
S O M E T H E O R E M S I N A R I E M A N N I A N S P A C E W I T H A N A D D E D 

A F F I N E C O N N E C T I O N 

B A N D A N A G U P T A ('*) 

A s s u m i n g that there e x i s t s i n a E l e m a n n i a n space w i t h the metr ic tensor 

g.. a g i v e n affine connect ion a r b i t r a r i l y c h o s e n R . N . S E N ['] has const ­

r u c t e d an a l g e b r a i c s y s t e m of affine connect ions generated by the g i v e n 

one s u c h that there are affine c o n n e c t i o n s w i t h respect to w h i c h the 

v a l u e s of the e o v a r i a n t d e r i v a t i v e s of g.. ore e q u a l or opposite or c o n n e c ­

ted i n some other w a y . L a t e r , M . C . C U A K I [*] s tudied i n a g e n e r a l w a y 

propert ies c o n n e c t i n g affine c o n n e c t i o n s i n a R i e m a n n i a n space w i t h r e s ­

pect to w h i c h the m e t r i c tensor g. . of the space has equal c o v a r i a n t 

d e r i v a t i v e s . I n the p r e s e n t paper some theorcuis have been obtained by 

c o n s i d e r i n g the case where the c o v a r i a n t d e r i v a t i v e s of g.. are s y m m e t r i c 

tensors . 

1 . L e t i^ij be t h e coe f f i c ients of an a r b i t r a r i l y g i v e n a f f i o e c o n n e c t i o n i n a 

R i e m a n n i a n apace w i t h m e t r i c tensor gi •, T f
{ : be a tensor a n d l e t t h e c o v a r i a n t 

d e r i v a t i v e s of g{j w i t h , respect to jT^-y a n d f f f y + Tt
ij be denoted b y a comma a n d 

a so l idus r e s p e c t i v e l y . 

T h e n 

gi)\k~gik\j = (gij,k—gik.j) + gis (T"kj—Tsjk) -Vgks T*ij~ g)S T*ik. 

A necessary and s u f f i c i e n t c o n d i t i o n t h a t gjj,k be a tensor s y m m e t r i c i n t h e 

ind i ces m a y be expressed i n v a r i o u s w a y s , e. g . , i t m a y be 

gij.k —gik,j~Q 
or 

gij,k = \ (gih.j +g]k,i), e tc . 

Hence f r o m (1.1) i t f o l l o w s t h a t i f gij\k bs a s y m m e t r i c tensoi- , t h e n g;j,k 

is so i f and o n l y i f 

gj* Tsik — gks T'Uj ~ gis (T'Jkj — T^jk) = 0. 

Jt is easy to v e r i f y t h a t i f g;j\k be a s y m m e t r i c tensor t h e n gij.k i - s s 0 ^ 
1 ij — g g,m.j-

( ' ) The anthoi" w i s h e s to al inowledge h i s indebtedness to D r . M . C . H I I A K I , who k i n d l y 

suggested t h i s problem and helped i n the" p r e p a r a t i o n of this paper . 
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T h e a f f i n e c o n n e c t i o n w i t h coe f f i c i ents I ' ^ j - J - T*^ w h e r e Ttij=gmtgim,j be­
longs t o S E N ' S sequence of a f f i n e connect ions w h i c h is de f ined as f o l l o w s : 

P u t a - r ' { j , a* - ruj+gwt g i m , j , «' = rtjt. 

T h e n f o r t h e a f f i n e c o n n e c t i o n g i v e n b y o, t h e r e ex i s t u n i q u e l y t w o o t h e r s 
g i v e n b y a* and a' w h i c h are respec t ive ly ca l led t h e associate a n d t h e conjugate 

of a h a v i n g t h e p r o p e r t y 

a ^ ~ a " = a. 

I n p a r t i c u l a r , a is ca l led self - associate i f a —a* and self - conjugate i f a = a ' . 

