& . CONGRUENCES

S. N. BaMeroo :

Ia this paper the auther has studied soms preperties of the pringipal
surfaces of tho «g-congruenceg» defined by Uraouvay [8 and 9l. The
equatlone of the prineipal surfaees of Lhe «@.congruences» have been
obtalned in 4 determinant form. Besides this the following properties
have been obtalned :

(1) The necessary and sufficient condition that the lines of the @-cong-
ruence be parallel is that the skewnesss of distrlbotica of the congru-
ence-3 be equal lo the colangent of the constant angle a.

{2) If the spherical representations of the @-congruonce are minimal
lines, its lines are parallel.
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{8) Thbe line of striction of the g-congrucnce wlll lie on its surface of
reference if any one of the fellowing relatlons hold:

{1) The @G-congruence is parallel to the congruence-j,

(11) The line of strietion of the congruence-3 lies on [fts surface of
reference,

(1) The lines of the congruenece-3 are purallel to a plane, provided
that the lines of the @-congruencc are not parallel or the spherieal
representation of its ruled surfaces are mot mintmal lines.

{4) The principal planes of the ¢-congruence in general and the surfaces
corresponding te one of tho parametric curves of the surface of reference
are inclined at a constan{ angle,

1. ¢@-congruences have been defined and studied by Upapmvay [¥] and [°].
Let + (f=1,2,8) be the coordinates of a point M on the surface of reference
and A (i—=1,2,8) be the direction cosines of a line of a congruence passing
through M and let this congruence be called the original congruence, Let 1*! be
the direction cosines of a ray of another congruence intersecting the consecutive
rays of the original congruence under a constant angle &: this congruence is then
called a @-congruence. The lines of striction of the ruled sorfaces of the original
congruence lie on a gurface, which will be assumed to be fixed. We shall denote
this surface by 5™ throughout and the original congruence will also be called the
congruence-A, The surface .5* is taken as the surface of reference of the ¢-congru-

ence.

The object of this paper is to find the expressions for the principal surfaces
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82 S, N. BaMmBroO
of the @-congruence and their properties. Some particular cases have also been
considered.

2, et a ray of the d.congruence with direction cosines A*! infersect its sur-
face of reference at a point P, whose coordinates are y° and such that

(2.1) PUESCE S

where ¢ is the distance of the central point of the ruled surface of the congruence-4
from the point M and =%, 7%, * and A-' are all functions of «% (2 =1,2) V. Farther

(2.2) AstLgmi—q

For convenience the notation A%, for the covariant derivative of A* with
respect to first fundamental tensor CG*¥,p of the spheﬁcal representation of the
@-congruence is used instead of d1*du* so that the two quadratic forms used
by Kummer [*] are

(2.8) G* b du® dub
and

(2.4) pn¥ap du® dub
where

(2.5) Grp=A% . 1¥i 5
and

(2.6) w¥ap = (5,6 - 1%,0).

SannNia’s two quadratic forms ['] as modified by MisarA [*] are then

(2.7) Gop du®dub

and

(2.8) E¥ap du® dub
where

(2.9) Erup = (yi,ua ).

It may be noted that similar quantities without asferisks correspond to the
conpruence-4, 1% can be expressed as [

(2.10) A =1Tcosd A X %sin @

where do is the linear differential element of length of the spherical representation
of the congruence-i.

Y} fn what tollows Latin indlces take values (1,2,3) and Greek indices the values
{1, 2}.
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The function %) may bz expressed in terms of the direetion numbers ha of
the tangents to the coordinate curves of the surface 5* through P and the
direciion cosines X of the normal to the surface S* at P. Thus

(2.11) W= prt gl o+ gt

where p*® are contravariant components of a unit vector on the surface S* at P,
¢* is a positive scalar function and gz’ denotes covariant differentiation of g'
with respeet to u® based on the fundamental tengor G*gp.

From (2.10) we get["]
(2.12) A e AR con B 1 Ao 3 Ay 'V ein & 1 AT X Ay 'Y, 4 8in B

3. Principal surfaces of a $-congruence.

The distance of the central point of a line of the &.congrusnes from its sur-

face of reference is given by '}

e dy' 4
T T \de*  do*

— (é&’f LAt
- do"? )

(.1 o

—— (iIL“ ’ lﬂ!ﬁ + l*£7ﬂ * yl;ﬁ)

2G* B du® dub

= — (¥ ap + p¥pq) du® dub [ 2G*%p du” dub

where %]
1B =g cos @ | {pp Eqy 'Y - Epy 0’V
FtEvpu't,g)sind +£G,pcos @

(3.2)

G*ep=—= Gopeos® & 1 {Eyp a'¥,q — Egs #'8,p) sin $ cos &
F(Eww Epsu’T a’®+ Gypu',q u’2p) 8in® &,

The equation of the principal surfaces of the @-congruence are obiained by equa-
ting to zero the derivative of ¢* in (3.1} with respect to du%/dubB (x5 4). That is

