
H A M I L T O N I A I N A L G E B R A S 

A . G. S M I T H 

Algebras of rank 2 , w i t h an involut ion which Is an anti-isomorphism 
w i t h respect to multipl ication. , were considered by HAMILTON (refs. 1, 2 , 3 ) . 
I n t l i is paper, such algebras are shown to have three different types of 
difference algebras w i t h respect to the radical . An algebra is also obta

ined for any value of n. 

1. A l i n e a r assoc iat ive a lgebra H„ o f d i m e n s i o n (n + 1) over a f i e l d F (not 

c h a r a c t e r i s t i c 2 ) , w i t h basis ( r 0 , z,, f\2, z"„), w i l l ba ca l l ed «HamUtoniau» i f : 

(a) i 0 — l, t h e m u l t i p l i c a t i v e u n i t of F . 

(b) E a c h e l e m e n t x o f Hn, 

w h e r e x — A - 0 - j - x t i L + x 2 r 2 + • • • + x n i n > 

has a «con]ugate*> 

X Xa ~~ X i 11 — X-2 i 2 ~~ ' " " xn I n . 

(c) x y = y .v, w h e r e x a n d y are a n y t w o e lements of Hn. 

• n 

2. L e t i r i s — ^ a l
r s if w h e r e a f

r s s F. 

t=» 

Since f„ = 1 , i 0 i s = i s i0 — i s a n d o f
u r = <5f

r = a*r0. 

Since iT in = i ¥ i r , a"^ — a n
r s a n d a ' r s = — a ' s r i f 7 > 0. 

W h e n r ~ s 

— i 2
r — a " r r and a ' r r — 0 i f j > 0. 

3. L e t x ' — { . r y , ,v,, x2, ...,x,t) a n d l e t x be t h e co r respond ing c o l u m n v e c t o r . 

L e t A 0 be t h e (n X n) s y m m e t r i c m a t r i x : 

69 
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A0 

T h e n 
^ + x — 2x0 « F, 

a n d 

A- x = x x = x ' / I x = A/ (A-) s F , 

w h ere 
/ i 0 

A = l 
• V 0 

N(x)=N(x) is ca l led the «norm» of x. 

E v e r y e l ement x e Hn sat is f ies a u n i q u e q u a d r a t i c e q u a t i o n w i t h coe f f i c ien 
i n F: 

x*—2x0x + N(x) = Q. 

4. Since N(xg) = xy xy = xgy x.= x N (y) x ~ N(x) N(y) i t f o l l o w s t h a t 

f o r a n y p o s i t i v e i n t e g e r n. 

I f N ( A T ) = ^ 0 , x posaessea a n i n v e r s e 

- i — x 

N{x)' 

5. L e t x be a n i l - p o t e n t e l e m e n t of H,„ xr = 0. 

T h e n 
N (xr)=\N(x)]r = 0 and x2 ~ 2.vu x = 0. 

Hence ; 
zzr ( 2 * 0 ) xr-' = ( 2 x 0 ) r - 1 x = 0 

and 

L e t A - 2 — c w h e r e c B F . 

Then 

c — 2xv x + N(x) — 0 
and 

I f x o = 0, x* = — N(x)sF a lso . 

L e t A ^ be t h e r a d i c a l of Hn, a n d l e t x a n d # be long t o Nn. T h e n 



H A M I L T O N I A N A L G E B R A S 7 1 

( x y y = ( g x y = 0 a n d (x + g)2 = 0. 

Hence xg — — 

A l s o (xg + z ) 2 — 0, hence xgz + zx# — 0. 

B u t zxg - - — x z y ~ x#z . ' . 2.vya —~ 0. 

Hence N\ = 0. 

6. I f x is a n i d e m p o t e n t e l ement of Hn, 

x2 = xi=Q. 

T h e n N <x ! ) = [N ( x ) f = A ( x ) . 

T h e q u a d r a t i c e q u a t i o n s a t i s f i e d b y x is u n i q u e a n d i s x1 — x — 0. Henee 

N(x) ~ 0 a n d x-\*x~ 1 or x = 1 . 

T h e n „ 

i s i d e m p o t e n t i f A ( x ) — 0. 

7. L e t Hn' be t h e d i f f e rence a lgebra of Hlt w i t h respect t o A',,. 

Hn' = HJNn 

L e t Z „ be t h e centre of Hn'. T h e n Zn is t h e d i r e c t sum of f i e lds , b y D E D E -

K I N D ' B t h e o r e m . 

L e t e = e, + e2 - j - • • • + ep be t h e m u l t i p l i c a t i v e u n i t of Hn' w h e r e 

«i ey = f?£y et*. 