I f we n o w c o n s t r u c t t h e sequence 

t i , = a , a , ~ a * , a B ~ a * ' , = a ' 1 " ' , a,-, = a * ' " ' , . . . . 

t h e n i t is seen t h a t t h e sequence is a f i n i t e c y c l i c sequence of 12 t e r m s ( a s s u m i n g 
t h a t a l l are d i s t i n c t ) : t h i s is k n o w n as S E M ' S sequence. D e n o t i n g r * j j + T l j j b y d 

and a p p l y i n g t h e n o t i o n s of associate (*) and con jugate ( ' ) of a, as g i v e n above , 
M , C . C i i A K i ["J c o n s t r u c t e d t h e sequence 

d, = d, rf, = rf*, </„ = d*'t rfA ... , dl2 = d*'* •" * 

and p u t t i n g 

« = * i M tf/m, a c = * g i m , i , * = iTiy.m = K 

P = g t m g i S V " m J - r s
J m \ K gjS - rum) 

r ^ T ' i j , n = r « / l , s = g " * g i s T * m ) , <K=g"»g]sT*mi 

* = g*mgi,T*im , *e = u t m g j a T"!m 

o b t a i n e d t h e i r va lues as f o l l o w s : 

(0 

— d=a-\- r 

d. = o + * -

d6 — a' + «0 

J, — a + * — + / i + P c 

d-» = a' + a c + + * 

d, + * + 

— a' + C. -f- R „ - 1 + /s + 1 \ - r 

d* ~ a ' + ^ c ~ + ft + ^ + <5 

d. - a + X - A + Z i + ^ c + 'Sc 

dl0 = a + a„ 

<*u = d + « | 

d t i — a ' + )'« 
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F r o m ( I ) i t is seen t h a t t h e C I I R I S T O F F E L s y m b o l w h i c h is b o t h self - associate 

a n d self - con jugate is g i v e n b y 

(V) { ( } = y W + tfYh-J, 1 = 1,2,.-. 

I f rfij be sel f - con jugate and g^^ be s y m m e t r i c , t h e n t h e members of t h e sequ­

ence ( I ) assume t h e f o l l o w i n g v a l u e s : 

di — a -\- y, d2 ~ a - j - % — i5, d3 — a + « ~ <5C, 

rf; = a + « ~ y , ds — a + J , d*0 = Q + <*C, 

— a + v. — ec , t / u — a + « — e, t/ 1 2 =z a - f yc. 

F u r t h e r , i f Ttjj be s y m m e t r i c i n i and ; ' , 

di =</,.;, d.t —- d n , da - dl0, 

d4 = d.j, d- = dv, dc — d,. 

C a l c u l a t i n g t h e c o v a r i a n t d e r i v a t i v e s of g{j w i t h respect t o du d2, da, d±, dr> 

a n d f o r t h e case w h e r e T^j is s y m m e t r i c , F t
i j is sel f - c o n j u g a t e a n d is 

s y m m e t r i c , t h e i r va lues are o b t a i n e d as 

giktt~ 5 — <K\ — i i j t ^ — ^ — ' U , gtki— * + 2y) , — gtk(— * + 2r ) 

— — 3C) a n d —gtktt — s — sc) 

r e s p e c t i v e l y . 

Hence we h a v e t h e f o l l o w i n g theorem : 

T h e o r e m 1 . / / the a/fine connection with coefficients Ftij be self - conjugate, 

Ttij be symmetric and gij.k bs symmetric tensor, then the sequence ( I ) will have six 

distinct terms 

(/, = (/,.>, d.t — d n , d:i^=dL0, dj= d.j, d;, = ds, dn = d7 

such that the covariant derivatives of gij with respect to the members of each of the 

pairs (du t/.,), (rf3, di;) have equal values while those with respect to the members of 

each of th? pairs 

(dnds), (datdX (d„da), {du'dj, {d5id) 

have equal and opposite values. 

L e t us n o w suppose t h a t F ^ j is not sel f - c on jugate and T ' I J is s y m m e t r i c . I n 
t h i s case t h e c o v a r i a n t d e r i v a t i v e s of g;- w i t h respect t o d„ da> d&, da, d,0, dti 
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w i l l have i h e i r values as f o l l o w s : The c o v a r i a n t d e r i v a t i v e of g,-j w i t h respect to 
dl or rf5 i s 

Sik (}-~ * — Ec), 

t h e c o v a r i a n t d e r i v a t i v e of gij w i t h respect to da or dLV is 

*ffc (̂  - « - ^ - 0 - ^ + 2)0 

a n d the c o v a r i a n t d e r i v a t i v e of g{j w i t h respect to i / - , or is 

gtk { l - P - P c - * - * ^ 

Wc n o w consider the f o l l o w i n g t w o proper t i e s for t h e sequence ( I ) : 

! 1 ) c o v a r i a n t d e r i v a t i v e s of g,-j w i t h respect t o 
\ i / t and dV3 are e q u a l ; 

f n ) c o v a r i a n t d e r i v a t i v e s of g{j w i t h respect t o 
d., and f/̂  are equa l . 

