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l a this paper the a u t h o r has studied some propert ies oF the p r i n c i p a l 
surfaces of tho «<[i-congruences» defined by UPADHYAY [8 a n d i l l . T h e 
equations of the p r i n c i p a l surfaces of the «<j>-.congruences» h a v e been 
obtained I n a d e t e r m i n a n t form. B e s i d e s t h i s the fo l lowing propert ies 
have been obtained : 

(1) T h e n e c e s s a r y a n d suf f ic ient condit ion that the l i n e s of the ip-cong¬
r u e n c e be p a r a l l e l is that the s k e w n e s s s of distr lbi i t ioa of the c o n g r u ­
e n c e - ^ be equal fo the cotangent of the constant angle fl>. 

(2) I f the s p h e r i c a l r e p r e s e n t a t i o n s of the cp-congruonce are m i n i m a l 
l i n e s , i t s l i n e s are p a r a l l e l . 

(3) Tbe l i n e of s t r i c t i o n of the ^ - c o n g r u e n c e w i l l l ie on i ts surface of 
re ference i f a n y one of the fol lowing r e l a t i o n s h o l d : 

( l ) T h e <i>-congruence is p a r a l l e l to the congruence-X, 

T h e l ine of s t r i c t i o n of the c o n g r u e n c c - i , ties on Its surface of 
r e f e r e n c e , 

( i n ) T h e l i n e s of the c o n g r u e n c e - ^ are p a r a l l e l to a p l a n e , provided 
that the l i n e s of the ^ - c o n g r u e n c e are not p a r a l l e l or the s p h e r i c a l 
r e p r e s e n t a t i o n of i t s r u l e d surfaces are not m i n i m a l l i n e s . 

(4) The p r i n c i p a l p l a n e s of the congruence in g e n e r a l and the surfaces 
c o r r e s p o n d i n g to one of tho parametr ic c u r v e s of tile surface of re ference 

are i n c l i n e d at a constant a n g l e . 

1. ^-congruences have been defined and studied by U P A D H Y A Y [ 3 J and ["]. 
Let xl (i — 1 , 2 , 3) be the coordinates of a point M on the surface of reference 
and X1 ( ¡ ^ 1 , 2 , 3 ) be the direction cosines of a line of a congruence passing 
through M and let this congruence be called the original congruence. Let A*1 be 
the direction cosines of a ray of another congruence intersecting the consecutive 
rays of the original congruence under a constant angle 0: this congruence is then 
called a ^-congruence. The lines of striction of the ruled surfaces of the original 
congruence lie on a surface, which w i l l be assumed to be fixed. We shall denote 
this surface by S* throughout and the original congruence w i l l also be called the 
congruence-?-. The surface S* is taken as the surface of reference of the ^-congru­
ence. 

The object of this paper is to find the expressions for the principal surfaces 
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of the ^-congruence and their properties. Some particular cases have also been 
considered. 

2, Let a ray of the 0-congruence w i t h direction cosines A*' intersect its sur­
face of reference at a point P, whose coordinates are y' and such that 

(2.1) = + « A1 

where t is the distance of the central point of the ruled surface of the congruence-* 
from the point M and x', yl, ll and X'1 are a l l functions of a" (a — 1, 2) ' ) . Farther 

(2.2) X*' • X*l = l. 

For convenience the notation for the covariant derivative of X*1 w i t h 
respect to f irst fundamental tensor C* ap of the spherical representation of the 
^-congruence is used instead of dX"jdu'1 so that the two quadratic forms used 
by KUWMER [ 3] are 

(2.3) G*ap dua du? 

and 
(2.4) i t* a p dua duP 

where 

(2.5) G\p = A»< • i* ' ,p 
and 

(2.6) i * V = •**' ,«) . 

SANNIA'S two quadratic forms ['] as modified by M I S H R A [ 4] are then 

(2.7) Gapda*da? 

and 

(2.8) r « P du* du? 

where 

(2.9) = (^,0, 

I t may be noted that similar quantities wi thout asterisks correspond to the 
congruence-^. X'n can be expressed as ["] 

(2.10) A*1' = X* cos <P + A1' X ^ sin <Z> 
do 

where do is the linear differential element of length of the spherical representation 
of the congruence-^-. 