N o w e = e hence 

eL + « i + •' • •+ e p = e i + e s + • • * + e^. 

L e t et- + = j t £ a n d e f = A f w h e r e hi a n d e F . 

f f i f = ± et 

ei et = + er*s — ± e; = ftf s f . 

B u t et- does n o t b e l o n g t o F , hence e,*5^ + e,-. 

T h e n t h e r e m u s t e x i s t a one-to -one correspondence b e t w e e n t h e e$*8 a n d e"f
5s» 

L e t ei = e-. w h e r e i^j. 
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Since e f + e f — ^ 0, t h e n 

«m (e£ + = e m , w h e r e m=fii, m=f* j . 

B u t e,„ ef = 0 = em ey-, hence p ~ 2. 

8. L e t p = 2, t h e n 

e = e i - { - e s , e L = e 2 , e 2 — e, 

T h e n 2 „ = Zn e 

+ 2), e 2 

w h e r e F j a n d F 2 are f i e lds a n d 

— e — Hn' e, -f- / / „ ' e a . 

L e t _ y e / / n ' e , , t h e n y e Hn'e2. 

3 + 5 — 2ffo = 2^o e — 2z/0 d + 2#„ <?2 

. ' . ^ = 2^0^!, y = 2^ 0 e.j 

or / / „ ' e i — F e u / / „ ' e s = F e 2 . 

Hence Hn' is t h e d i r e c t sum of t w o f i e lds , each equa l t o F . 

9. L e t p — 1 e = e t , 

/ / „ ' is t h e n a s imple a lgebra w i t h no t w o aided idea ls , a n d b y a t h e o r e m of 
W E D D E R B U R N , i s o m o r p h i c t o an a lgebra Dq of ( 7 X 9 ) m a t r i c e s over a d i v i s i o n 
r i n g D. 

T h e c e n t r e of Hn', Z„', is i s o m o r p h i c to sca lar m a t r i c e s over F 

L e t y e Hn', t h e n 

Zn' S3 k E q w h e r e ke F , 

',7=1 

e i j + «iy — k F ( p e{j eij — h E q w h e r e h a n d he F , 

t h e n 

e.'y e/y = »,7(£ £ ? — e f ; ) = * e t j = hE<f i f . 1 
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Hence k=0, and e,-y -f- e,*y = 0 w h e n i ^ j . 

A g a i n e i £ = etJ e j { ~ e j i ei} = e}i etj ~ ej}. 

L i k e w i s e e/e^ = ejj. Hence 

10, L e t en + en = k Eq, e u e u — h Eq. 

T h e n en e~u — ei( (k E q — ei(-) — (k — 1) e i f , hence £ — 1 and 

eii ~\~ eii 

L e t q — 1. T h e n H„'m D, a d i v i s i o n r i n g c o n t a i n i n g i * \ 

L e t 9 — 2 . T h e n Hn' ^ a n a lgebra of 2 X 2 matr i c es over a d i v i s i o n r i n g D. 

L e t d be a n y e l e m e n t of D a n d y an e l ement of H„' such t h a t 

i/ 0\ _ / 0 0 
and # — 

0 0 / \0 rf. 

T h e n y y = d E^ a n d ^ + ^ i s c on ta ined i n F , hence d is c o n t a i n e d i n F , 

a n d so D — F. 

Hence w e h a v e p r o v e d t h e f o l l o w i n g 

T h e o r e m . The difference algebra Hn' — Hn}Nn is isomorphic to one of the 

following 

a) The direct sam of two fields, each equal to F. 

b) A division ring containing F as a sub field. 

c) The algebra of ( 2 X 2 ) matrices over F. 

11. M u l t i p l i c a t i o n T a b l e s for M,t. 

• 2 0 "2 0 

i ] — a L L ' a — a 22 

i ' i i2 - a l 8
0 + a i i 1 J'I 4- al3* '2 

an° = - j - (721° diV — — fltii* Ois 2 — — a2l
2. 

T h e a s s o c i a t i v i t y c o n d i t i o n s 

( ' L i-i) 'a = 11 ' V ('2 *i) i( — '2 ii 

g i v e t h e f o l l o w i n g r e l a t i o n s 

an a l 2 ' + a , , 9 a I t
a = 0 a , , 0 a , , 1 + a u ° — 0 

< a » T - f l u ° = 0 
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p u t t i n g aLi
1 = li al2

2 = m, t h e m u l t i p l i c a t i o n t a b l e becomes 

i* = m2 i.2=^P 

/ i i 2 — — Z m + Z + m / 2 , 

T h e n 

/ 1 0 0 

- 4 = 0 - m 2 lm 

\ 0 Zm - Z 2 

w h i e h is s i n g u l a r . 