I f ( i ) ho lds , t h e n 

(1.2) + 

F u r t h e r , i f ( u ) ho lds , t h e n i n v i r t u e of ( I ' ) wo have 

(1.3) 2A — i — + + « | <-c — 2 y . 

There fo re i f ( I ) and ( n ) h o l d t o g e t h e r , t h e n 

(1.4) 21 — a — a„ = s + s c — 2;'. 

Suppose t h a t is a s y m m e t r i c tensor . Then l b s l e f t h a n d - side of (1 .4) w i l l 
v a n i s h , BO 

A -+- r c — 2y = 0 
or 

(1.5) r ' ' / = T * " " < * " r V + * y « 7 ' l ' i w . ) . 

A g a i n , i f (1.5) ho lds , then i t f o l l o w s f r o m (1.4) t h a t 

2X — z — zc = 0 

i . e . , #;y,fc is a s y m m e t r i c t ensor . 

W e h a v e t h e r e f o r e t h e f o l l o w i n g t h r o r e m : 

T h e o r e m 2 . / / in the sequence ( I ) ths properties ( l ) ani (v) hold simultaneous­

ly and Tt;j be symmetric, then g;j,!c zodl be a symmetric tensor if and only if 
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T i t i = \ g t m ( g i s T s
J m + g j s Ts

im) 

2 . L e t rtijjc and Lf;jk be t h e c u r v a t u r e tensors f o r m e d w i t h rtfJ- a n d 

It.. — r*tj + Tli j a n d l e t gllt r ^ i j k — r f l i j k a n d ght Llijk = Lhi fi­

ll I^ij i s self - c on jugate 

r t i j k ~ L'ljk = TUj,k - T'tk.) + T*sk T s i J - TttJ T°!k. 

T h e r e f o r e 

Phijk ~ l>htjk=ght <r V - TtlktJ) + {T*ek T * t ) - T'.j T*ik), 

hence 

L-hijk + Lihk j + Ljkih + Lk jhi — (-^Aiyft + A A * y + -TyiiA + Fkjhd 

- ght \Thj,k - Tlik<j ~ T^j T*ik + T*sk T*ij] 

- git [TtkklJ - T<hJ,k - T*ak T°H, + T* • 

, ( 2 . 1 ) 

- ir*fcitA - T t k h l t - r<si- r-fcA + T*mh T>hk] 

- [r'yA(l - T*Jith - T<sh rsji + T's! r s
j h } . 

L e t us denote 

rhijk + ^A + Fhkij b y ^ , { r } t i j k ) 
a n d 

Fihjk + rjhki-^rkhij b y i 4 3 ( f A f y i ) . 

S ince r f,-y is sel f - c on jugate w e have b y t h e general ized R i c c i ' s i d e n t i t y [*] 

ghi'jk ~ ghi.kj = rhijk + Fihjk 

T h e r e f o r e 

(2 .2) A, (r,liJk) -f- A , (rhijk) — {ghk.ij —gkk.ji) + ( fA; .£ / —ghj,ik) -b(ghi.jk —ghi,kj>-

H gij.k be a s y m m e t r i c t ensor , t h e r i g h t h a n d - side of (2.2) van i shes a n d t h e r e f o r e 

(2.3) AAl'htjk) + A'Arktjk) = 0-

Since riij is self - con jugate , 

(2.5) A l ( r h i J k ) = Q 

hence f r o m (2.8) w e get 

(2.5) A (^Mjk) — f> 

F r o m (2 .4) a n d (2.5) i t f o l l o w s t h a t 
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(2.6) r h i j k - f r i h k J + r J k i h + r k J h i - o, 

I n v i r t u e of (2.6) t h e e q u a t i o n (2.1) takes t h e f o r m 

Lhijk + Lijlkj + Ljkjft + Ljcjhi 

= -ght \T<ij,k - TUk.j - T'SJ T"ik + T*sk TUj\ 

~git [T'hk.j - T*hJlk - TKk Tshj H- T*KJ T°hk] 

(2.7) 
- git lT'ki,h - T*khti - T'si T°kh + T*sh T*ki] 

-gkt IT1]*. - 7V* - r*sfc r s
y f + T*si T*Jh] 

I f Tt
tj = Q t h e n (2.7) reduces t o (2 .6 ) . 

