SOME THEOREMS IN A RIEMANNIAN SPACE WITH AN ADDED
AFFINE CONNECTION

Bawpana Guera (%)

Assuming that there exists in a Rlemannian space with the metric tensor
ga‘j a given affine connection arbitrarily chosen R, N, Smx [l] has const-
reected an afigebraic system of affine connections generated by the given
one such that there are affine connectlons with respect to whieh the
vatues of the covariant derivatives of g;; ere equal or opposite or connec-
ted in some other way, Later, M., €, Cnax: [a] stedied in a general way
properties connecting affine connections in a Riemannian space with res-
pect to whielh the metriec tensor g5 of the spuce has equal covariant
derivatives, In the present puper some theorems have been ébtained by
considering the case where the covariant derivatives of g are symmetric

tensors.,

1. Let I'%;; be the coefficients of an arbitrarily given affine connection ina
Riemannian gpace with metric tengor gy, 7t;: be a tensor and let the covariant
derivatives of g ; with respect to I';; and I'f;;-+ T%; be denoted by a comma and

a solidug respectively.

Then
(A1) e —gue ;= @i ) 2 =T T e T j— 275 T ik

A necessary and sufficient condition that gijk be a tensor gymmetric in the
indices may be expressed in varions ways, e, g., it may be

Bijke — gike ) =1
1
Zijde = o @it j T&jk.), ete.

Hence trom (L.1) it follows that if gi; 1z be a symmelric tensor, then gy,.

is so if and only it
g Tl — g To— s (T ) — T ) = 0.

1t js easy to verify that if g; s be a symmetric tensor then gy is so if

Ti:'j = gmtgr'm.j-

(*} The anthor wishes to aknowledge his indebtedness to Dr. M. C. Cnaxi, whe kindly

suggested this problem and helped in thé preparation of this paper,
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16 . B, Guera

The affine connection with eoefficients I'; ;- T¢;; where Tt ;= g™ gin,; be-
longs to SEN’g sequenee of affine connections which is defined as follows:

Put a=1TI%,, at =TIt ;4 g™ gim.;, o =TIt

Then for the affine connection given by o, there exist uniquely two others

given by o and &' which are respectively called the associate and the conjugate

of ¢ having the property

= g" = a.

In particular, o is ealled self - associate if a==0a" and self -conjugate it a=da’.

If we now construet the sequence

— o — % s .
a,=a, a,=a¥, a;=a", a=a"" a, = a

1

then it is seen that the sequence is a finite cyelic sequence of 12 terms (assuming
that all are distinet): this is known as SeEN’s sequence. Denoting Ff,-j+ Tt by d

and applying the notions of associate (*) and eonjugate () of a, as given above,

M. C, Cuaxi[*] construeted the sequence

dl — d, ﬂ'a :d‘:g, ﬂ’u — d"‘”, d4= d:{el:::, s d[g — J:::r:::

and putting

—_— m —_— mn  — n p—
u=g! &inty j > e =g"" gim.is A=gt gijsm—;-c

AN

EX s e
yreer

ﬁ :gtmgl's (Ilsmj - I‘sjm)y ﬂc ﬁgtm gjs (Pﬁmi - Fsl'm)

T:T!ijs ?'c:Tf_ji) J:gtmgisTsmj s d‘c:gtm
£ :gtm His Tsim ' Fe — gtmgjs Tsim

obtained their values as follows:

d, ==d=—a-+t7y

dy, =a+a—9d

dy =a" -+ oy — 8,

d, =a+a—2+f+4e

d; =a +a,—d4 .+

dy =atzt . —A+04+le—7
d; =a" +otoe,—2-E8L7 1
dy =@’ o d+f 8

dy =atz2—i-+f+ 7+ 4,
dypy=a + 2,4+ Ffe— %
dy=a+aetf—e¢

ds=2e¢ Ty,

gj,- Tﬁmi
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From (I} it is seen that the CrRISTOFFEL symbol which is both self - asgociate
and self - conjugate is given by

(1’) If l_';—(dl"{_dl‘h‘;’a 121’ 2""

It I'f,-j be self - conjogate and gy;p Dbe symmetric, then the members of the sequ-

ence (I} assume the following valoes:

d, =a+ty, dy =atx—34, dy ==a+a—3,
d, =a++, d, =a- ¢, dy =a-t+a-—y,
d; =ata—y, dy =atd, dy =a+d,
dp=ata—e, dyy=a+ton—¢, dis == a1 ve.