2G 7y dn¥ dad (0% .5 + w*pa) du®
(8.3)
— 2 {u¥ys | ¥y} du¥ da® GFop du® =

or
(n*ap - #*Ba) du® + 28F G¥yp du™ =0,

Eliminating #* we get

i
5
N
:
H
L
P
i
3
¢
L
3
3



81 S. N, Bamsroo

W T pia) du  (1aq T pfga) da®
G* g du® G*,q du”

(3.4)

From (3.3) we obtain the value of * as

(8.5) | (g7 qp + #*a) ¥ G*ep | = 0

which on expansion gives

f:h (G*ll G*zg _ G*n) + t* { G$11 I“'$22 + ilﬁll G*Eg

(8.6) — G (g ) }—{:;

_ (_l[‘f_'i'lﬂ + !5*21)}___ 0
% (="

Equations (3.4) and (3.6) are of the same form as those obtained by WEATHERBURN [!7],

If we choose the parameters in such a way that the prineipal surfaces
corregspond to parametric curves, assuming moreover that KumMER’s two quadratic
forms are not proportional, from (3.4) we get

(3-7) G*12:01 -I“'l#l?_l"!"*m:

With this choice of the parameters the distance of the central point of a line of
the ¢-congruence from ifs surface of reference is given by

#*ap du® duf

F o P
(3.8) == G du® duf

(a=3)
== ({60008 0+ (i BT+ 1 w7
+tEy a’¥,,)sin @}(dlll)? -+ {(l‘ﬂ + ¢ Gyp) cos P

/
+ (p: Ea'\’ a4 3% ’1’?:2 4t Ev, u'?,,) sin qj} (51112)2] /." l:{ Gy cos® P

(3.9

4 2Ey, u¥, sin B eos @ (Ey Eau’Y o' Gyya™,, 0'8,) sin* @ } (da")?
+{ Gypeos® @+ 2Fy, 2%, sin § cos & - (Epy Epp e’V 1278

__|__ G.”) 11'?5-2 E’a,g) sin? dj} (du2)2] .
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Dividing both numerator and denominator of (3.9) by do® this equation redu-

ces fo
(3.10) oo v et (@) - Baye¥ () — el sin &
’ _ 2 (cos® & — 2 8in @ cos G -} 7 gin® &)
Now [*]
e Eqpu' =k,
(3.11)
al,pa’b = g¥
and [%]
Gyse¥ e = k%,
Epu®aB=0
and again
papu’tu'b=—t
Cupu’®u'B=1
where

_d?a¥ [y | da® dub
¢ e +{uﬁj do do

is the curvature vecfor of the spherical representation of the congruence-) and
k, is the geodesic curvature of the spherical indieatrix of the congruence-i which
is also called the skewness of distribution p of the congruence-Z [°].

Now since [?] o¥ = gV, ¥ being a unit vector in the direction of the curvature

of the spherical representation of the congruence-1

el uY (@) Ty a¥ (e2f) —2)sind

(3.12) = 2 (eos ¢ — w1 8in O)*
then if
o= cot @
we get
(3.13) £ = na,

Hence the result: The necessary and sufficient condition that the rays of the
D-congruence be parallel is that the skewness of distribution of the congruence-i be

equal to the cofangent of the constant angle @,

But [°} if the spherical representation of the &-congruence are minimal lines
we get g—cotd. Hence: If the spherical representation of the raled surfaces of
D-congruence are minimal lines, its lines are parallel.

In particular,

@) If =0 we get
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(11) When P == /2

(3.15) po— B ¥ (') - By ¥ (a?)" — 2¢
. o

This iz an expression for the distance of the central point of the $-congruence
from its surface of reference when the @-congruence is formed by lines at right
angles to the rays of the congruence-1.

Fuarther, if ¢ —0, the lines of the congruence are parallel to a plane and
(3.16) = o,

Hence: The necessary and sufficient condition that the congruence formed by
lines at right angles to the rays of the congraence-l, be parallel, is that the congru-

ence-1 be parallel to a plane.
(1) When the congruence-1 is isotropic, we have
Eqp =y Gap

where y is the proportionality factor between the coefficients of SAnNIA’s quadratic
forms. We then have

{ ?."(Gﬂ' 0¥ {u') + Gy 0¥ (0®)” — 2p ¢ ) sin @

A L PN () i Sadseeiieill
3.1 ¢ 2 (cos & — pgin @)*
%
1 — _
(3.18) (cos & — p pin P)?
gince [?]

Gop ol u'® =40,

From (3.13) and (3.18) we observe that the line of sfriction of the ®-congru-
ence will lie on its surface of reference if one any of the following relations hold.

(1) The B-congruencs is parallel to the congraence-l,
(1) The line of striction of the congraencs-1 lies on its surface of reference,

(111) T'he lines of the congraence-) are parallel to a plane, provided the lines of
the @-congruence are not parallel or spherical representations of its ruled surfaces

are rot minimal lines.
() It ¢ =10
from (3.18) we get

(3.19) =0
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(1) when : P = =2

¢
R
(3.20) — o

which is the result already obtained by Upaprvav [®], The limits correspond to
the parametric curves on the surface of reference: then Jef the ecorresponding
values of #* be denoted by #%, and ¢%, so that

£
—Eu

t, = e
=—{{g,,+tG)eosd+ (p Eyu'?