Hence w e have t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 3. / / the covariant derivatives of gjj with respect to a self-conjugate 

affine connection with coefficients Fi{/- be symmetric and Lfcjk o e thé fully covariant 

curvature tensor formed with Ft
ij - j - Ttij where Tlij is a tensor, thsn the components 

of U,ijk satisfy (2 .7 ) . 

The i d e n t i t y of TSIANCIIT for t h e a f f i n e c onnec t i on w i t h coe f f i c i ents F t
i . is 

(2.8) r t i j k t l + rUkUj - I - r U i j * = r*isi v e
J k - \ - n i s J Vw + r*,.* v*tj 

w h e r e Vt. . = p^j — F*jU 

M u l t i p l y i n g b o t h sides of (2.8) b y and s u m m i n g w i t h respect t o t we get 

(2.9) F h i j k , i + FhikUj -{- r h i i j , k = ght.i r*tjk -\-ght,j r*tki +ght.k r*Uj 

+ r h i s l v J k + r h { s j v k l - \ - r h i s k vBi}-

Denote 

(2.10) r h i j k — r j i h k - r k î . h b y A h i j k . 

T h e n 

Ahijk.I + Ahikl.j 'Y Ahilj.k + AUkj.h = 

ght,i r'ijk+ght,i r * i k i + g h t , k r * n } + r h l s i V s
j k + r h i s J V s

k l + r h i s k v , : i } 

—git.h r'ijk —gn,j r'ikh —git.k FUhj — Fiish v s - ) k — Vuaj v a
k h —riisk v h J 

(2.11) - g j t d rUhjc-gjuh i'liki-gjt.k r'uh - r J i a l V " h k - r j i s h v k i - r j i s k v ï h  

—gktAr'ijh—gktfji'lihi —gkt,hr'iij — r k i u i v » j h — r k { s J Vja — r k i s h V i } . 

i f giiik be a s y m m e t r i c t ensor , t h e n (2.11) reduces to 
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— Ahui Vsjk + Ahuj V'kt + Ahisk VBlj + ^ i i , y ^ f t i t 
(2.12) 

+ Muk vr
jh + zi / 7 s / i K-Ai + r s i h l Vs

jk -H r s l 7 t y 

+ r .™ K* i y + r s U j Vs
hk + r s i Z f e 7 > + r s i j k v°M 

I f r*tj is self - c o n j u g a t e , Vt
t} = 0 a n d f r o m (2.5) i t f o l l o w s t h a t A h i j k — 0. 

Hence (2.12) reduces to a n i d e n t i t y , 

There fore we have t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 4. / / the cooariant derivative of g$j with respect to an affine connec­

tion with coefficients r t
i j he a symmetric tensor and Ahijk be defined by (2.10), then 

the relation (2.12) holds. If, in particular, the affine connection be self - conjugate, 

then the relation (2,12) reduces to an identity. 

W e n o w re fer t o t h e sequence ( I ) a n d suppose t h a t f o r i t t h e p r o p e r t i e s ( i ) 

a n d ( n ) m e n t i o n e d i n ( [ " ) h o l d . F u r t h e r w e suppose t h a t gij,k is s y m m e t r i c a n d 

T*tj is so. 

I n v i r t u e of ( I ) p + pe — 0 

or g i s V s
j k + g j s V*ik = 0 w h e r e V'{J = r*tJ - r< / f. 

Hence 

T h e r e f o r e 

(2.13) vttk = o or rttk = rtfct. 

Since ( i ) and ( H ) h o l d , g;j,k is s y m m e t r i c a n d so is T*{j i t f o l l o w s f r o m t h e o r e m 2 

t h a t 
2 7 ^ , - gntgi, T°j!n+gt"'gjS T s

i m . 

