ; 

/ / y = 8, the function F{x) is of regular y>—growth-

T h e o r e m 3. 

// 0 < X l < x t 

then 

P r o o f ! 

F r o m (1.1) a n d (1 .2) w e h a v e 

X-2 

l o g F(x2) = l o g F(xL) + J a ( f ) . g{t) dt 

a n d 
j ; 2 

v(x2) = y(xI)+ f g(t).dt. 

H e n c e 

(2.12) 

A l s o 

l o g F(x3)-log F U ^ ^ W f v W - v W j -
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(2.13) l o g / • ( * , ) - l o g F(xL)^*(Xl) [ v ( * . ) - V ( * , ) ] . 

F r o m (2.12) a n d (2 .13) , t h e r e s u l t i n (2.11) f o l l o w s . 

T h e o r e m 4. 

Let F(x) and y>(x) be positive and indefinitely increasing functions of the 

real variable x defined by (1.1) and ( 1 .2 ) . Farther let q>(x) be defined by 

x 

( 2 . H ) l o g v ( x ) = l o g <p(x0) + J m g(f) dt 
*» 

where ji(x) a(x) ; then <p{x) is also a positive and indefinitely increasing function. 

Farther if, 

(2.15) ' l i m
 S U P ° 8 ^ - - 4 

i n f ip(x) B 

and 

(2.16) 

then 

(2.17) Q ^ B ^ A ^ P . 

P r o o f ! 

T h a t <p(x) i s a l s o p o s i t i v e a n d i n d e f i n i t e l y i n c r e a s i n g , i s e v i d e n t f r o m 

t h e d e f i n i t i o n o f F ( x ) a n d <p(x), a n d t h e f a c t t h a t /?(*) ^ a ( * ) . 

F r o m (1.1) a n d (2 .14) , w e g e t 

X 

T h e r e f o r e 

*0 

B u t , f r o m (2.16) w e h a v e f o r a n y s > 0 a n d s u f f i c i e n t l y l a r g e x 

• Q - e < \P{x) — *{x)\<P + *. 

H e n c e 
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O n p r o c e e d i n g t o l i m i t s t h e r e s u l t o f (2.17) f o l l o w s , s i n c e , 

X 

y g(t) dt — y ( * ) — y>(x0) a n d y>{x) <» . 

C o r o l l a r y : 

// the limit in (2.16) exists, so does the limit in (2,15) and then the two limits 

are equal. 

R e m a r k . 

I f / > < <x> , t h e n oi(x) fi(x) a n d t h e r e f o r e i n v i e w o f t h e o r e m 1 , i t f o l ­
l o w s t h a t b o t h t h e f u n c t i o n s F(x) a n d q>{x) h a v e t h e s a m e ip—order a n d t h e 
s a m e l o w e r ip—order. 

3. A b e t t e r e s t i m a t e , o f t h e g r o w t h o f t h e . f u n c t i o n F{x) i n r e l a t i o n t o 

t h e f u n c t i o n y>(x) i s o b t a i n e d i f we c o n s i d e r t h e l i m i t o f l ° g F(x) ^ Thus, 
c x p . [ Q . y>{x) J 

l e t 

•<»•»•• ^ " ? i » = r - ^ ^ ^ 

w h e r e g(0< Q < <*>) i s t h e yt—order o f F ( x ) . W e d e f i n e T t o be t h e ip~type 
a n d i t h e l o w e r yj~type of t h e f u n c t i o n F{x) o f o r d e r @ ( 0 < g < oo) a n d 
i n case , t h e l i m i t i n (3.1) e x i s t s , i . e . , 7 "—f , w e s a y t h a t F(x) i s o f « p e r f e c t l y 
V — r e g u l a r g r o w t h * . ' ' 

L e m m a : 

I f F(x) is of «perj'ectlg y>'—regular growth* of y—type 7* (0 < T< «>) of 

V — o r d e r Q (0 < g < co), then it is necessarily of y—regular growth. 