(3.21) +Eya't, ¢y u', )sin &} [{G, cos® D
- 2Ey g, 8in @ eos P - (Ew Epgu'®u¥ - Gypu'¥,, '8, )sin @ ).

Multiplying the numerator and denominator of (8.21) by {(z')"}?, this formula
will then by virtue of (3.11), reduce to

_ Ewe¥ () —pHsing

R
1= (cos ¢ — p sin &)*
(3.22)
Ry e @Y — 1)
(cos @ — p sin @)*
Similarly
¥ e
= —
i G*EZ
(3.23)

__ plEap" (@) — 0
{cos § — p sin &)*

In particular

(1) When ¢ =10 we get

=0
(3.24)
7, =0,
(1) Also when & — =f2
f=:= —_— E!'HY.__ t
L= ”}.l’
(3.25)
£ ke
s Gaypl— i
= —

If # be the angle between the common perpendicular of two consecutive rays
of the Ji-congruence in the general case and the common perpendicular of two
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consecutive rays of the congruence corresponding to its principal surface du® =0
we have ['°]

G (dul)e
GF Y+ G (40

cog?d =

={G, c08° b+ 2FEy, u'¥, sinFcosd+(Ey E;pu'fu'd

+ Gysa'¥,, u'd ) sin* D} (da')? [ {G,, cod® &+ 2Ey, nY,,sin P cos &
(3.26)
F{(Ey Esaa'd - Gyza', u'8,,)sin®* & } (du')?

4 {Gyyco8® P+ 2Ey, u'¥,,8in Deos @+ (Eyp Ejgu'™ a'd
+ Gysa',,a'd,,) sin® @ } (da’)*
which by virtue of (8.11) reduces to
cos® & = 1/2
(3.27)

$—==aft or 3af4.

Therefore ¢ is independent of &-

Thus : The principal planes of the general ®-congruence and the surfaces corres-
ponding fo one of the parametric curves of the surface of reference are inclined af

a consfant angle. From equations (3.10), (3.22) and (3.23) the expression
t*, cos? ¥+ ¥, 8in* &
takes the form

e (@) +E ¥ (@Y —2ut)sin & _
2 (cos @ — p 5in &)*

f.*

(3.28)

which is HammitoN’s formula for ¢-congruences; then when

(3.29)

From (3.28) we get

%, cos? & 4 #%, sin? ¢
(3.30)
__ #{Gy s @Y 4By ¥ (@®) —2)sin @
2 (cos & — p sin B)*

since

QY =p .u'Y_
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In case

,u:[)

o~

taud=+ {/ — L=
£,
2

From (3.29) and (3.31) we conclude that: [f the line of striction of the d-con-

graence lies on its surface of reference or the rays of the congruence- are parallel

(3.81)

to a plane, the inclination of the principal planes of the d-congraence in general to the
surfaces corresponding to one of the parametric curves on the surface of reference is

independent of the angle & ani is given by the relation (3.29) or (3.31).

For his guidance and the valuable help the author is grateful to Dr. M, D.
UpADHYAY,
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OZET

Bu aragtirmada mliellif, Uranevay tarafindan [H], [9} tarif edilen «@-kong-
rllans» larinin ezas ylzeylerinin baz dzelliklerini incelemiy ve bn ylzey-
lerin denkliemlerini determinantlar geklinde ifade etmigtir.

Bundan miida agagidalei netteeler cide edilmigtir :

(1) @-kongrtansine tegkil eden dogrularim paralel olmalar: icin gerek
ve yeter gart, j-konprtiansinmin tevzi sapmasinin sabit & agisimin lkotan-
genlina egit kalmasidar.

(2) ¢-kongrtansinin kiresel gdstergeleri minimal g¢izgiler ise, kongrflan-~
sin dogrulari poraleldir.

(8} Asgufidakl 8 dzelikten herhangi birisi tahakkulk etligl takdirde @-kong-
rdansinin bofaz gizgisi bu kengrlansi tarife yariyan ylzey Uzerindedir,

(z) @p-kongrtans: j-kongrllansna paraleldir ;

{(n) %-kongrlansinin bogaz ¢izgisi kongrilansin tarifine yariyan ylizey
tizerindedir ;

{111} j-kongrilansinin dogrular. bir dizleme paralel fakat @-kongrilansi-
nmin dogrulam paralet degil ve klresel gtstergelerfi minimal g¢izgiler de-
gildir.

{) Umumi ¢-kongrtansinin esas diizlemleriyle dogrultman ylizey Uzerin-
delki parametrilt ¢lzgliere telkablil eden rogle yuzeyler sabit agilar alfinda
kesigirler.

o1




