
ON THE GROWTH OF A CLASS OF ENTIRE FUNCTIONS 

S, K . SINGH AND K , MANJANATHAIAH 

L e t j(e) be a n e n t i r e f u n c t i o n , M(r,f) i t s m a x i m u m m o d u l u s o n \ s \ ~ r 

a u d 

n(,i, a) 

t 

M I s c o m p a r e d t o b o t h JV a n d n. 

0 

0. Let f{%) be an entire funct ion, let M ( r , f ) be the maximum modulus of 

/ ( z ) on | z [ — r and let 

N (,,„) = f ^ d t . 

0 

In section 1 we compare log A f ( r , / ) w i t h N(r, a) and in section 2, we compare i t 

w i t h 7i (r, a). 

1. Theorem 1. Lei f ( z ) be an entire function of order Q such that 

(1) AL { U (r) < log M (r, f)< A, { 1, r}°> ( l 2 (r) }°* • • • { l m (r) 

•where 

11 (r) — log r , / m (r) = Jog lm-L (r); 

a x ^ 1 ancf « 3 • * • *,„ are non negative and 0 < c < 1 ; then 

log M(r,fl~N{r,a) 

for all a. 

Proof; Wi thout any loss of generality we can take « = 0. Put 

N (r) = N (r, 0) ; « <r) = n (r , 0). Then 

N{r*) > A ^ j ~- dt > n (r) log r. 
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So 

n (r) log r < N ( r 2 ) < log M (r% / ) < A a { I, (r) } a ' { I, (r) } " - • • { /„, (r) }">» 

Hence 

(1.1) n (r) = 0 { /, (,) { /, (r) }«-' • • • { / , „ (r) }"<» 

Further from the r ight hand of the inequality of ( l ) i t follows that / (z) is 

order zero. 

Hence 

r oo co 

(1.2) log M f)<f ''{^ d, + r / d, = N (r) r j ^ d,. 

0 r r 

Now 

r r 

J 

where we take 0 < K < 1 . 

Since 

{llMr<-'{'A*)}a<---l>r,Ax)),>» 

ia a decreasing function of .v for r ^ r u > so (*) 

CO CO 

r ! n { x ) dx < ^ • r ^ ' ^ > ) g ' " ' t / » ( ' - ) ) t ' i ••• ifmW^ f d* 

r r 

^ 4 { /i <r) } " ' —1 { M r ) } " * • • • ( r ) } " - . 

From (1.2) we then get, 

log M (r, f) < N {r) A [ I, (r) } a ~ 1 { !, (r) }«* • • • { /,„ (r) , 

hence 

i ^ /V(r) / H ^ , ( 0 } q ' - ' { ^ M } q i " - { ^ H } t ' m 

"~ l o g M ( r , / ) log M { r , f ) 

But 

l o g A f ( r , / ) > J 4 1 { / 1 ( ^ ) } c l

1 - c 

hence 

(*} .4 d e n o t e s a c o n n t a n t w h i c h i s n o t n e c e s s a r i l y t h e s a m e a t e a c h o c c u r r e n c e . 



so 
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log M {r, f) 

lira mf T~~nn—7T ~ 1 • 
r-nx> log M{r,f) 

But , always 

heuee 

l im sup — — » T 7 ~ 7 T ~ — 1» 
r-+co log M(r,f) 

log M ( / - , / ) - A/ ( r ) . 

2. Theorem 2. :Lef / ( z ) 6e O H en/ire function of order Q (0 < 2 < 1), /fcere 

(2.1) hm m i — S — r — ^ - i - —-- — 
r ^ n(r) o ( l — o) 

Proof; Let o, be the exponent of convergence of the zeros of / ( z ) . Then, 

log n (r) 
£ t — lim sup — f—— 

,_>co log r 

Hence there exists a proximate order £>, {r) having the fol lowing properties: 

0) Qi(r) is d i f fe ren t i a te for r > r0 except at isolated points at which 

o / i r — 0) and e , ' ( r + 0) ex is t ; 

(n) l i i n e i ( r ) = e i ; 
r-*-<*> 

( in) lira r (/•) log r = 0 ; 

(lv) n(r)^rZ'C) for r ^ r 0 ; 

/ i ( r ) - r ? l ( r ) for an i n f i n i t y of values of r. 

The proof of the existence of Q, (r) is similar to that of the existence of e ( r ) 

wi t h respect to log M(r,f). 

Now 

CO 

«<*) , 

x J x£ 

0 

log M (r, f) < f ^ J x + rf^d> 
0 r 
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r 

because 

Further, 

N(x)=A-\- j ~^dt<A^- J WW-'dt 

for .v sufficiently large. 

Henee 

log M (r, f) < — / (/.r 

Thus 

P i 1 Qi 

log M ( , , / ) < 
6 i U — 

for a sequence of values of r. 

Hence 

j — ^ C O " if) Qi ( 1 — ^ t ) 

and the result follows because e~Q, as Q < 1. 

3. P o L Y A f 1 ] has proved that if f(z) is an entire function of non-integral order 

(1 (e > 0) then 

.. . . log M (r, f) ^ 
l im inf — -—.—1 — < co. 

n (,>") 

We give here an alternative proof of this theorem using the properties of 

proximate order. 
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Proof : From \-] we have the inequal i ty, 

r co 

log M (r , f)<An + Kr->j dt + K>+' / ^ A 

CO 

<Ar1 -\-Kr1 J P i W - q - 1 <fc + K r 1 + l J t^t)-^ 

4̂ ?•'/ + İT 7-7 — — +/Crt+' 

dt 

2—q 9+1—0 

Since / ( z ) is of nonintegral order, so g < e { r ) henee 

log M l>, / ) < 0 (r iC) ) + >4 

= [•4 + 0(1)]« (r) 

for a sequeuce of values of r tending to « 5 . 

Hence the result follows. 
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