P r o o f : 

W e h a v e , s i n c e F(x) i s o f p e r f e c t l y *p~regular g r o w t h , 

l o g F(x)^T .eQ-W , 

h e n c e , 
l o g l o g F ( x ) ~ l o g T ~ \ - Q . y>(x). 

D i v i d i n g b o t h s ides b y y>(x) a n d p r o c e e d i n g t o l i m i t s w e g e t , s i n c e 0 < 7*< <» 
a n d ip(x) oo , . ; . ; y 



32 C . L . R l S H I S H W A R 

l i m l o g l o g F(x)_ 

X-*oo 1p(x) 

T h e o r e m 5. 

Let £ > ( 0 < e < be the y—order of the function F(x) ; ('/ 

and 

l i m s u p v 
^-co i n f ee • ¥(*) d ' 

then 

(3 .2) a ^ e f ^ e T^y 

P r o o f ! 

W e h a v e f o r a n y s > 0 a n d ^ > AT 0 

(3.3) + e***(*) > « ( * ) > (3 — e) e« • *(*>. 

T h e r e f o r e , f r o m (1 .1 ) , w e g e t , 

A 

l o g F ( * ) > t o g f(x9) + {d-B) J e1-n*).g(i) dialog F(x0) + S-~[e<!M*)~e<l.nx<>)}. 
e e . H*).g(t) dialog F(x0) + S *' 

H e n c e , 

l o g **(*) ^ ^ — 6 , „ m 

T h u s 

(3.4) l i m i n f l°« H*) 

N e x t , t a k i n g t h e f i r s t i n e q u a l i t y i n (3.3) a n d u s i n g i t i n (1 .1 ) , w e s i m i ­
l a r i t y o b t a i n , 

(3 .5) l i m s u p I o g F ( x > > 

a n d h e n c e t h e r e s u l t o f (8.2) f o l l o w s . 

C o r o l l a r y t 

// y = S, then F(x) is of perfectly regular y — g r o w t h . 
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A P P L I C A T I O N S 

4. H e r e w e g i v e s o m e a p p l i c a t i o n s o f t h e r e s u l t s d e r i v e d i n t h e p r e v i o u s 

s e c t i o n s t o e n t i r e f u n c t i o n s . 
GO 

F i r s t w e c o n s i d e r t h e case o f T A Y L O R s e r i e s . L e t / ( z ) — ^ a a z"> * — x ~\~ 
o 

a„ r e a l o r c o m p l e x , he a n e n t i r e f u n c t i o n o f o r d e r Q a n d l o w e r o r d e r X ; M(r) 

d e n o t e i t s m a x i m u m m o d u l u s , fi(r) i t s m a x i m u m t e r m o f r a n k >'(r) f o r | z | = r. 

I t i s k n o w n [', 31 ; \ 10] t h a t 

r 

< 4 . i ) l o g M r ) = l o g M r u ) + / -^f-dt 

a n d 

U 2) H m S Q P I < J g l ° g M{r) = U m s u p l o g l o g fijr) = U m s u p l o g v(r) Q _ 
' .v-+oo i n f l o g A--+co i n f l o g r .V-KX> i n f l o g r X 

S i n c e v(t) i s p o s i t i v e a n d n o n - c l e c r e a s i n g a n d 

7 

l o g , - ^ l o g r 0 + j — di, 
Yo 

w e o b s e r v e t h a t n{r) h a s a r e p r e s e n t a t i o n s i m i l a r t o t h a t o f F { x ) w i t h 

ot(f) = y ( i ) a n d g{t) = l/t, 

•consequent ly , t h e r e s u l t o f t h e s e c o n d e q u a l i t y i n (4.2) f o l l o w s f r o m t h e o r e m 1 . 