Further, if 7%, be symmetric in / and j,
dy =, d,=dy, dy =dy,
dy,=ds, d; =ds, ds =d;,

Caleulating the covarlant derivatives of g;; with respect to dyy day dgy dyy dy
and d, for the case where T, is symmetrie, 1", is self-conjugate and g, is

symmetrie, their values are obtained as

Ltk U‘F_'S_‘jc‘) — Hik (;"_'{s—‘sc)) ke (_’Z+2?))) — gtk (-Hz'—i— 23')
gt —0—8) and — gl —58—38)
respectively.
Hence we have the following theorem:
Theorem 1. {If the affine connection with coefficients 'ty be self - conjugate,

Tfij be symmetric and gk be symmetric tensor, then the sequence (1) will have six

distinct terms
d—=d, d,=dy, dy=d, d=d, d,=ds da—=d:
siuch that the covariant derivatives of gi; with respect to the members of each of the

pairs (dy, d.), (dy, d) have egual walues while those with respect to the members of
each of thz pairs

do,d),  (dyd)y (dyd), (dyd), (dsd)

have equal and opposite values.

Let us now suppose that Ff,;j is not self - conjugate and Tf;j- is symmetric. In
this case the covariant derivatives of y;; with respect to d, dy, dsy dyy dioy dis

i
;
|
;
|



18 B. Gurra

will have iheir values as follows: The covariant derivalive of gy, with respect to
d, or dg is

g (b —t—¢g),
the covariant derivative of g;; with respect to d, or d,, is
goe (h— 7 — 2 — f— {4 29)
and the cova_riant derivative of g;; with respect to d, or d,, is
gl —fo—s e,

We now consider the following two praperties for the sequence (T}:

1} covariant derivatives of gij with regpect to
d, and d,, are equai;

(I.v) .
1) covariant derivatives of gij with respeet to
L d, and d; arve equal.
If (1} holds, then
(1.2) B4 fa=0

Further, if (1) holds, then in virtue of (I”) wo have
(1.3) h—r— = p futel 2

Therefore if (1) and (1} hold together, then

(1.4) DL — % — 3, =& 4 £, — 2.

Suppose that g;; . is a symmetric tensor. Then the lefthand - side of (1.4) will
vanish, go

s rg— 27 =0
ar

1 .
(1'5) Tfij:Egtm (gis ng'm +}?lns T)im)-
Again, if (1.5) holds, then it follows from (1.4} that

9L — 2 —x, =9

ie., gije 15 a symmetric tensar.

We have therefore the following th-orem:

“Theorem 2. Jf in the sequence (1} thz proparties (1) and (11} hold simultaneons-
ly and Tt be symmetric, then &ijeke will be a sgmmetric tensor if and only if
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Tt , — 1 m Vil T's
ij ?E (gis jm+gjs im)

2. Let I't;; and L be the curvature tensors formed with I'fy; and
Ly=T%;+T%; and let gnlp=1Tnp and gLtz = Lyip.

It I't; is self - conjugate

P —Lhp =T 0 — T+ T Ty — Tt T

Therefore

Tpipe — Las e = gme Thjp — Tl ) + (T2 T j— T8, T3,
hence

Ly jre & Linge j + L jrean + Lie i = hi gre + Linge j+ T jein + Die i)
— &ht [Ttij.k - thk.j - Tfsj T+ Tiar Ts:'j]

—&ie T — T — Thsr Ty T4 T 0]

. (2.1)
— 8 i T — Tlene — T Ton + Ton Tz
— e [T e — T4 i — T T° A+ T4 T¥
Let us denote
Thi e+ Thoppei + Thies by A (The i)
and
Pip e+ 1 jrrs + Tene by Ay (Lai k).

