
R I N G S A D M I T T I N G C E R T A I N AUTOMORPHISMS l ) 

I . N . HERSTEIN 

l a a p a p e r p u b l i s h e d a lew y e a r s ago ["] J A C O B S Q N proved t h a t a f inite -
d i m e n s i o n a l L i e a l g e b r a w h i c h a d m i t s an automorphism of pr ime period 
l e a v i n g o n l y the zero e l e m e n t f ixed m u s t be n i l p o t e n l . F o r f i n i t e groups 
the a n a l a g o u s theorem w a s c o n j e c t u r e d by F R O B E N I U S a n d Was proved aa a 
c o r o l l a r y to a far more powerful r e s u l t , i n a r e m a r k a b l e piece of work 
by T H O M P S O N f 8 ] . F o r a s s o c i a t i v e r i n g s this s i t u a t i o n was s t u d i e d by Hio -
M A N [ 4 ] who showed that h e r e too the e x i s t e n c e of s u c h an automorphism 
r e n d e r e d the r i n g n i l p o t e n t . 

I f a n a s s o c i a t i v e r i n g s h o u l d h a v e a u n i t e lement t h e n t h i s e lement la 
f ixed by e v e r y automorphism of t h e r i n g . F o r a n algebra w i t h u n i t e l e 
ment over a givBn f i e l d , if by a u t o m o r p h i s m we m e a n an a l g e b r a auto
morphism, t h e n e v e r y e lement of the f i e l d m a s t r e m a i n f ixed . T h u s the 
assumption that a n automorphism leave o n l y 0 f ixed , for r i n g s a n d a l g e b r a s , 
seems far too r e s t r i c t i v e a n d u n n a t u r a l . T h e appropriate analogue appears 
to be: w h a t İs the s t r u c t u r e o£ a n a s s o c i a t i v e r i n g or a l g e b r a w h i c h 
admits a n automorphism of pr ime period a l l of whose f ixed points l ie i n 
some «natural» subset . 

F o r f i n i t e - d i m e n s i o n a l a lgebras and r i n g s w i t h d e s c e n d i n g c h a i n c o n d i 
t ions on left i d e a l s , w h e n t h i s f ixed-point set i s properly c o n d i t i o n e d , 
we obtain t h e i r s t r u c t u r e , i n s e c t i o n 1. I n s e c t i o n s 2 and 3 r e s p e c t i v e l y 
we d e t e r m i n e the s t r u c t u r e of g e n e r a l r i n g s a d m i t t i n g automorphisms of 
periods 2 and 3 r e s p e c t i v e l y a l l of whose f ixed points l ie i n the c e n t e r . 
We would c o n j e c t u r e [hat the r e s u l t s obta ined , n a m e l y that the commu
tator I d e a l must be n i l , h o l d I n the g e n e r a l case of a r i n g a d m i t t i n g an 
automorphism of pr ime period a l l of whose f ixed points l ie i n the c e n t e r 

of the r i n g . 

' ) T h i s r e s e a r c h was c a r r i e d out l a Rome w h i l e the author was a Fe l low of the J O H N 
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1 . F i n i t e - d i m e n s i o n a l A l g e b r a s a n d R i n g s w i t h [; 

C h a i n C o n d i t i o n s . | 

I n t h i s s e c t i o n we consider f i n i t e - d i m e n s i o n a l a lgebras a n d r i n g s w i t h c h a i n ^ 
c o n d i t i o n w h i c h a d m i t a u t o m o r p h i s m s of a n y p r i m e per iod a l l of whose f i x e d - p o i n t s 
are r e s t r i c t e d t o l i e i n t h e center or i n a p a r t i c u l a r p a r t of t h e c e n t e r . W e show 
t h i s forces t h e c o m m u t a t o r i d e a l of t h e r i n g or a lgebra t o be a n i l (and so, i n t h i s £ 

p a r t i c u l a r case, n i l p o t e n t ) i d e a l . I n p a r t i c u l a r , i n t h e presence of an a d d i t i o n a l :=: 
h y p o t h e s i s of semi - s i m p l i c i t y t h e y j u s t t u r n o u t to be c o m m u t a t i v e . i 

W e b e g i n w i t h 
i' 

T h e o r e m 1 . Let R be a simple ring with descending chain condition on left j : 

ideals. Suppose that <p is an automorphism of R of prime period p such that q» (x) = x 

implies that x the is in Z, the center of R, Then R is commutative (and so is a field). 

