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I n t h i s paper the author has found some express ions for the p i t c h of a 
g e n e r a l r e c t i l i n e a r congruence a n d for an isotropic one. 
F o r a r e c t i l i n e a r congruence the e x p r e s s i o n for the p i t c h of a r a y takes 
the form 

w h i l e for an isotropic c o n g r u e n c e the p i tch is 

1 . T h e pitch o f a r a y of a r e c t i l i n e a r congruence has been s t u d i e d b y R A M 

B E H A R I [ ' ] . L e t a r e c t i l i n e a r congruence be def ined b y t h e coord inates ( i = 1 , 2, 3) 
of a p o i n t M and )J (t = 1 , 2 , 3 ) be t h e d i r e c t i o n cosines of t h e r a y / pass ing t h r o u g h 
M, w h e r e x* and X' are f u n c t i o n s of t w o parameters n a ( « = l , 2 ) . W h e n M moves 
a l o n g a closed eurve C these r a y s generate a r u l e d sur face . A n o r t h o g o n a l t r a j e c ­
t o r y is d r a w n t o t h i s r u l e d sur face w h i c h in te r se c t s t h e r a y I pass ing t h r o u g h t h e 
p o i n t M a t t w o p o i n t s Pt a n d P„: t h i s d is tance P t P2 is ca l l ed t h e p i t c h of t h e 
p e n c i l of r a y s of t h e congruence . 

T h e object of t h i s paper is to f i n d , some expressions f o r the p i t c h of a p e n c i l 
of rays of a r e c t i l i n e a r congruence a n d t h a t of a n i s o t rop i c congruence . 

T h e express ion f o r t h e p i t c h is 

p = J V dxiy 

c 

w h i c h b y means of G R E E N ' S f o r m u l a takes t h e f o r m 

( 1 . 1 ) P = f J (*'"< xU - A'"9 x't) da' du\ 

w h e r e the su f f ixes denote t h e d i f f e r e n t i a t i o n w i t h respect to t h e p a r a m e t e r s u l 

and « - based on t h e f u n d a m e n t a l tensor of t h e surface of re ference 
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and t h e double i n t e g r a l is e x t e n d e d t o t h e area S o f the p o r t i o n of t h e surface of 
re ference x' — x'{uJ,u2) b o u n d e d b y C. 

W e n o w w r i t e (1.1) as 

I S 

(1.2) 

f t . . rfuP 

w h i c h can be w r i t t e n i n t h e a l t e r n a t i v e f o r m as 

U . 8 ) = / / 
v7 

w h e r e dS is t h e c o r r e s p o n d i n g e lement of area on t h e Bpher i ca l r e p r e s e n t a t i o n o f 
t h e congruence bounded b y t h e p a r a m e t r i c c u r v e s , i n t e g r a t i o n n o w b e i n g e x t e n d e d 
t o t h a t p o r t i o n of t h e u n i t sphere c o r r e s p o n d i n g t o 2', e v a is de f ined b y e n = e 2 a = 0 
and c ' 8 = l , e , l = — 1 , 

£ — l # a p | a n d Map — * f , a ' 

I f on a sheet of t h e f o c a l surface of t h e congruence a f a m i l y of curves be 
t a k e n as t h e p a r a m e t r i c curves iz a = c o n s t a n t , a n d t h e i r o r t h o g o n a l t r a j e c t o r i e s as 
t h e p a r a m e t r i c curves H 1 = c o n s t a n t , w e get x'2 = 0 since i n t h i s case t h e c o o r d i ­
nates become f u n c t i o n s of o n l y one p a r a m e t e r a\ T h e express ion (1.3) reduces t o 

' = - / / " • ' § • 
A l s o , a l o n g t h e c u r v e or = c o n s t a n t o n t h e surface o f reference 

),i — Xi' = Xil u1' — x \ -~-L= > 

since i n t h i s case (JS)2 =gi t ( i u 1 ) 2 . Dashes denote d i f f e r e n t i a t i o n w i t h respect t o 
t h e arc - l e n g t h s of t h e c u r v e o n t h e sur face of re ference . 

T h e r e f o r e 

N o w , i n t e r m s of t h e f u n d a m e n t a l m a g n i t u d e s of t h e surface of re ference , 
t h e p i t c h of a p e n c i l of r a y s of a r e c t i l i n e a r congruence assumes t h e f o r m 
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p=If{xii)2 2ub^higiôj= 
( 1 . 5 ) 

" J J 2 ( i n ) 1 ' 1 ^ A S u ) ~ s / g ' 

I n case t h e congruence is f o r m e d b y t h e normals t o t h e surface of re ference t h e 
o r t h o g o n a l t r a j e c t o r y w i l l become a closed c u r v e . T h u s , o b v i o u s l y , t h e p i t c h 
van ishes f o r a p e n e i l of r a y s o f a n o r m a l congruence . 

F r o m ( 1 . 2 ) w e observe t h a t t h e p i t c h of a p e n c i l of rays of a r e c t i l i n e a r 
congruence van ishes w h e n 

i . e . t h e p i t c h of a p e n c i l of r a y s of a n o r m a l congruence vanishes . 

Hence t h e w e l l k n o w n r e s u l t : 

The necessary and sufficient condition that the congruence be normal is that the 

pitch vanishes for every pencil of rays of the congruence. 

I f i n t h e e q u a t i o n (1 ,5) glL i s c o n s t a n t t h e p i t c h vanishes a n d v i ce -versa , 
s ince t h e surface area i n c l u d e d b y t h e p a r a m e t r i c curves u1 — c o n s t a n t a n d 
u1 — c ons tant a n d a1 + da1 = c o n s t a n t a n d u2 + da- = c ons tant is n o t zero . 

T h u s w e conclude t h a t : 

The necessary and sufficient condition that the pitch of a pencil of rays of a 
rectilinear congruence vanishes is that the fundamental magnitudes of the surface of 
reference be constant. 

2. P i t c h of a n i s o t r o p i c c o n g r u e n c e . 

For an i s o t rop i c congruence w e h a v e [ 2 ] 

( 2 . 1 ) ptf^QEtf 

w h e r e <P is B Î A N C H I ' S c h a r a c t e r i s t i c f u n c t i o n , and Ea$ = (%*• l*,a 

B y v i r t u e of ( 2 . 1 ) t h e f o r m u l a (1.2) reduces t o th .3 f o r m 

(2.2) 

I t has been s h o w n b y M I S H R A i n t h e paper quoted above t h a t f o r a n i s o t r o p i c 
congruence B I A N C H I ' S c h a r a c t e r i s t i c f u n c t i o n i s t h e f a c t o r of p r o p o r t i o n a l i t y 
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b e t w e e n S A N N I A ' S q u a d r a t i c f o r m s , a n d t h i s f a c t o r c a n never be a c ons tant o t h e r 

t h a n zero , hence i n t h i s case t h e p i t c h van ishes . T h u s , w e conclude t h a t : 

The pitch of a ps/wit of j'ays of an isotropic congruence vanishes when <I> is 

constant. 
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O Z E T 

B u araştırmada mUel l i f doğru kongruansları için RAM B E K A Î U I 1 ] taraFnıdan 
i t h a l e d i l i p «pitch» adı v e r i l e n invaryantı hesaplamıştır. 

U m u m i bir doğru Itongrüansı h a l i n d e 

şeklinde İfade e d i l e n «pitch», kongr l lans isotrop olduğu t a k d i r d e 

şekline g i r e r . 


