PITCH OF A RECTILINEAR CONGRUENCE

I, S, Nigam

In this paper the anthor has found some expreseions for the pitch of a
general rectilinear congruence and for an Isotropic one.
For a rectilinear congruence the expression for the plteh of a ray takes

the form
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while for an isotropie congruence the plteh is

L

1. The pitch of a ray of a rectilinear congruence has been studied by Ram
BEnar:[']. Let a rectilinear congruence be defined by the coordinates x(i =1, 2, 3)
of a point M and % (i =1; %, 8) be the direction cosines of the ray / passing through
M, where xf and A are functions of two parameters a®(x =1,2). When M moves
along a closed eurve C these rays generate a ruled surface. An orthogonal trajeb-
tory is drawn to this ruled surface which intersects the ray [ passing through the
point A at two points P, and P,: this distance P, P, is called the piteh of the
pencil of rays of the congruence.

The object of this paper is to find. some expressions for the pitech of a penecil

of rays of a rectilinear congruence and that of an isotropic congruence,

The expression for the pitch is
p VI f]-f .C{-\-i)
c

which by means of Greew’s formula takes the form

(1.1) p:ff (A xiy, — 2y xi ) du' dut®,
p

where the suffixes denote the differentiation with respeet to the parameters '
and «° based on the fundamental tensor of the surface of reference
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gaB=xi,q- x'p

and fhe double integral is extended to the area X of the portion of the surface of
reference x'=x?(u’, u?) bounded by C.

We now write (1.1) ag
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(1.2)
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which can be written in the alternative form as

(1.3) , :ffehﬁva%

where 45 is the corresponding element of area on the spherical representation of
the congruence bounded by the parametric curves, integration now being extended
to that portion of the unitf sphere corresponding to X, &Y% is defined by e!' =¥ =0
and =1, e =—1, '

g= lgqﬂll and Magp — Al‘}a . ":i1ﬁ'

If on a sheet of the focal surface of the congruence a family of curves be
taken as the parametric curves »® = constant, and their orthogonal trajectories as
the parametl;ic curves u' = constant, we get xf;=0 since in this case the coordi-
nates become functions of only one parameter «'. The expression (1.3) reduces to

{1.4) p=-—ff#{u%'

Also, along the curve u® —constant on the surface of reference
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since in this case (I§)® =g, ({u')*. Dashes denote differentiation with respect to-
the arc - length s of the curve on the surface of refereace.

Therefore

. - f1 1 i
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Now, in terms of the fundamental magnitudes of the surface of reference,
the pitch of a pencil of rays of a rectilinear congreence assumes the form
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In case the congruence is formed by the rormals to the surface of reference the

(1.5)

orthogonal trajectory will become a closed curve. Thus, obviously, the pitch
vanishes for a peneil of rays of a normal congruence.

From (1.2) we observe that the pitch of a pencil of rays of a rectilinear
congruence vanigshes when ’
fap == BBay
i.e. the pitch of a pencil of rays ‘ot 'a normal congruence vanishes,
Hence the well known result:

The recessary and sufficient condition that the congruence be normal is that the

pitch vanishes for every penc:l of rays of the congruence.

It in the equation (1, 5) &y, I8 constant the pitch vanishes and vice-versa,
since the surface area included by the parametric curves u'= constant and
u? == constant and a'- da' = constant and a® -+ da® = constant is not zero.

Thus we conclude that:

The necessary and sufficient condition that the pitch of a pencil of rays of a
rectilinear congruence vanishes is :that the funiamenfal mag‘mtuies of the surface of

reference be constant,
2. Piteh of an isotropic comgruence.
For an isotropic congruence we have [?]

(2.1) o =D Egp

where ¢ ig BiancHr's characteristic function, and F£,p = (1 27, 1é p).

By virtue of (2.1) the formula (1.2) reduces to th: form

(2.2) » :ffdieTﬁE-ya%g
e

It has been shown by MisHrA in the papsr quoted above that for an isotropic
congruence BiancH’s characteristic funetion is the factor of proportionality
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between Sannta’y quadratic forms, and this factor can never be a constant other
than zero, henc2 in thig case the pitch vanishes. Thus, we conclude that:

The pitch of a pezncil of rags of an isotropic congruence wanishes when ¢ is

constant.
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OZET

Bu arastrrmada miellif dogru kongrianslar: i¢in Ram Bewart ['] tarafindan
ithal edilip «piteh» ady verllen invaryant, besaplamigtir.

Umumi bir degru kongrilansi halinde

ds
p:ffe””?ﬁj;:

seklinde ifade edilen «pitchw», kongrllans izotrop oldugn takdirde

s[4

sekline girer.




