ON THE GROWTH OF A CLASS OF ENTIRE FUNCTIONS
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Let f(2) be an entire functlon, &(r,f) {ts maximum modulus on (z|=r

and

r
nif,a)
N(I‘.&)ﬁkr-—'—f—*dt.
Q
M {8 compared to both N and a.

0. Let f{z) be an entire function, let M (r, f) be the maximum modulus of
flz) on {z[=r and let

Moo= [269 4,
0

In section 1 we compare log M (r, f) with N (r, a) and in gection 2, we compare it

with n (7, a).
1. Theorem 1. Let f(z) be an entire fanction of order ¢ such that
1) AL <logM(r, )< AU} L)Y o { I () )

where

Il(")‘:log Ty . rm(r)zloglmfx(r);
o, ™1 and «,;, %5 r+» %, are non negative and. 0<"c¢ <1} then

log M (r, f ~ N{r,a)
for all a.

Proof: Without any loss of generality we can take ¢ =0, Put

NF=NE0; n{z)=n(r,0).
Then
n )
£

.
NG > A +f dt > n () log r.
r
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Sa

r(Flogr < NG <log M H< AL )™ L3 e { T {r) |0
Hence
(1.1) n{Fy =000 (P L e [T () )

Forther from the right hand ot the inequoality of (1) it follows that f{z) is of

order zero,

Hence
e Pt o Fat
a2 tgmip< [P acp [P aemmey b 20

] r ' r

Now
mn(\‘) OD“ () L)% ()% d
g U

X x

— A, f i (1‘)"‘"‘{.! (\]} s i (x) V0 (_ﬂ),

ik

where we take 0 K<1.

Since
{ } li:{r (“C)} "["m(x)]lm

xk

is a decreasing fonction of x for r>r,, 30 (%)

PN LSt
A vk ik

¢ {x) Ar{]()}ﬂr—l{](,)}(‘h...{:{ {r) }%m % 1
262 g At o) o F

S A8 L % e [ () )9
From (1.2) we then get,

lﬂgM(f‘,f)<N(?‘)—f—A{-'n(I‘)}a'“'{-’-,»(ﬂ}“'l"' {’m(")}um,

hence
NG AT ) e T ()
™ lag M (-, N log M {r, f}
But
logM{», fy =4, {1 (#}"°"
hence

(*} A deneies & constani whieh is not necessarily the same at each ocenrrence.
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N
1< Tog M (. J) 4 0d1)
80
. N
1i f—- =1,
1:12% log M (r, )
But, always
. NA{r)
lim sup ———— =1,
r-rpwp log M(r: f)
heuee
log M (r, f} ~ N {r).

2. Theorem 2. Lef f(z) be on enfire function of order g {0<C ¢ <{1), then

.., log M (e, f) i
2, 1 foom e
(2.1) e at) T ed—o

Proof: Let g, be the exponent of convergence of the zeros of f(z). Then,

log n{r)

£, = lim sup Tog »

F—¥ GO

Hence there exists a proximate order 2, () having the following properties:

(1) e,(~) is differentiable for r>>#, except at isolated points at which
g, (r—0) and o, (»+0) exist;

() ' lime, (#)=g.;
r—ow
(1) limre,'(r)logr =0,
b ke »)
{1v) n ) =9l for g

n{r)=r2{r) for an infinity of values of r.

The proof of the existence of o, {+) is similar to that of the existence of g{(r)

with respect to log M (r, f).

Now

r )
log M (r, f) < ffé—"l ({.r+rf1;f—)dx
0 r

o0
:N(r)—l—rfg—;—xldx
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[¢.0)
=N () + [N(‘)]r . f"x(.;") d

because

N{x)=0(+2t5),

Fuarther,

Ry

N(x‘):A,i,_f n (1‘) di rA_f_f{QJ(t)—ldf

ry ry
20
2: L
for » sufficiently large,
Hence '
: : @ :
log M (r, f) < ;{f.tqix)*?dr
1
-

T re_ (r)_'

91 1_“.91
Thus -A
e.(r) t
log M{r, fy<< — :
o8 v f) 91(1 '—Q‘ ;-
— il .
2 {1_91) i
for a sequence of values of »,
Hence '
lim mf gM( il ,::71_
F—r n (r) g, (1—e)

and the result fallows because g=—=p, ag o< 1,
3. Povva['] has proved that if f(z) is an entire function of non- zm‘egrctl order

¢ (p = 0) then
lim int CEY (P

p—an n(»)

< I,

We give here an altarnative proof of this theorem using the properties of
preximate order,




ON THE CGROWTI OF A CLASS OF ENTIRE FUNCTIONS 13

Proaf: From [’} we have the inequality,

r o

tog M (r, £) < Ars+ Ko [ 28 i 4 Krar f%g_f%df

g+t
Yo r

r w
< Ara-J-Krg f ety g Jt + K rat! fiq(t)-qfﬂ 44

¥y r

U} —q P27} gt
~ A K rq AN K gt —— .,
o K R T

Sinee f{z) ig of nonintegral order, so g < ¢ (r) henee
log M (r, f) << 0 (r2(M ) A e
={A4+0() 1 nlr)

for a sequeuce of values of » tending to co.

Hence the result follows.
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OZET

fé) blr tam fonksiyon, M(r,f) bu fonkslyonun |zj=r Uzerindeki malsi-

mum modili ve

T
N(r,a)= J"L(iﬁdz

olsnn., M gerelk &N gerelse » ile mukayese edilmigtir,
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