ON THE DERIVATIVES OF THE MEAN VALUES OF INTEGRAL FUNCTIONS
REPRESENTED BY DIRICHLET SERIES

G. P, Dxsmir anp A, K, Acarwar¥

The definition of the mean wvalue of an integral funection represented by a
DiriceLer Seried is extended to the derivatives of the given function, The
paper then atudies some properties of the mean funetions thus obtained

as well as those of their derivatives.

1. Consider the DiriCHLET series ~

(0]

fo)= 3, ane®

n=1

where

Aty = hp Ay A =0, lim A, =, s=d4-it

Rrcd
lim sup—i%: E< o,
oo B 'n

Let o, and o, be the abscissa of convergence and abscissa of absolute

convergence, respectively, of f(s). Liet s,—=co then g, will also he infinite,

sinece according to a known result [', 4] a Diricarer series which satisfies
(1.1) has its abscissa of convergence equal to its abscissa of absolute conver-

gence and s0 f(s) is an integral function.

The Mean Value of f(s) is
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T
. 1
(1.2) 16} =I(6, /)= lim 2—Tf|f(6+it)|?dt.
T'—ca r
Extending this definition to f) (s), the p-derivative of f(s}), we set

Vil
(1.8) 1, (6, f?) = lim 2—1?-,f|f(ﬂ) (o + it) |? d.
=0
—T

Let
plo) =max. { | a, ] e¥)
=l

(1.4) ,
M(s)=1. w. b. | flo L #) 1
—oa f<00

be reaspectively the maximum term and maximum modulus of an integral
funection f{s}. Let 1,(;) he the 1, corresponding to the maximum term of the
series of f(s) for Re(s)=1¢. Then evidently Ay i® a non-decrcasing function

and »(s) is called the rank of the maximum term wg(s). It is known [®, 67] that

a
(1.5) log u{o) = log (.} + f h(ey dt.

go

It is also known® [2, B23] that for funetions of finite non-zero linear or-
der ¢ and lower order A,

Throughout this paper we shall assume that the function f(s) is of finite
non-zere linear order and satisfies (1.1).

The object of this paper is to study some properties of (o) and its de-
rivative and also of [(s, f{™)) and its derivative,

2. Theorem 1. If

. osup loglfe) T
@ I

and

* Result (1.6) has been proved under the condition

lim sup lag" =D =0,

n—oco n

though tho resuit also holds for £ < oo.
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2.2 P T
2 L%
for large walues of o, where « is a positive constant o << [ < T'<C 0, then

(i) f(s) is of linear regular growth,

(2.8) (t#) el'=et—=ua;
and

. jel(a) .
(2.4) W) i reog i) =&

Proof: (i) F¥From (2.2), we¢ have

log { IIZ’((;;) } ~ pa -} log x.

Hence

10g-1%:g%L
lim[————ﬁ— :l =p,

g—0a g

and so f(s) is of linearly regular growth.
(it) We know [#]
1]
(2.5) log 1, (0) = log I, (60— | DL gy,
J o hix)
o

From (2.5) and (2.2), we have

¢

log {IE (o) | f e®* dx

FAtHY e

Go
~ Z(e0% o g0ay).

Hence

(2.6) Bim {mi'fz(f’)_}z_i .

o- 300 eQ% Iy
Then from (2.1) and (2.8), we get (2.8).

(i7i) From (2.2), given any ¢ >0, we can find ¢, such that for x >o,,

{2’ (x)

(o —e) e?* < << {o &) ef®,

L {x)
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Hence

(a—g)f eexdx<f 1; g"g dx < («+ 6) f e®% dy.

Since the integrands are positive increasing functions, we have
o —g e —egl0 < log I,{o) logl, (oo)< o e e —e%
e {{g’ (7} } {2’(Gl} [17 () } ¢ {1_,_(_0)_
L {9) 1, (o) (o) 1, {d)

Hence, on taking limits and using (2.2) we get (2.4),

o

3. Theorem 2. Let f(s) be an integral fanction of linear order & and lower
order L. If I (o, ™) is the derivative of I, (0, fI™) and 1 >=38 >0, then

B Lo H=L (o, HH=dly (o, f0)=42] (6, f)) = oeo 4™ 17 (0, FUD).
almosi evergwhere for o o0, 0.
In order to prove this theorem we need the following lemma :

Lemma: ZLet f(s) be an integral function of linear order ¢ ond lower order 1.
If 4>=8>0, then

(8.2) Lo, fl= L' (o f).
Proof of the lemma : We know [*] that

w50

1
(8-3)  gaes int 0 2
Hence

(3.4) I, (8) e®0—") < 1 (6) < I, (0) €%@+™)

almost everywhere for o >o;>0 and s being any positive number. For
i>=d >0, from (3.4) we get (3.2).

Proof of the theorem : We have

T
B8 L fO) = lim 5o f BRI
—7T
—tim —— [ |iim f(“+rf)*f(a(1—s)+ue)l
oo g0 . &o

S lim L fT p { VOIS0 flo(1—o)+it) | +1 A(o(1—)+it) Y

g% g?
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IFrom Scawarz’s inequalily, we have

T
@6 5 [ 217 | S (=) + )] dt =
—T

a2l [ T! F{atit) [t i fT| flo (= tiny e} -
T . T

Applying (3.6) in (8.5) and taking the limit outside the integral, which is
justified sinee the integrals are uniformly convergent, we get

{['2 (U) }I,’E ——'{Ig (6(1 —'E) ) }1[2 ]2

£0

I, (6, FUY) = lim [
£}
=[S tnEyr]

_ 1 {L@=)y .