I n w h a t fol lows L a t i n Indices t a k e values (1 ,2 ,3) a n d G r e e k i n d i c e s the values 
(1, 2). 



i> -CONGRUENCES 83 

The function X*' may expressed in terms of the direction numbers of 
the tangents to the coordinate curves of the surface S* through P and the 
direction cosines X' of the normal to the surface S" at P. Thus 

(2.11) V^P^y^a + q**' 

where p * a are contravariant components of a un i t vector on the surface S* at P, 
is a positive scalar function and y*,a denotes covariant differentiation of g' 

w i t h respect to uK based on the fundamental tensor G* ap. 

From (2.10) we get 

(2.12) X*\a = X',a COB <P - f X\a X X\t « ' Y sin - f Xi X X\y « ' Y , q sin 

3. Pr inc ipa l surfaces of a incongruence. 

The distance of the central point of a line of the incongruence from its sur­
face of reference is given by ['"J 

Vrffl* da* J 

= - ( ^ ) 
(3.1) 

2G%p t/iz« rfaP 

= - 0**aP + P*Pa> J«P/ 2G* 0p Ja« JnP 
where [ 8] 

/**aP = i'aß COS # + (pp £«7 « ' Y + ?PY «'Y>a 

H- i £ 7 ß t i ' Y , a ) sin <ß + f G a p cos <i> 
(3.2) 

G%p = C 0 p co3 s <P + i^r f 3 » ' V ! a — £vbtz'b,ß) sin * cos <Z> 

+ ^ßö « ' Y u ' 6 + G?5 u " ^ n'»p) s in s 

The equation of the principal surfaces of the ^-congruence are obtained by equa­
t i n g to zero the derivative of t* in (3.1) w i t h respect to daa/duß (a ,<?). That is 

(3.3) 
— 2 ( f t * v & + /**s*) rf«v dab G*«p in** = 0 

or 

f/**aP + i i i ?ßa) <fnq + G : ,«p rfaa = 0. 

El iminat ing t* we get 
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(3.4) 
G*,adu« G**aduQ 

= 0. 

From (3.3) we obtain the value of f* ag 

(3.5) Ki*%P + /**P«) + i * G * a p | = t> 

which on expansion gives 

t* ( G * u G*„ - C*„) + i * | G * u ^ „ + G*„ 

(3.6) — G\, fa\a + /£*„) J — 11» ' , a /** a i 

Equations (3.4) and (3.6) are of the same form as those obtained by WEATHERBURN [ 1 0 ] . 

I f we choose the parameters in such a way that the principal surfaces 
correspond to parametric curves, assuming moreover that KUMMER'S two quadratic 
forma are not proportional , from (3.4) we get 

(3.7) 

W i t h this choice of the parameters the distance of the central point of a l ine of 
the ^-congruence from its surface of reference is given by 

(3.8) p*ap da* du$ = 

(3.9) 

G*ap daa da? 

= - [ { (Pu + 1 G u ) cos <P + (pL Eir H ' V + %lV o'V,, 

+ f£\-. u ' Y , , ) s i n < Z>j - ( i / u T + |( /«« + i G „ ) cosi> 

+ ( p 2 £ 2 Y « ' Y + ^ v « ' Y , i i + ^ Y i « ' Y
) 2 ) 9 i n # | ( ^ T ] / | c 1 L c o s 2 # 

+ a £ Y l H ' y , ! sin * cos 0 + ( £ l V £ ,5 « ' Y n ' * + G Y o « ' Y , i « ' 6 , i ) s in a $ J- (i/u 1)" 1 

+ 1 G J J cos2 0 + 2£ ,yJ « ' Y , 3 sin cos # + ( E 2 t E 2 $ « ' v a ' 8 

+ G n « ' Y ^ ' 5 n ) s i n 2 * W r f u T 
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Dividing both numerator and denominator of (3.9) by do* this equation redu­
ces to 

( 3 10\ p = _ UiY t j Y ( " ' ) ' + g Y ( ° T ~ V f ] sin g t 

' 2 (cos2 $ — 2/t sin <Z> cos # - f i * 2 s in 2 

N O W n 

(3.11) 

and Fs] 

and again 

where 

£„p H ' a a'P — 0 

i t a p ua Iz'P = — i 

G„p i z ' a u ' P ^ = l 

c/o 2 

is the curvature vector of the spherical representation of the congruence-A and 
kg is the geodesic curvature of the spherical indicatrix of the congruence-.* which 
is also called the skewness of distribution ft of the congruence-* [ 5 J. 

