
ON T H E D E R I V A T I V E S O F T H E M E A N V A L U E S O F I N T E G R A L FUNCTIONS 
R E P R E S E N T E D B Y D I R I C H L E T S E R I E S 

G . P . D l K S H I T A N D A . K . A G A R W A L * 

T h e definition of tiie mean value of an i n t e g r a ! function represented by a 
D I R I C H L E T aeries is extended to the d e r i v a t i v e s of the g i v e n function. The 
paper then studies some propert ies of the mean functions thus obtained 

as w e i l as those of the ir d e r i v a t i v e s . 

1. C o n s i d e r t h e D I R I C H L E T s e r i e s 

/ < * ) = J ] «n« 
sX 

71=1 

-where 

* i ^ 0 , l i m ¿ r t = oo, S = d + ¡í 
n->oo 

a n d 

Let, <Jb a n d <T„ be t h e a b s c i s s a o f c o n v e r g e n c e a n d a b s c i s s a o f a b s o l u t e 
c o n v e r g e n c e , r e s p e c t i v e l y , o f f(s). L e t <rc — <x> I h e n aa w i l l a l s o be i n f i n i t e , 
s i n c e a c c o r d i n g t o a k n o w n r e s u l t [', 4] a D I R I C H L E T s e r i e s w h i c h s a t i s f i e s 
(1 .1 ) h a s i t s a b s c i s s a o f c o n v e r g e n c e e q u a l t o i t s a b s c i s s a o f a b s o l u t e c o n v e r 
g e n c e a n d so f(s) i s a n i n t e g r a l f u n c t i o n . 

T h e M e a n V a l u e o f / ( s ) i s 

* T h i s r e s e a r c h has been supported b y iho J u n i o r F e l l o w s h i p a w a r d of the Counci l of 

S c i e n t i f i c a n d I n d u s t r i a l R e s e a r c h , New D e l h i ( I N D I A ) . 
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I 1 - 2 ) / , ( « ) = / , ( « , / ) = l i m / I / ( « + i f ) |2 dt. 

— r 

E x t e n d i n g t h i s d e f i n i t i o n t o f(p) ( s ) , t h e p - d e r i v a t i v e o f / ( s ) , w e set 

T 

(1-8) / , / C ) ) = l i m -1. /" I / { p > (« + I2 
— T 

L e t 

(1.4) 

^(o) = max. { | o„ i e°X<} 
n £ l 

M(a)= 1 . u . b . | / ( o + f i ) 
—CO<f<<X) 

be r e s p e c t i v e l y t h e m a x i m u m t e r m a n d m a x i m u m m o d u l u s o f a n i n t e g r a l 
f u n c t i o n f(s). L e t A v ( a ) he t h e 2„ c o r r e s p o n d i n g t o t h e m a x i m u m t e r m o f t h e 
se r i e s o f f(s) f o r Re(s) = G. T h e n e v i d e n t l y A v ( 0 ) 1 S a n o n - d e c r e a s i n g f u n c t i o n 
a n d v{a) i s c a l l e d t h e r a n k o f t h e m a x i m u m t e r m I t i s k n o w n P , 6 7 ] t h a t 

(1 .5) 
u 

l o g fi(o) = l o g ft(a9) + y ; . v ( i> dt. 

I t i s a l s o k n o w n ' " ' [ - , 523] t h a t f o r f u n c t i o n s o f f i n i t e n o n - z e r o l i n e a r o r 
der Q a n d l o w e r o r d e r X, 

(1 .6) 
U m s u p l o g l o g Jt(a) = g 

i n f o P. 

T h r o u g h o u t t h i s p a p e r w e s h a l l a s s u m e t h a t t h e f a u c t i o n / ( s ) i s o f f i n i t e 
n o n - z e r o l i n e a r o r d e r a n d s a t i s f i e s (1 .1 ) . 

T h e o b j e c t o f t h i s p a p e r i s t o s t u d y s ome p r o p e r t i e s o f J 3 ( a ) a n d i t s de 
r i v a t i v e a n d a l s o o f I 2 ( a , / ( m ) ) a n d i t s d e r i v a t i v e . 