T4 £, {9)
Using the above lemma, we get
I (o) = 4 I, (s, f()

almost everywhere for o>, >0,

Similar results can be dednced for the higher derivatives and hence the
theorem follows for almost all values of ¢ > 0,0, where

Gy = 10aX. {d;, G4y .y Gy}
Theorem 3. For almest all values of 6 > 04,
[;(0) edU—s} < [7 (o) < [, (o) e®(Q+2},

Fuarther, if

(8.7} lim SE};{MI ® ., then

o0 e?® J o 8

Iy (o) {{B—r) e} < 1y (o) < 1, (a) ((a-}v) €29}
where & is an arbitrary small posifive namber.

Proof. TFrom (3.3), for any ¢ >0 and o > g,

1" (o)
13 (a)

&% (h—s) < < et "),

therefore,
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I, (s} eSG—8 < [ (0} < I, (o) e%(@+%),
Again, if (8.7) holds, then for any 2 >0 and & >0,
(B¢) e@® [, {0) < I, (0} << (ats) €2 1, (o).

Wo now prove the following lemmas :

4. Lemma 1. Let f(s) be an infegral function of linear order ¢ and lower
order L. Then af the points of existence of I,” (6} and for any ¢ >0,

12 (") IOg ‘rz (G) :’

&5 L= e Fae
and
(4.2) I’ (o) > 1, (s) 1og 1, (o)

(1/A—1f(g+2)) log de()

for almost all valaes of o >0, .

Proof. We know [*]

(4.8) Lim suap {M } =2 (1—ifg)
G->CO g }W {a)

and
o log 1, (o) }

4.4 lim su {4" P 1= 2(1/i—1fe). 2
(4.4) Bt b @ 108 Auig J = (1/i—1fe) :
For any # < 0 and for sufficiently large o, the ineqguality (4.3) gives
@) 1og ()< 2(1=Yet0) s hvio) =2 (1 L) s £ )
gince
pla) =lav(@ | W,

therefore, =

g o)
# (U) _ ’I'V(G) 1

for almost all ¢ >o,.

Now
Lo)== Y la,]* ¥4 = {n (o)}

=1

Hence
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R0 _ 1 L9
pio) = 2 (o)

(4.6)

Using (4.6) in (4.5}, we have

I; (o) log I (o) .

L) > G e T o)

Similarly using (4.4), we can obtain (4.2}).

Lemma 2. [f f(s)} is of linear regular growth, then

£ (0) > Jpf0) o8 Lo lﬁof 1y (9) |
and

L{0) log I, (a)

L) > &y (a)

for almost qll 0 >0, and & being ang arbitrary small positive number.
These follow immediately from (4.1} and (4.2} on putting ¢ =12.

Lemma 3. Lef f(s) be an integral function of linear order ¢ and lower
order X, then

. log I, (s} }
adls 10> 1O (pifataetan )
for almost all 0>>0, , 6 >0,

Proof. We knowthat
. . supf 1og by ) _ e
+8) Hm inf{_—_o—}- 1’

provided that (1.1} holds.
Using (4.8) in (4.2), we get (4.7).

Theorem 4. Let f(s) be an integral function of linear order o and lower
order M. If A>=8>0 then for s =0 and m=1,2, ...

@9 B o f0) > 1y () { OB LD
{4.10) L (o, £f09)Y > I, (s) {%’% }m , and

, - , log I, (o) m
(4.11) 157 (o, [N > 1 (U){(1/lm1](9~}-8))610glv(mf(m))}

for almost all values of o >00§0.




68 G. P. Digsmrr anp A, K, AGARWAL

Proof. W know [*] that

. 1y (o) log 1, (o)
(4.12) Iy (3) >
for a >¢,” and £>0.
Writing (4.12) for f( (s), we have for o >4,

1, (a, f0) log Iy (o, [} 1 {o) log I, (o}

(4.13) L7 (o f0) > (1+2) o T At e

sinee from § 8(Lemma) I, (o,f(‘))}% I (o).
Now writing (4.18) for f(®} (s), we have

Iy (o, /) log 1) (s, f®1)
1 (o, f—1) d (I 2o o

for ¢ >a,7.

Taking p=1,2,..., m and multiplying together, we get

m
5 @) [ 1og 17 (s, 77—9)

p=1

e ) > (4{TFe) )

almost everywhere for o > ¢, =0, where
Gy = MAX, (0, , 05 ooy Ty 6175 6370000y 670,
But if A=6>0, we have from the Lemma of Theorem 2

Lo, fY= 41 (o, fON) =L 47 1 (o, SO,

Heuce

1y (o, fm) = I,7 () {1_09, I () }m .

{(14-8) o
To prove (4.10), write (4.1) for f{'} (s), we have

I (o, (0} log I, (s, fsl)) - 1" (o) log I, (o)

Iy (o, fU) > (I—2/(gte)) a = a1ttt

So for the ptk-derivative,

1y {0, fM) log I, (¢, fP—"})
A I { D) R ¥ S e

for almost all ¢ >a,”.

Taking p=1,...,"m and multiplying the m inequalities thus obtained
and proceeding as in (4.9), leads to (4.10).
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To prove {4.11), start with (4.2) and proceed as above.

We are grateful to Dr. 8. K. Bose for suggesting the problem and for
his guidance in the preparation of this paper.
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OZET

Bir Pmrcuier serisi ile gisterilen bir fopksiyonun ortalama degeri, tanim

sz konusu fonksiyonun tlrevlerine de uygulandiktan sonra elde edilen bu

ortalama deger fonksiyonlarr ile threvleri hakkinda baz: sonuclar ispat

edilmektedir.