T a k i n g Z — — m = ; l } t h e m u l t i p l i c a t i o n t a b l e becomes 

ii — h' ~ 1 h 4 = 1 + ' i — 'V 

12. n = 3 

T h e equat ions of a s s o c i a t i v i t y g i v e t h e f o l l o w i n g sets of s o lu t i on s 

<*ui' — a L 2 ! = a 23 3 a $ i l — Gf2$2 • 

P u t t i n g these coe f f i c ients equal t o u , w a n d w r e s p e c t i v e l y a n d 

a 2 8 ' = / , fl31
e = m a , 2

3 = n , 

and u s i n g t h e o t h e r equat ions of a s s o c i a t i v i t y , t h e m u l t i p l i c a t i o n t a b l e becomes: 

i 2 = (2s — m/t, / j 2 = i f 2 — >iZ, i 3
z = w 2 — lm 

¡2 h = — •»«') + Z f i + ra» i 2 + <w z3 

' 3 i"i = — mi i ) -j- zo / j + m / 2 + u i 3 

i L h ~ ( M — « f ) + w i ' i + " 4 + « 4 

I f I = m — n = l a n d K — -w = to = 0 , t h e t a b l e becomes t h a t of q u a t e r n i o n s . 

A second set of s o lu t i ons is g i v e n b y : 

a 3 i s + £ii2* = asa
s + a I 2

l = a : ) l
l + a 2 U

2 = 0. 

O n p u t t i n g 

o 2 L
2 — r , a ^ 1 = s, ai3

2 = i 

t h e m u l t i p l i c a t i o n tab le becomes 
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» — , » = V ^ i ' 

r t i s = /* s + s i t — r / j 

. i'a = s f + s / j . — i i a 

: f i = r i — t iL + r r 3 

P u t t i n g r — s = f = 1 , t h e tab l e becomes 

i? h ~ 1 + i a -

I 3 f t = 1 + / s — . 

1 3 . n — i 

F r o m t h e c o n d i t i o n s of a s s o c i a t i v i t y , t h e f o l l o w i n g r e l a t i v e s are o b t a i n e d 

( A ) a^1 — a^1 =a^' = 0 

C j i 3 = flu'1 — « 2 j 3 : 0 

( A l ) 

(B ) 

* * L 3 l « 3 / 0*1* a 3 l a 

aw* 
„ 4 — 0 , 

«<ua 

« , t ' _ 2 
« 1 2 

C f l 2 L « 1 2 S 
— 

«-i2 3 

4 _ a 

« u ' = 0 

= a 1 
S3 — 

_ 2 _ 
«21 " = 0 

a 
- a 3 2 — «34 3 = = 0 

<A2) 

a^i' 1 — ° - i 2 4 — « 4 8 * = 0 
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a , / « 2 / a.n ! 1 da/ 

a*/ — * 4 i " = 0, 

a.w « 4 2 ^ « i 3
3 « 1 / 

« 4 , 2 « 1 2 l 

« 1 2 ' « 1 2 — <*2!s' = 0. 

O i l ' « 3 l ' 

P a t t i n g a . 2 : i ' = l , a3i = m and a I a
3 = n, t h e t a b l e : 

f i 2 — — m n , i s
2 — • - 7 J , i 3

2 = — ml, i.2 — 0 

' 2 i;t = Hi, ¡3 h = m i 2 , i t i 2 = n i3 

is o b t a i n e d . I f / = : m — « = = 1 , t h e a lgebra is t h e q u a t e r n i o n a l g e b r a . 

P u t t i n g a i a
l — l t a 3 i

l = m a n d a 4 2
l = n t h e t a b l e : 

i , 2 = j ' s
2 = z a

2 = t . k
2 — 0 

'1 ' 2 — i i / 3 = '1 ' . l = 0 

is o b t a i n e d . 

P u t t i n g a-n3 = r y o ^ 1 ~ s , a 2 i " = r% a u ' — u t h e t a b l e : 

/»• = >•», i 8
2 = s * , V = f % = 

I'I r s -\- s ii — r i., 

i 1 i 3 = r t -\- t z\ — r i „ 

r , i 4 = r iz + u '1 — J* 1 j 

t a / a = s i + t i s — s i ; , 

(B2) 

z 2 i 4 = s a -f- u. i2 — s i.i 

H ii = t a + i / i ' a — t i.v 

i s o b t a i n e d . 

I f 7 * ~ a = s = i = l , t h e tab l e becomes 

V = 1 > V '? ~ 1 + V + V P> f ~ 2> 3 ' 
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14. An Algebra of Arbitrary Dimension n. 