2. T h e o r e m 1. / / 

11 m _ 
„ . „ i n f e G ° f 

and 

(2.1) H m S U F l 0 g ! A a ) = T -

R e s u l t (1.6) has been p r o v e d under the condition 

l i m s u p • s •• — D — 0 , 
7i->CO An 

though tho result also holds for E < <x>. 
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< 2 . 2 ) ffl—'" 

for large values of a, where a, is a positive constant o < / < T<. 0 0 , iA 

( i ) / ( s ) i s of linear regular growth, 

(2 .3) ( i f ) e r ^ e i = a ; 

a n d 

P r o o f s (1) F r o m (2 .2 ) , vvc h a v e 

l 0 g { ^ " } ^ e ° + l 0 g X " 
H e n c e 

l i m 
l o g - ™ / s ( o ) 

— e» 

a n d so / ( s ) i s o f l i n e a r l y r e g u l a r g r o w t h , 

( i f ) W e k n o w [ 4 ] 
0 

<2.5) l o g / , {a) = l o g 7 2 ( d 0 ) + | W ^ j - d * . 

F r o m (2.5) a n d ( 2 . 2 ) f w e h a v e 

l o g i ^ M } d X 

o 0 

5 . ( e Q « - e B - 0 ) . 

H e n c e 

f l o g / s ( f f ) \ _ « 
<2-6> , e 

T h e n f r o m (2.1) a n d (2 .6 ) , w o get (2 .3 ) . 

(Hi) F r o m (2 .2 ) , g i v e n a n y e > 0, w e c a n f i n d <f0 s u c h t h a t f o r 

( « _ e ) e e * < ^ M . < ( « + g ) e e « . 
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H e n c e 
a a a 

(a — e ) J eZ*dx< J dx < (« + s) J e e * dx. 

S i n c e t h e i n t e g r a n d s a r e p o s i t i v e i n c r e a s i n g f u n c t i o n s , w e h a v e 

e « a — c* t f J < l o g / , (o) l o g J , K ) < " + s eeo_ e QOo 

\ /,(*) I I /,(*) f 17 , (0) / 1 /,(«) / 

H e n c e , o n t a k i n g l i m i t s a n d u s i n g (2.2) w e get (2 .4 ) . 

3. T h e o r e m 2. Let f(s) be an integral function of linear order 8 and lower 

order I. If I2" (a, /(m)) is the derivative of / , (tf, / ( m ) ) and A ^ < 5 > 0 , then 

(3.1) / , (a, f) ^ / / (a, / ) ^ 4 / / (a, / ( ' ) ) ^ 4* / / (*, / I 2 ) ) ^ . - . ^ 4'« / / (a, /<m>). 

almost everywhere for a ~> o0 ^ Q. 

I n o r d e r t o p r o v e t h i s t h e o r e m w e need t h e f o l l o w i n g l e m m a : 

L e m m a : Let f(s) be an integral function of linear order 8 and lower order A-

If X ^ S > 0 , then 

(8.2) M « > / ) ^ / « > » / ) . 

P r o o f of t h e l e m m a ; W e k n o w [ 4 ] t h a t 

j->co i n f L o J A (3.3) 

H e n c e 

(3.4) / , (a) e°(i-s) < 1/ (a) < / , (o) e ° iQ + a ) 

a l m o s t e v e r y w h e r e f o r o > o i ^ ; 0 a n d e b e i n g a n y p o s i t i v e n u m b e r . F o r 
X^d>0, f r o m (3.4) we g e t (3 .2 ) . 