So 

2T'tj = g*m g u T*sm + g i m g j s T*im 

^Ttjt+g^gjsT't* 

w h e n c e 

(2.14) T*tj=gimgjsT"tm 

L e t the f u l l y c o v a r i a n t c u r v a t u r e tensor w i t h respect to d; o f sequence ( I ) be 

denoted b y LWhijk- T h e n 

dx' " A 

a n d 

Shi L^hijh = ~ 7 ( F l k t + T*kt) - ^ {Vtjt -\- T*jt). 
dx' 
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Since T*ij is s y m m e t r i c a n d (2.13) ho lds , we have 

(2.15) ghiLi%ijk=ghiL^)hi}k. 

A g a i n 

a n d 

w h e r e 

(2 .16) T'Uj=gtmgtm,]-Btm8t. T*mJ. 

F r o m (2.16) w e h a v e 

T'Uk^g^gtmik-TUk 
a n d 

T''kt = 8imgkmti-gimgk.T'mt. 

Since 7 f,-y is s y m m e t r i c a n d (2.14) ho lds 

T'*tk = T'*kt. 

T h e r e f o r e 

(2.17) ghiL(%;jk=ghiW)hijk. 

S i m i l a r l y 

(2.18) g''lL(%!Jk = ghiLi'). 

Hence t a k i n g i n t o a c c o u n t t h e p r o p e r t y ( I ' ) o f t h e sequence ( I ) w e have 

ghi L(')btJk - ghi m b i j k = gM m h i J k = - ght L(%iJk 

(2.19) ^ - g ' ^ LV)hiJk = ^ ghi L ^ % i j k = - shi L ^ % i j k = ghi LV%ijk 

a n d ght L(-%ijk ^gV m h i J k = - g ^ U%1Jk ^~ghi L V ) h i j k . 

I f , i n p a r t i c u l a r , Tfij — 0 t h e sequence (1) reduces t o S E N ' S sequence a n d LW/.ijk 

becomes i^O&fyfc. As i n t h i s case 

ghtri%ijk = -g*'r(%iJk 

we h a v e 

ghi n % I J k = - g>"' n \ i J k = - gM rv)hijk = g h i v w b i J k 

(2.20) = g h i n % i j k = - g'- r(%iJk = - g^ r(%iJk - g'<- n % i j k 

---gi^n%iJk- r < i n > W y - - g ' - r ( " ) b i j k ^ g h i rv%tJk 
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Hence we have t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 5. / / in the sejuence ( I ) the properties ( 1 ) and ( 1 1 ) mentioned in (11") 

hold, Tiij is symmetric and further g{j,k is a symmetj-ic tejisor, then the fully cova-

riant curvature tensor L^hijk formed with d{ satisfies the relations ( 2 . 1 9 ) . / / , i n 

particular, the sequence ( I ) is S E N ' S sequence, then the relations ( 2 . 2 0 ) hold. 
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C A L C U T T A U N I V E R S I T Y 

C A L C U T T A — I N D I A 

Ö Z E T 

Metrik tansürtl g.. i le gösterilen, b i r R I E M A N N uzayında keyfî bir 

a f in koneksiyoıı verildiği t a k d i r d e , bunun taraf i n d e n doğurulan l>îr eeb-

rilc a f in koııeksiyon s i s t e m i , s isteme a i t k o n e k s i y o n l a r a n a z a r a n g. . n i n 

k o v a r y a n t türevleri aralarında eşit, veya m u t l a k değerce eşit v e y a haş­

ir a h e r h a n g i bir eebrik bağıntı t a h k i k edecek t a r z d a , inşa edilebileceği 

R. N . .SF.N tarafından ispat edilmiştir F ' l . D a h a s o n r a , M . C . C I M R I umumî 

o l a r a k , bir R I E M A N N u a a y m m g.. m e t r i k tansörünün k o v a r y a n t türevleri 

eşit bırakan konfeksiyonları bağlayan özelliklerini incelemiştir t i . B u y a ­

kıda ise gi . tansorlinün k o v a r y a n t türevleri s i m e t r i k olması h a l i n d e elde 

e d i l e n bası teoremler meydana çıkarılmıştır. 