A l s o , s i n c e [', 27] 

7 Wijt) l o g A f ( r ) = l o g M ( r „ ) + f - ™ - dt 

Yo 

w h e r e Wit) i s a p o s i t i v e a n d i n d e f i n i t e l y i n c r e a s i n g f u n c t i o n , w e g e t f r o m co­
r o l l a r y t o t h e o r e m 1 , 

, r. M'ir) l o g v 

(4 .3) U m S U P m ± _ = e 
v

 r - * c o m i l o g r X 

w h e r e M'(r) i s t h e d e r i v a t i v e o f M{r) w h i c h e x i s t s f o r a l m o s t a l l v a l u e s o f 
r 34 ] . 

S i m i l a r i l y , f r o m t h e o r e m 2, w e g e t t h e r e s u l t [ l , 10] ; [ s , £0-82] 
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( 4 . 4 ) l i m i n f l o g ^ U l ^ l ^ l i m s u p i o « ^ ^ 1 -
(>y r->tK> r(y) Q X y-*oo r ( r ) oo' 

w h e r e 

l i m s u p Hyl^r 
y-t-ov i u f y i 

f r o m (2.11) o f t h e o r e m 3, w e g e t t h e i n e q u a l i t i e s [•*, 53] 

(4.5) r^f v ' )^44^/^ 
w h e r e 0 < rl ^ r2 • 

A g a i n , i f T, t he r e s p e c t i v e l y t h e t y p e a n d l o w e r t y p e o f / ( z ) o f o r d e r 
E > ( 0 < e < »=) , t h e n t h e t h e o r e m 5 y i e l d s t h e i n e q u a l i t i e s 220] 

(4 .6 ) S ^ Q I ^ Q T ^ y . 

T h e m e a n v a l u e o f f ( z ) i s d e f i n e d as 

2JIT 1 

i r ) = : ^ [ / \ f(y • ei&) \ d&]q , q > o . 
u 

I t i s k n o w n ['\ 748] t h a t 

r 
l o g Mq (r) = l o g Mq ( r 0 ) + f " ^ - d t . 

Yo 

H e r e l o g Mq{r) i s a n i n d e f i n i t e l y i n c r e a s i n g f u n c t i o n b e i n g a c o n v e x f u n c ­
t i o n o f l o g r. T h e r e f o r e o n u s i n g t h e o r e m 1 , w e get [% 193] 

(4.7) l i m S U P l o % l t J g M i i r ) ^ — l i m s u p I o g ' ( r ) . 
i n f l o g r X i u f l o g r 

j f l i m ' S Q P m ? < r ) =
 c 

j-->-oo i n f i-e d 

w e get f r o m (2.7) 

(4.8) -J— ^ l i m i n f l ° g ^ f r l ^ ^ ^ - J L ^ l i m s u p l £ g ( r ) _ c 

N o w c o n s i d e r t h e e n t i r e f u n c t i o n 

C O 

n = l 
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w h o r e 0 < ^ < A, < • • • - » - « > , l i m s u p l o g * — o 
n->cx> Xn 

•def ined b y a D I R I C H L E T s e r i e s . L e t , as u s u a l , 

M(a)= 1 . u . b . | / ( o + f i ) | 

a n d /*(o) denotes t h e m a x i m u m t e r m o f r a n k N(o) f o r Re(s) = o . T h e R i T T - o r d e r 
p , 78] o a n d l o w e r o r d e r X a r e g i v e n b y 

(4.9) — - . , — , 
' 0 - K J o m i Ö X 

l i m s u p I o g l o g M ^ = e . 
i-voo i n f 

A l s o , i t i s k n o w n [ 9 , 67] t h a t 

a 

•(4.10) l o g / . ( « ) = l o g / . («„ ) + | 
" a 

.Since i jvfo) i s a n o n d e c r e a s i n g f u n c t i o n a n d 

a 

o — 0 0 + y" dt, 

« 0 

w e a g a i n h a v e a n a l o g u e b e t w e e n t h e f u n c t i o n s n(a) a n d F(x) w i t h i / i ( t f ) = o 

w h i c h b e l o n g s t o c lass B . C o n s e q u e n t l y , m a n y r e s u l t s w h i c h h a v e b e e n o b t a ­

i n e d s e p a r a t e l y f o r t h e case o f e n t i r e f u n c t i o n s d e f i n e d b y D I R I C H L E T s e r i e s 

f o l l o w d i r e c t l y f r o m t h e t h e o r e m s p r o v e d h e r e . W e l i s t b e l o w a f e w o f t h e m , 