P r o o f . Since <pp — 1 , t h e i d e n t i t y a u t o m o r p h i s m of R, f o r a l l x i n R, 

v[x+y(x)+•••+<,.->>-> (x)] = x + Vp-'(x)-

I n consequence, b y our basic a s s u m p t i o n on t h e n a t u r e of _y, f o r a n y x i n R, j: 

x + V(x)+•••+<?*>-> (x) [ 

must be i n Z. ThuB t h e r e ex is ts a shor tes t express ion ( fewest n u m b e r of non-zero 
coe f f i c ients ) 

<*u x + a t y (x) H + ctk yk (x), t 

w h e r e k<p a n d w h o r e a l l t h e * ( - '9 are i n Z a n d n o t a l l of t h e m are zero a n d • 
such t h a t : \. 

(1) •• « „ * + h £ Z f o r a l l x^R. i 

Sinee Z is i n v a r i a n t u n d e r y, b y a p p l y i n g a s u i t a b l e p o w e r of we cou ld [' 
rea l i ze a s i t u a t i o n i n w h i c h « „ 0, t h u s we m a y iudeed assume, w i t h o u t a n y loss I 

of g a n e r a l i t y , t h a t x u ^ 0. \ 

Suppose n o w t h a t R is n o t c o m m u t a t i v e , t h a t i s , t h a t R=f=Z. Since Z is a 
f i e l d w e m u s t have «.¡^0 f o r some i ^ O , o t h e r w i s e w e w o u l d h a v e t h a t t h a t « 0 x 

is i n Z f o r a l l x i n R f r o m w h i c h i t w o u l d f o l l o w t h a t x £ Z f o r a l l x £ R c o n t - f 
r a r y to t h e a s s u m p t i o n t h a t R^Z. -

G i v e n I £ Z t h e n (1) h o l d s i f w e replace i n i t x b y l i . U s i n g t h e f a c t t h a t 
y>' (I x) — <pr (X) y' {x) w o g e t : 

(2) o u i i T * 1 ? ( i ) f W H h * k Wk W <Pk ix) € Z. 

M u l t i p l y i n g (1) b y A a n d s u b t r a c t i n g (2) w e o b t a i n : 
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(3) a, [X - V (A) ] <p(x) + • • • + « ; [A - ] y'<*> + • • • + « t I * ~ 1 

IB i n Z f o r e v e r y * i n R. 

P u t t i n g ccj' = a. [X — <pJ(X)], s ince each o f «y , A, f ' U ) is i n Z, a.-' m u s t be 

i u Z f o r e v e r y 7. B u t (3) t h e n y ie ldB t h e shorter r e l a t i o n 

* !><* )+• • •+**>*(* ) 6 2 

f o r a l l A - £ T h e n e t r e s u l t of a l l t h i s is t h a t each « y - ' = 0: i n p a r t i c u l a r , 

0 = a , ' = «£ [A — <p'" ( i ) ] . 

S ince these are a l l e lements of t h e f i e l d Z a n d since w e k n o w t h a t a , - ^ 0 w e e n d 
u p w i t h 9?'(£) — I f o r e v e r y X £ Z. H o w e v e r , <p is of p r i m e p e r i o d p a n d 0 < i < p; 
t h i s i m m e d i a t e l y y i e l d s f o r us 7» (A) — X f o r a l l ^ £ 

W e h a v e j u s t seen t h a t 9? is a n a u t o m o r p h i s m of R l e a v i n g e v e r y center ele
m e n t of R f i x e d . A s i s w e l l - l r n o w n , i n a s i m p l e r i n g w i t h descending c h a i n c o n d i 
t i o n s , such a n a u t o m o r p h i s m m u s t be i n n e r . T h a t i s t h e r e ex i s t s an a £ R such 
t h a t q>(x) = axa~' f o r e v e r y x i n R. T h u s o?(a) = a aa~ ' = a; b y a s s u m p t i o n t h i s 
p u t s a i n Z. B u t t h e n f r o m t h i s w e get t h a t q>(x) = a x a~1 = x f o r e v e r y x i n R. 

