
O N T H E O R D E R A N D T Y P E O F I N T E G R A L F U N C T I O N S D E F I N E D 

B Y D I R I C H L E T S E R I E S 

J . S , G U P T A 

C e r t a i n r e l a t i o n s h i p s between two or more i n t e g r a l funct ions r e p r e s e n -
table by D I R I C H L E T s e r i e s are e s t a b l i s h e d . These r e s u l t s i n v o l v e the order , 

lower o r d e r , type and lower typo of i n t e g r a l f u n c t i o n s . 

1 . Consider t h e D I R I G H L E T series 

00 

71 = 1 

( A ) w h e r e l n +1 > l a , I L ^ 0, I i m Xn = oo, 

s = a -\- it a n d l i m sup — y — = £ > < O D , 

L e t ac and aa be t h e abscissa o l convergence and abscissa of abso lute conver 
gence, r e s p e c t i v e l y , of / i s ) . F u r t h e r , l e t M (a) be t h e l . u . b . of 

\ f(o-\-it) \ (—<x> < t < «) 

w h e r e a is a c o n s t a n t less t h a n aa. I f o c — 0 ^ = 0 0 , f(s) def ines a n i n t e g r a l 
f u n c t i o n . 

I t is k n o w n ( [ ' J , p . 67) t h a t , i f g be the R I T T order (R) a n d % be t h e t y p a of 

t h e o rder Q o f / ( s ) , t h e n 

/ • i i i .• log* ^ ( ° ) /. \ (1.1) g = l i m sup — - j (ioga * — log log x) 

a n d 

(1.2) t = l i r a sup — S — — 
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N a t u r a l l y t h e l o w e r order X a n d t h e l o w e r t y p e v of t h e order Q o f / (s) c a n 
be g i v e n b y 

(1.8) A = l i m i n f 

a n d 

(1 .4) - = 1 I » W 1 ° S
e i i ° ) -

U s i n g these r e l a t i o n s , we , i n t h i s papar , e s t a b l i s h c e r t a i n r e l a t i o n s h i p s b e t 
w e e n t w o or more i n t e g r a l f u n c t i o n s representab le b y D T R I C H L E T series. The r e 
su l t s i n v o l v e t h e order , l o w e r o r d e r , t y p e and l o w e r t y p e of i n t e g r a l f u n c t i o n s a n d 
have been g i v e n i n t h e f o r m of Theorems and t h e i r c o r o l l a r i e s -

I t w i l l be supposed t h r o u g h o u t t h a t t h e f u n c t i o n s are r e p r e s e n t a b l e b y D i -
R I C H L E T series, s a t i s f y c o n d i t i o n s ( A ) , are i n t e g r a l a n d hence a n y of t h e n u m b e r s 
g, T , X, v o f t h e f u n c t i o n can be de f ined as before . 

2 . T h e o r e m 1 . / / i>(s), W(s) are two functions of finite orders Ql} lower 

orders X1} X2 and of I . u. b's A / , ( " ) , MJo) respectively, then, if 

l o g , M{o) ~ l og { log MM) l og MM), 

the order Q and lower order X of the function f (s) of I . u. b. M{o) are such that 

(2.1) x ^ x ^ x ^ Q ^ e ^ Q , 

and, if 

l o g , M{e) ~ | \/log, M&o) l o g 2 M2(o) 1 , 

then 

(2.2) sfx^T, d^X^Q^ . -

P r o o f : I n v i e w of (1 .1 ) , f o r $(s) and 'l'(s), we h a v e 

l o g , M,(o) l i m sup — — — ~ — g! 
o-*-oo 0 

a n d 
log., M , f o ) 

h m sup — — ' — e a . 

T h e r e f o r e , f o r a n y c > 0 a n d s u f f i c i e n t l y large o, 

(2.3) }S^M<ftl+± 
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and 

(2.4) ^'-^<(e,+i 

A d d i n g t h e i n e q u a l i t i e s (2,3) a n d (2.4) w e get 

(2.5) ) 0 g { l 0 g M , ( a ) l a g ^ ( g ) } < ^ + ^ + ^ 

A g a i n , u s i n g (1.3) for <t>(s) a u d ¥(s)t we get , f o r a n y E > 0 a n d s u f f i c i e n t l y 

large o, 

(2.6) > ( l , - f 

a n d 

(,„ ^ M M ^ s ) . 

T h e r e f o r e , on a d d i n g (2.f>) and (2 .7 ) , w e get 

(2.8) J o g j l o g M , ( . ) I o g M , ( a ) i > ^ + ^ _ e ) _ 

F r o m (2.5) and (2.8) w e , t h e r e f o r e , get , f o r a n y £ > 0 a n d s u f f i c i e n t l y 

l a rge a, 

H, + x , - . ) < Jg£i!sg^.Wi°g-y.W) < ( 8 l + „, +« ) . 

Hence, i f 

l o g , M(a) ~ l og { log M » l og A / t ( o ) } , 

W3 have f o r s u f f i c i e n t l y l a rge o, 

( l l + j , . . x J S S i J i W < ( , , + „.•+.,. 

T h e r e f o r e o n proceed ing t o l i m i t s wa get 

XL + X.^ i n n i n f 4 I n n sup U*> W*) ^ + e , 

b y t h e h e l p of (1.1) and (1 .3 ) . T h i s proves (2 .1 ) . 