(z) F r o m t h e o r e m 1 , we g e t , [°, 69-73] 

U.il) U r n S U P l o M o g ; Mja)^ I i m s u p l o g l o g M 
i n f a o-+co i n f a 

= l i m ^ U D } ° g e . 
i n f , a X ' 

(ii) F r o m C o r o l l a r y t o t h e o r e m 1 , w e h a v e [ 1 0 , l e m m a 2] 

<4.12) l i m 
l o g 

s u p M(o) _ Q 
i n f a X 

w h e r e M'(o) denotes t h e d e r i v a t i v e o f M{o). 

(Hi) I f 

i i m s u P lN^_ = y 
o^vo i n f S 

t h e n f r o m t h e o r e m 2, w e o b t a i n [ 1 L , 135] 
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(4.13) l i m i n f l u g ^ ( o ) z l ^ l z l i m s u p i ° J L i ^ . ^ _ J L _ . 

(iv) F r o m (2.11) o f t h e o r e m 3 w e get t h e i n e q u a l i t i e s [ " , 189] 

i f 0 < Ö 1 ^ Ö 2 . 

( D ) I f 7* a n d f be r e s p e c t i v e l y t h e t y p e a n d l o w e r t y p e o f f(s) o f o r d e r 

Q ( Q < Q < oo) , t h e o L - e m 5 y i e l d s t h e i n e q u a l i t i e s f u , 141] 

(4.15) S^Qt^Q T^y. 

(vi) I t i s k n o w n 707] t h a t i f / ( s ) i s o f l i n e a r l y r e g u l a r g r o w t h a n d 

l i m i t [ X N ( G , /C)> — lN(a>f) ] 

e x i s t s t h e n f(s) i s o f f i n i t e o r d e r Q s u c h t h a t 

(4.16) l i m [lN(a, AW(„, / ) ] = « e 
o->-oo 

f o r » = 1 , 2 . . . . , ).N(at f) a n d ^/v<o, / (")> b e i n g t h e r a n k s o f t h e m a x i m u m t e r m s 
i n / ( s ) a n d i t s n f A d e r i v a t i v e / ( » ) ( s ) , r e s p e c t i v e l y . 

S i n c e , 
G 

(4.17) l o g /*<<*. / ) = l o g / ) -f- J X N ( t , f) dt, 

(4.18) l og /*<«, A*» = l o g ^<du< A")) + y i w ( t , / f ) ) c/i 

and also" [ l \ 89] 

l o g --
(4.19) l i m s u p p ^ / L _ ; = »e . 

o-Hx) i n i o n A 

H e n c e a p p l y i n g t h e r e s u l t o f t h e o r e m 4 a n d i t s c o r o l l a r y w e o b t a i n t h e 

r e s u l t i n (4.16) <*>. 

<*) The author wishes to aknowledge his debt to D R . R . S . L . SRIVASTAVA for lila k i n d 
guidance a n d help i n the preparat ion of this paper. 
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Ö Z E T 

Sıra ve tip kavramları tari f edi lmek suret iy le , r e e l bir değişkenin sınırsız 
artan bir Eonksiyonunun artışı, diğer bir fonks iyona göre İncelenmektedir. 
B i r taraftan T A Y L O R s e r i l e r i vasıtasiyle, diğer taraftan D I R I C H L E T s e r i l e r i 
y o l u i le tari f e d i l e b i l e n tam fonksiyonların bu i k i ayrı k o l d a k i t e o r i l e r i n i n 
değişik y a z a r l a r tarafından ayrı tutularak i n c e l e n e n bazı noktaları bu 
araştırmada birleştirilmeye çalışılmıştır. Bide edi len sonuçlar birçok problem­

lere u y g u l a n a r a k bu husus tebarüz ettirilmiştir. 