Proof of t h e t h e o r e m : W e h a v e 

T 

(3-5) / , ( o , / ( ' ) ) = l i m - ^ r f | / ( l ) ( d + f f ) 
— T 

i'->co if I 
T 1 i i m / ( " + * < ) - / ( * a - " ) + i Q 3

 d i 

E-I-0 
— r 

l i m 1 f I i m f I flg+H> I " 2 i flff+l7> I I /('(!—)+'•') 1 + I / ( g ( l ~ » ) + i f ) I' 1 ^ | 
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F r o m S C H W A R Z ' S i n e q u a l i t y , w e h a v e 

T 

(3.6) - L J 2 \ f ( a + f f ) | | f{a (i-e) + ¿0 | dt ^ 

T T 

— T 

- T 

A p p l y i n g (3.6) i n (3.5) a n d t a k i n g t h e l i m i t o u t s i d e t h e i n t e g r a l , w h i c h i s 
j u s t i f i e d s i n c e t h e i n t e g r a l s a r e u n i f o r m l y c o n v e r g e n t , w e get 

4 / 2 ( d ) 

U s i n g t h e a b o v e l e m m a , w e get 

U(o)^ 4 h <«,/<'>) 

a l m o s t e v e r y w h e r e f o r d > at ^ 0 . 

S i m i l a r r e s u l t s c a n be d e d u c e d f o r t h e h i g h e r d e r i v a t i v e s a n d h e n c e t h e 
t h e o r e m f o l l o w s f o r a l m o s t a l l v a l u e s o f d > d „ ^ : 0 , w h e r e 

o0 = uiax. (tfi , , . . . , O -

T h e o r e m 3. For almost all values of o - > o 0 i 

I3 (d) ea U - « > < / / ( a ) < / 9 (d ) e d ( « + H ) . 

Further, if 

( 3 ' 7 ) J™ i n f \ — ¡ « 5 > t h e n 

h (<0 i ( / * - » ) « « ° } < V (*) < / . <°) ( ( * + * ) ) 

where s is an arbitrary small positive number. 

Proof . F r o m (3 .3 ) , f o r a n y B > 0 a n d o > a„ 

t h e r e f o r e , 
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/ „ ( * ) e t f a - e ) < / / ( o ) < / ( ( f f ) e « ( e + 8 > . 

A g a i n , i f (3.7) h o l d s , t h e n f o r a n y u > 0 a n d a > a0 

*> / , ( ' ) < / , » < ( « + * ) e 6 * / , ( « ) . 

W o n o w p r o v e t h e f o l l o w i n g l e m m a s : 

4. L e m m a 1. Z e i / ( s ) be an integral function of linear order Q and lower 

order X. Then at the points of existence of 1/ (a) and for any e > 0, 

(A. 1\ J ' i r t W l Q g ^ ( q ) 
< 4 " 1 > ' « ( f f ) > - ( 1 - i / ( e + a ) ) C ' 

/ • ( « ) l o g / s ( f f ) (4.2) / / (A) > 
( l / A - l / ( e + « » l o g A v ( f f ) 

/ o r almost all values of a > a 0 . 

P r o o f . W e k n o w [ 4 ] 

(4.3) l i m s a p / l o g / 2 ( ° 1 1 ^ 2 ( 1 - A / e ) 

a n d 

F o r a n y s < 0 a n d f o r s u f f i c i e n t l y l a r g e <r, t h e i n e q u a l i t y (4.3) g i ves 

(4.5) l o g / , (a) < 2 ( l _ A / ( g + 8 ) ) 0 A ¥ { o ) = 2 ( l - A / ( e + « ) ) a , 

s i n c e 

t h e r e f o r e , 

f o r a l m o s t a l l <s^o0. 

N o w 

H e n c e 

«==1 
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a 6) {a) ^ 1 / / ( g ) • 

U s i n g (4.6) i n (4 .5 ) , w e h a v e 

i > in\ -> A ( g ) 1 ( J g A ( ° ) 

S i m i l a r l y u s i n g (4 .4 ) , w e c a n o b t a i n (4 .2 ) . 

L e m m a 2. / / / ( s ) is of linear regular growth, then 

and 

rnn\^ A (o) l o g A (") 

/ o r almost all a > ou and s being any arbitrary small positive number. 

T h e s e f o l l o w i m m e d i a t e l y f r o m (4.1) a n d (4.2) o n p u t t i n g Q — X . 

L e m m a 3. Let f{s) be an integral function of linear order Q and lower 

order X, then 

for almost all o > o0 , e > 0 . 