4 0 J . S . G U P T A 

To e s t a b l i s h (2.2) we m u l t i p l y (2.3) a n d (2.4) g e t t i n g 

( 2 8 )
 l o g - w - w , ^ ' w - ( ° ) < ( e i + f ) ( g , + f 

A lso m u l t i p l y i n g (2.6) a n d (2.7) w e get 

(2 . ib> u i - + ) ( ^ ) < ^ . " M * * > m 

C o m b i n i n g (2.9) a n d ( 2 . 1 0 ) , we have 

t a . i i ) U - v ) U -~)< "M < ( e i 

f o r a n y e > 0 a n d s u f f i c i e n t l y l a rge a. 

T h u s , i f 

l o g , M(a) ~ 1 \j\og., MM) log., MM) I » 

f r o m (2.11) we o b t a i n , on proceed ing to l i m i t s , 

J n ~ • * log., M(o ) l o g , M(<i) , / • 
V * i A a i = I n n i n f — - • - — — ^ h m sup •—-- — ±^ VPiSa • 

C o r o l l a r y ! / / 

/ v ( s ) (*< = 1 , 2 , . . . , m ) 

are m functions of finite orders 

&-2> •••> ? m 

lower orders 

Xlt Xs, ..., Xm 

and of I , u. b.'s 

MM), M2{o), Mm(o), 

respectively, then, if 

l o g 9 M ( o ) ~ l o g { log MM) \o%MM) ••• l og Mm(o)}, 

the order Q and lower order X of the function f{s) of l. u. b. M (o) are such that 

http://ta.ii
file:///j/og
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ii + K H M m ^ * = e ±i ei + e* H h Qm 

and, if 

l o g , ~ | { l o g , M ^ l o g , . . . l o g , Mm(a)}'/"' 1 

f/ie/t 

(A, i,,., xmY'm ^x^Q^ (Gl ea... e,„)
,/'"i 

R e m a r k . I f >P(s), 1'(s) are of l i n e a r r e g u l a r g r o w t h a n d f u l f i l t h e c o n d i t i o n s 

of T h e o r e m 1, t h e n so is / ( « ) . 

Since f o r f u n c t i o n s of l i n e a r r e g u l a r g r o w t h 

Ai = e i , h = Qi 

we get , f r o m (2.1), 

w h i c h ind i ca tes t h a t X~Q. 

T h i s r e m a r k also app l i es to m f u n c t i o n s . 

T h e o r e m 2 . If </'(s)i ' ^ ( s ) <* r e iron functions of the same finite order Q, fi

nite types zL, JT.J, lower iypes ) ' t , v.} and of I . n. b.'s 

MM), MM) 

respectively, then if 

log, M(o) ~ i og { log MM) ^ g MM)), 

the type T and lower type v of the order Q of the function f (s) of I . u. b. M(a) are 

such that 

(2.12) vL + ^ *" = * i + * e 

o n ^ / / 

l o g . M(<r) — ) \J\og, M ^ o ) l o g , MM) \ , 

T h i s t h e o r e m can be proved e a s i l y b y f o l l o w i n g t h e same l ines of proo f as 
t h a t of t h e o r e m 1, u s i n g (1.2) and (1.4-) i n place of (1.1) and (1 .3 ) . Hence t h e 
p r o o f is o m i t t e d . 

file:///J/og
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C o r o l l a r y : The r e s u l t of t h i s theorem can also t>3 ex tended to m f u n c t i o n s . 

R e m a r k : I f </>(s), i r ( s ) are of p e r f e c t l y l i n e a r g r o w t h s a t i s f y i n g the c o n d i 
t i o n s of t h e o r e m 2 t h e n / ( s ) i s also of t h e samr: n a t u r e . 

T h i s f o l l o w s f r o m (2.12) , s ince, f o r f u n c t i o n s of p e r f e c t l y l inear g r o w t h , 

*l = * l , *S = X'i 

a n d hence 

w h i c h g ives v = t . 

T h i s r e m a r k can be a p p l i e d to m f u n c t i o n s a lso . 

N o t e : S i m i l a r r e su l t s ho ld f o r i n t e g r a l f u n c t i o n s r r p r e s e n l e i i b y T A Y L O R 
series. 

I t a k e t h i s o p p o r t u n i t y to express m y t h a n k s to Dr. R , S, L . S R I V A S T A V A f o r 
h is h e l p f u l suggest ions i n t h e p r e p a r a t i o n of t h i s paper . 
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['] Y H , C . Y . : Sur les droites de Bosrx de certaines fonctions entières, A n n . S o i . de l'École 
Norm. S u p . , Pp . 65-1C4, (19C1). 

I N D I A N I N S T I T U T E O F T E C H N O L O G Y (Manuscript received on July 17, 1962) 

K A N P U R , I N D I A 

Ö Z E T 

B u araştırmada D I I Î I C İ I L E T s e r i l e r i İle gösterilebilen i k i v e y a d a h a faala in¬
t e g r a l fonks iyon arasında m e v c u t bazı bağıntılar elde edilmiştir. B u b a 
ğıntılar bu i n t e g r a l fonksiyonların, d e r e c e s i , a l t d e r e c e s i , t ip ve a l t t i p 

l e r i n i i h t i v a e t m e k t e d i r . 