Since I't;; is self - conjugate we have by the generalized Riccr’s identity [*]

i e — Eark; = Lhajre A+ Din e
Therefora

(2.2) A (Tgjud + Ay i i) = (ghiear; = gose i) + g jors —gnj00) +(&hisjie — &hide )

If g¢;.%x be a symmetrie tensor, the righthand - side of (2.2) vanishes and therefore
(2.3) Ay ) + As g ) = 0.
Since I';; is self - conjugate,
(2.5) AT 1) - 0
hence from (2.3) we get
(2.5) AAlhi ) =0

From (2.4) and (2.5) it follows that
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(2.6) F.Tuj_ff’c + Linee T ein + L =0,
In Virtué_ of (2.6) the equation (2.1) takes the form
| L jie + Liniej ~F L jrein + L jus
= &ht [Ttij' e T — T T+ Tf;‘k T.siﬁ
—go ey — Ty Tty T, 4 Tt Tl 7
(2.7)
— it [T — Thenr — Tl T¥n + T Tl
—grt T pg — T — Tl T+ T T 5l
If 7 — 0 then (2.7) reduces to (2.6).

Hence we have the following theorem :

Theorem 3. [f the covariant derivatives of gij with respact lo a self-conjugate
affine connection with coefft'cfents I't;; be symmetric and Ly, o be ths fully covariant
curvature tensor formed with I'fy; 4 Tt;; where T is a tensor, then the components

of Lhij,’c satisfy (2.7).

The identity of Biancur for the affine connection with coefficients I'ty; is

(2.8) Pt Dt -l Tt = Dl VE gk Ty Vi -+ Tl Very

where Vi, =T, — Ity
Multiplying both sides of (2.8) by g5 and summing with respect to # we get -
(2.9) i jieat + Dhiretyj A Thit joe = gret Ui+ gne; Dt + grek Tt

F Dpit Ve + Dhisy Vit + Thaare Vi
Denote
(2.10) Thije =T jinie — Tieijp DY Aps i

Then
Apgjret  Apiret, ;- Apstjire + Avig o =

gt fijie tgne g Diget T gnaiie Tty Thist V jie + Thisy Vot & Dhiore Vg
—gteh D e — gie g D — gree Thing — Tiean VE jie — D't ; Ve —Taggr Vg
(211~ M —gen et — g e T — T ppat Ve — I jran Vg — T jisie Vi
—gieta D n —giee j P4t — green Dty — Dot Vi Dhisj ViR — Do Vh.lf'.'

if 8ijoke be a symmetric tensor, then (2.11) reduces to
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Angjret -+ Araet j + Anst o + s o

= Aflisl Vsjk + ‘Ahisj Vski "+' An;:!isk st.j + Alt'sj Vshk
(2.12)
+ Ai‘isk Vrjfl + Ajis.’c Vs}ll + I‘sihl Vsjk ‘{" Fsihj Vﬂkl

b L Vg4 Dty Vg Dot Vn Lo e Vil
1f I'%;; is self - conjugate, Vf;;—0 and from (2.5) it follows that Apsy=0.
Henee (2.12) reduces to an identity, '
Therefore we have the following theorem :
Theorem 4. [f the cooariant derivative of(gi}- with respect to an affine connec-
tion with coefficients I'';; he a symmetric tensor and Ap;k be defined by (2.10), then

the relation (2.12) holds. If, in particular, the affine connection be self - conjugatfe,
then the relation (2,12) reduces to an identity.