Proof . W e k n o w t h a t 

-4.8) nm B . n ; ( M M U ; , 
' 0 ^ mf [ o ) X 

p r o v i d e d t h a t (1.1) h o l d s . 

U s i n g (4.8) i n (4 .2 ) , w e get (4 .7 ) . 

T h e o r e m 4. Let f(s) be an integral function of linear order Q and lower 

order X . If X ^ 8 > 0 then for s > 0 and m = 1 , 2, . . . 

( , 8 ) / / ( e , / „ ) > / / w { J ^ i L } - . 

(4.10) / / ( « , / ( » ) ) > U ( « ) { - ^ f f f f ) . } " . ™ * 

( « 1 ) V C . / < - » > V W { w ^ ^ ^ b ^ T ) F 
/ o r almost all values of o > 0O ^ 0. 
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Proof . W c k n o w [*] t h a t 

(4.12) y M > / . W l ° B / . ( . ) . 

f o r a > 0 / a n d s > 0 . 

W r i t i n g (4.12) f o r / ( ' ) ( s ) , w e h a v e f o r o > 0 / , 

s i n c e f r o m § 3 ( L e m m a ) 7 S (0, / ( ' ) ) / / (<*)• 

N o w w r i t i n g (4.13) f o r f(p) ( s ) , we h a v e 

_u ( ° » / < p ) ) -> l p g / ( p ~ '>> 
/ < " - ' > ) 4 ( l + « ) o -

f o r o > 0 / . 

T a k i n g p — 1 , 2 , . . . , m a n d m u l t i p l y i n g t o g e t h e r , w e get 

m 

/ , ' ( « ) T T l o g / / ( 0 , / C ~ O ) 

/ / ( . . / < « > ) > - ^ { ( T X ^ T 

a l m o s t e v e r y w h e r e f o r a > d 0 ^ 0, w h e r e 

o 0 = m a x . ( 0 ± , o 2 , . . . , 0 m _ L , 0 / , 0 / , . . . , o ' m ) . 

B u t i f X > 0, w e h a v e f r o m t h e L e m m a o f T h e o r e m 2 

( a , / ) ^ 4 / / ( 0 , / ( 1 ) ) ^ . . . £ = 4 m / 2 ' (o, /<»>. 

H^uce 

v<..y™>>'.'M{W}v 

T o p r o v e (4 .10) , w r i t e (4.1) f o r / ( ' ) (*•), w e h a v e 

/ ( a fO)\ •> A ( ° > / ( ' > ) l Q g A ( f i > / ( , ) ) ^ l o g  
2 1 ' 7 ; ( i - * / < e - M ) < » - 4 ( 1 — J i / i e + s ) ) ^ 

So f o r t h e pf* - d e r i v a t i v e , 

/ / ( t f , / ^ ) . > l o g / / ( t f , / ( P - ' ) ) 
7 s ' ( o , / ( " - ' > ) " 4 ( 1 + E ) 0 

f o r a l m o s t a l l 0 > a J* . 

T a k i n g p — 1 , . . . , 7m a n d m u l t i p l y i n g t h e m i n e q u a l i t i e s t h u s o b t a i n e d 
a n d p r o c e e d i n g as i n (4 .9 ) , l eads t o (4 .10) . 
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T o p r o v e (4 .11) , s t a r t w i t h . (4.2) a n d p r o c e e d as a b o v e . 

We a r e g r a t e f u l t o D R . S. K . B O S E f o r s u g g e s t i n g t h e p r o b l e m a n d f o r 
h i s g u i d a n c e i n t h e p r e p a r a t i o n o f t h i s p a p e r . 
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Ö Z E T 

B i r DmıcHLET s e r i s i i le gösterilen bir f o n k s i y o n u n ortalama değeri, tanımı 

söz k o n u s u f o n k s i y o n u n türevlerine de uygulandıktan sonra elde edi len bu 
ortalama değer fonksiyonları i le türevleri hakkında bazı sonuçlar ispat 

edi lmektedir . 