Now since P] Qy = ftftv, ft* being a unit vector in the direction of the curvature 
of the spherical representation of the congruence-* 

2 (cos <p — ft Bin 

then i f 
jtt = cot # 

we get 
(3.13) f* = ^. 

Hence the r e s u l t : The necessary ani sufficient condition thai the rays of the 

^-congruence be parallel is that the skezoness of distribution of the congruence-X be 

equal to the cotangent of the constant angle. 0, 

But [ a ] i f the spherical representation of the <$• congruence are minimal lines 
we get ft = cot <Z>. Hence: / / the spherical representation of the ruled surfaces of 

^-congruence are minimal lines, its lines are parallel. 

I n particular, 

(i) I f # = 0 we get 

<3.14) i » = 0 
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( 1 1 ) When £ = */2 

(3-15) i * — 
2/* 

This is an expression for the distance of the central point of the ^-congruence 
from its surface of reference when the ^-congruence is formed by lines at r i ght 
angles to the rays of the congruence-A. 

Further, i f ft — 0, the lines of the congruence are parallel to a plane and 

(3.16) i f = « . 

Hence: The necessary and sufficient condition that the congruence formed by 

lines at right angles to the rays of the congraence-X, be parallel, is that the congru-

ence-X be parallel to a plane. 

(m) When the congruence-* is isotropic, we have 

lap — I Gv$ 

where % is the proportionality factor between the coefficients of SANNIA'S quadratic 
forms. We then have 

(3.17) 

(3.18) 

since [ 2 ] 

%_ ( G l Y f j Y WY + Gsv t>y {<z-)r — 2ft t)^in0_ 
2 (cos 5> — ft sin <Z*)S 

(cos 0 — ft sin <Z>)3 

From (3,13) and (3.18) we observe that tUe line of striction of the £>-congra-
ence w i l l lie on its surface of reference i f one any of the following relations hold. 

(i) The (p-congruencs is parallel to the congraence-X, 

(u) The line of striction of the. congraence-X lies on its surface of reference, 

( in) The lines of the congraence-X are parallel to a plane, provided the lines of 

the 0-congruence are not parallel or spherical representations of its ruled surfaces 

are not minimal lines. 

(l) I f <P = 0 

from (3.18) we get 

(3.19) i * = 0 
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(n) when 0 — J I / 2 

(3.20) i * = ~ 

which is the result already obtained by U P A D H Y A Y [ s ] . The l imits correspond to 
the parametric curves on the surface of reference: then let the corresponding 
values of f* be denoted by i * i and f% so that 

= - i ( f n + t G u ) cos 0 + ( P l E# «1Y 

(3.21) + ttf u'ttl + t Eyi a'*, J sin <P ) / {Gn cos9 <p 

+ 2 £ 7 l a 1 *, ! sin 3» cos <P + ( £ , Y £ l B « ' 5 « ' Y + Gy& « ' Y , i « i 6 , i ) s in 2 0 J. 

Mul t ip ly ing the numerator and denominator of (3.21) by { ( u 1 ) ' ) 2 , this formula 
w i l l then by virtue of (3.11), reduce to 

f* _ ( ^ i y e Y ( u ' ) / — f t ) Bin g  
1 (cos a>— l c(sinif) z 

(cos 0 — ^ sin # ) a 

(3.22) 

Similarly 

(3.23) 
G% 

(cos — fi sin i ) 2 

I n particular 

( I ) When $ = 0 we get 

(3.24) 

( I I ) Also when & = n\1 

(3.25) 

e, = 0. 