T h e a lgebra Hn, w h e r e : 

i s c l e a r l y assoc ia t ive , a n d 

* a = 2 * 0 * — A W . 

Hence if x 2 — 0 , xa — 0 a n d A f ( * ) = 0 and 

A - 0 = (xt H + - V „ ) = 0 

L e t be t h e set of e lements of Hn whose squares are zero, and l e t 

x, y « R. 

T h e n 

x = x,i\-\- '•' -f" xn i„ w h e r e x , + * Y + * * * + xn — 0 

5 - i i ' i + " " + ? M i n w h e r e j t + y2 H + yn — 0. 

Hence (x — y)2 — 0, f o r (xi~yl) + '•• + (xn~ — 0. 

F u r t h e r j e i r — * = — i r # , r — 1 , 2, rc, 

t h e n xz = ktx 

z x ~ k2 x 

w h e r e i t = z0 - j - ( z L - j - • • • + z„) e F t 

k2 — z 0 — ( z t + • • • + zn) B F, 

w h i c h proves t h a t R is a t w o - s i d e d i d e a l , a n d 

R^Nn 

L e t w i i V „ , t h e n w" — 0, hence Nn^R. 

Hence R = Nn, i . e . t h e r a d i c a l of / / „ consists of a l l e lements whose squares 
a re zero . 

G e o m e t r i c a l R e p r e s e n t a t i o n , 

A n y e l e m e n t x s Hn con be represented b y t h e p o i n t r — (xQ, xL, x2, ...,xn) i n 
( n + 1) d i m e n s i o n a l e u c l i d e a n space. T h e r a d i c a l Nn is t h e n represented b y t h e 
set of p o i n t s i n t h e (n — 1) d i m e n s i o n a l sub-spaee 
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•*o = 0, * i + . r î + ••• + . v „ — 0. 

T h e «perpendicular distance» t o t h e space of Nn f r o m a p o i n t 

(0, x u x 2 ! xn) is + ••• + A - „ ) = - p -

a n d d i r e c t i o n cosines are 

- L ( 0 , 1 , 1 , 1). 
V * 

R e s o l v i n g x i n t o components i n , and p e r p e n d i c u l a r t o , t h e r a d i c a l space 

x ~ xti - f — - (/, + i'à H /„) 
H 

H- 1 (n « i — O ' i + (n a 2 — «i„) r'a + • • • + ( « f n — <*») i r t | 

hence . . . , o „ , , . . , , 
x/Nn — xa H ( i [ + in -f h /„) 

P u t ; ' i = - ^ ( ' i + ' 2 H h O t h e n ; ' L
S — 1 

and fx* on\ 

xlNn = Xt> + a n j i & \ 
\ °,i X» I 

B y a s u i t a b l e n o n s i n g u l a r t r a n s f o r m a t i o n , the ' a l gebra 

ivir = — jr, jrji = jri ( r = 2 , 3 , n) 

j r j s ~ Q (s = 2, 3 , n) is o b t a i n e d . 

F o r e x a m p l e i n t h e case n = 3 , we can t a k e 

= ./, — 

ja = i i + i' a — 2 i ' : l . 

T h e v e c t o r ( 1 , 1 , 1 ) is n o r m a l t o t h e p lane xL + A - 3 = 0 a n d ( 1 , - 1 , 0 ) 
and ( 1 , 1 , — 2 ) are t w o o r t h o g o n a l vec tors i n t h e p l a n e . S i m i l a r l y , i n t h e genera l 
case, j , i s t a k e n a l o n g t h e « - v e c t o r ( 1 , 1 , 1 , 1) w h i c h is n o r m a l t o t h e (n—1) 
d i m e n s i o n a l space 
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* i + * 2 H - ( - x „ — 0 , a n d j » j a , ••' j n 

are c i iosen a l o n g (n—1) m u t u a l l y o r t h o g o n a l vec tors i n t h e space. 
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Ö Z E T 

Çarpıma n a z a r a n bir ant l - izomorf ısm olan i n v o l u s y o n l a n haiz İkinci de 
r e c e d e n c e b i r l e r H A M I L T O N tarafından t e t k i k edilmiştir. E ' , 2 , ' ] . B u m a k a 
lede bu çeşit c e b i r l e r i n r a d i k a l n n a z a r a n üş farklı t i p t e n bölüm c e b i r l e r i 
olduğu gösterilmektedir. Üstelik n ' n i n h e r h a n g i b i r değeri içia de n+1 

boyut lu bir cebir elde e d i l m e k t e d i r . 