We now refer to the sequence {I) and suppose that for it the properties (1)
and (1) mentioned in ([”) hold, Further we suppose that g;;,, 18 symmetric and

Tty is so,
In virtue of (1) f+p.=0
or Lis Vsjk +gjs Vi =10 where Vtij:-rtij_' thi'
Hence .
Vtp=—g™ g Vi
Theretore
(2.13) Vttk =0 or Ff”c == Fikf-

Sinee (1) and (1) hold, g7, is symmetric and so is 71, it follows from theorem 2
that
2Tiij - g,mtgis Ts}'m +gtmgjs Tsim-

So
?'Ttt}' - gtm Ltz Tsjm +g{m s T ym
- tht + gt gj-s T m
whenece
(2.14) Tt =gt g Tm

Let the fully covariant eurvature tensor with respect to d; of sequence {I) be
denoted by L. Then

; a d
L = (Ot + Tha) — o T+ T )

and

. 3 B
Zhi L(I'z)kijk:é?(rikt + ) — 5 L 4 7).
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Since T%; is symmetric and (2.13) holds, we have
(2.15) ght LOV; i = ghd LU 1,

Again

. a y 3 p 2
gh!L(')hijk:gx—j(thk—l’-T L _E‘J}‘?(Iftj‘l‘Tftj)

and
A O P —i(pf + Tt )_L(Fg Tt
g fujk — a.rj kt kt Ik Jt Jt
where
(2.16) T/t = g™ gim.; — 8" £1s Tm e

From (2.16) we have

T =gt gympe - Tt
and

Ty =g gkme — 8" ghs T “mee
Since TY; is symmetric and (2.14) holds

Ty =T s

Therefore

(2.17) ghi LWy e = ght LCYyy i1,
Similarly

(2.18) ghi L(')h,-jk = ght L{1},

Hence taking into account the property (I) of the sequence (I) we have

ght L0y e = ght L) e = gt LOWy o= — ghi LWy
(2.19) = — ght LUy = — ght LO%; e = — ght L e = ght L0y 0
and  gh! LYy = ghf L0y, e = — ght LOVyy g = — ght LV

It, in particolar, 7% ;=0 the sequence (I) reduces to SEN’s sequence and LUy 4
becomes I'(N;; . As in this case

ani PO = — ght Iy
we have
g MO0 e = — gh? IOV p = — ght DOl g = g 'O e
(2.20) = ghi T oo = — gt IOy = — ghi POy g == ghi TOWy

= ght IOy g == — ght IOy == — ghi DOy = ght D0
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Hence we have the following theorem:

Theorem 5, /f in the sequence (I) the properties (1) and (11) mentioned in (11"}
hold, Tf,-f- is symmetric and further Zipk is o symmelric lensor, then the fully cova-
riant carvalure tensor L(E)h:'jk formed with d; satisfies the relations (2.19). If, in
particular, the sequence (I) is SEN’s sequence, then the relations (2.20) hold.
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GZET

Metrik tanstril g ile gasterilen bir Riesanny nzayinda keyfi bir

afin konelksiyon verildigi takdirde, bunun tarafinden dogurulan hir eeb-
rilc afin koneksivon sistemi, sisteme ait koneksiyonlars nazaran g”’ nin
lcovaryant tdirevieri aralarinda esgit, veya wmutlak deferce egil veya hag-
Jta herhangi bir eebrik baginti tahkik edecek tarwda, inga edilebilecegi
R, N, Sex tarafindan ispat edilmigtir ['}), Paha sonra, M. C. Cuaxt umuw$
olarak, bir Riemann nzayinin 2y metrik tanssringn kovaryant tlrevleri
eyit birakan koneksiyonlari bagluyan &zelliklerini incelemigtir {’1. Bu ya-
zida ise g; tansiriiniin koveryant tirevleri simetrik olmasy halinde elde
edilen baz teoremicer meydana ¢tkamlmigtir,
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