,4 — tltt-^ — t 

5s Y i* 

I f # be the angle between the common perpendicular of two consecutive rays 
of the ^-congruence i n the general case and the common perpendicular of two 
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consecutive rays of the congruence corresponding to its principal surface dus = 0 
we have [ ! 0 ] 

G * I 1 ( r f n , ) * + G * „ ( ! / n I ) s 

= { G u cos2 # + 2£"YI H 1 Y , I sin cos 0 + ( £ l Y # I 5 « ' y « ' 5 

+ G Y 8 « , Y , i i ! l 5 n ) 8 i n J 0 } (da1)1 / { G s l COS 2 0 + 2 £ Y l n* , , sin <P cos * 
(3.26) 

+ ( £ l Y £ l 5 « ' Y u'6 + G Y o « I Y , l o ' » „ ) s in 2 * 1 (rfo 1) ' 

+ { G „ cos2 0 + 2£ Y * « , y , 2 sin 0 cos 3» + ( £ , Y £ a 6 iz'V «'& 

+ G T 5 « 1 Y , 2 i i
1 6 , 2 ) ain* iP } (rfa 1 ) ' 

which by virtue of (3.11) reduces to 

cos* 1/2 
(3.27) 

•0 = w/4 or 
Therefore # is independent of 0-

Thus : The principal planes of the general 0-congruence and the surfaces corres­

ponding to one of the parametric curves of the surface of reference are inclined at 

a constant angle. From equations (3.10), (3.22) and (3.23) the expression 

t*t cos2 t> -\- f% s in 2 0 

takes the form 

V ' 2 (cos 0 - / i sin # ) 2 

which is HAMILTON'S formula for ^-congruences ; then when 

f* = 0 
(3.29) 

tan & = ± \ / ^ 

From (3.28) we get 

(3.30) 
i * ! cos21? + i % s i n 2 # 

— _ PiliYt*"* ( " T + I 2 Y f Y ( H 3 ) ' — 2 t ) s m 
2 (cos <P — f sin <P)a 

•»T — 
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I n case 

(3.81) 

t a u # — 

From (3.29) and (3.31) we conclude t h a t : / / the line of striction of the <P-con-

graence lies on its surface of reference or the rays of the congruence-X are parallel 

to a plane, the inclination of the principal planes of the ^-congruence in general to the 

surfaces corresponding to one of the parametric curves on the surface of reference is 

independent of the angle <P and is given by the relation (3.29) or (3.31). 

For his guidance and the valuable help the author is grateful to Dr. M . D . 
U P A D H Y A Y , 
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Ö Z E T 

B u araştırmada ml le l l l f , U P A D H V A Y tarafından [ s l , [ J ] tari f e d i l e n «ij-kong-
rllans» lapının esas yüzeylerinin bazı özelliklerini incelemiş ve bn yüzey­
l e r i n d e n k l e m l e r i n i d e t e r m i n a n t l a r şeklinde ifade etmiştir. 

Bundan m it da aşağıdaki n e t i c e l e r elde edilmiştir : 

(1) <ı>-kongi'üausı<w teşkil fiden doğruların p a r a l e l olmaları için. gerek 
ve y e t e r şart, ^.-kongrüansmm t e v z i sapmasının sabit <ü açısının k o t a n -
g e n l i n e eşit kalmasıdır. 

(2) O-kongrÜansmın küresel göstergeleri m i n i m a l çizgiler i s e , k o n g r l l a n -
sııı doğru l a n pnra k l d i r . 

(3) Aşağıdaki 3 özelikten h e r h a n g i b i r i s i t a h a k k u k etliği takdirde $ - k o n g -
rdansının boğaz çizgisi bu kongrüansı tarife y a r i y a n yü'zey üzerindedir. 

(ı) ıj-kongrüansı ^-kongrüansma p a r a l e l d i r ; 

(ıı) j.-kongrüansının boğaz çizgisi kotıgrilansın t a r i f i n e yarıyan yüzey 
Üzerindedir ; 

( m ) A-kongrllansının doğruları bir düzleme p a r a l e l fakat g»-kongrUansı-
n m doğruları p a r a l e ! değil ve küresel göstergeleri m i n i m a l çizgiler de ­
ğildir. 

(4) Umumî ^-kongrüansmın esas d l l z l e m l e r i y l e doğrultman yüzey üzerin­
d e k i p a r a m e t r i k çizgilere tekabül eden regle yüzeyler sabit açılar altında 

kesişirler. 