B u t t h e n q> — l , t h e i d e n t i t y a u t o m o r p h i s m of c o n t r a d i c t i n g t h a t has p r i m e 
p e r i o d . T h u s we m u s t have had t h a t R= Z t h e r e b y p r o v i n g t h e t h e o r e m . 

As i s so o f t e n t h e case, once t h e r e s u l t i s k n o w n f o r s i m p l e r i n g s t h e n w e 

can also e s t a b l i s h i t f o r semi - s imple ones. W e do t h i s i n 

T h e o r e m 2. Suppose that R is a semi-simple ring vith descending chain condi

tion on left ideals; suppose further that R admits an automorphism <p of prime period 

p all of whose fixed-points are in Zf the centsr of R. Then R is commutative (and so 

is a direct sum of fields). 

P r o o f . By WEDDERBURN'S t h e o r e m , 

w h e r e each Ri is a s i m p l e w i t h descending c h a i n c o n d i t i o n . T h e center of R i s 

p re c i s e ly t h e d i r e c t s u m of t h e centers of t h e /?,-'s. 

To p r o v e t h e t h e o r e m w e m u s t show t h a t each Ri i s c o m m u t a t i v e . Suppose 
t h a t R„ say , is n o t c o m m u t a t i v e . I f <p{Rt) C # 1 t h e n (f(Rj) i s , i n f a c t , e q u a l t o 
R^ i n t h i s case we c a n a p p l y t h e o r e m 1 to deduce t h e c o i n m u t a t i v i t y of Rt. So. 
suppose t h a t <p(/?t) <t Ri- W e w i s h t o show t h a t t h i s , t o o , i m p l i e s t h a t Rl is c o m 
m u t a t i v e . W e c l a i m t h a t 
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is a d i r e c t g u m . I f t h i s w e r e n o t t h e case, f r o m t h e s i m p l i c i t y of t h e 9>"(£ L}'s w e 
w o u l d h a v e t h a t f o r some f i r s t m + 1 < p, 

^ ' ( S , ) C /? i + v(Ri + • • • + <?m(R,) 

and since t h e (p'iR^'s are all t h e s i m p l e ideals of t h i s s u m , w h e r e j ^ m, w e 

w o u l d have t h a t 

f o r some j t= m< p. B u t t h e n <pm+l~J'(Rl) — R,; since 0 < m-{-1 — j < p a n d 

s ince y has p r i m e p e r i o d t h i s w o u l d i m p l y t h a t <H^i ) = c o n t r a r y t o a s s u m p t i o n . 

There fo re we m a y assume t h a t t h e sum T — /?! + (piRi) + • • • + < 7 ; P _ 1 ( £ i ) is a 
d i r e c t s u m . H o w e v e r , g i v e n x ^ Ru since 

f = * + 

i s l e f t i i x e d b y 9?, i m u s t be i n t h e center of R, hence c e r t a i n l y i n t h e c en ter of 
T. T h u s each c o m p o n e n t of t i n t h e components £ \ , rpiR^, q ? p — o f t h i s 
d i r e c t s u m decompos i t i on of T m u s t be i n t h e center of each of these respec t ive 
r i n g s . Since these components of t are -v, <p(x)y q>p~~'(x) we deduce t h a t x 

m u s t be i n t h e center of Rv. Since x w a s a r b i t r a r y i n Rt w e see t h i s w a y t h a t 
Ri is c o m m u t a t i v e . W e h a v e n o w comple ted t h e p r o o f of t h e o r e m 2. 

W e conclude t h e sec t ion w i t h 

T h e o r e m 3. Let A be a finite-iimensianal algebra aver a f'-eli F and suppose 

that A has a unit element. Suppose that A admits an aatomorph'sm <p of prime period 

p all of whose fixes~potnts are in F. If N denotes the radical of A then AjN is 

commutative. 

Proof . Since Nt t h e r a d i c a l of A, is t a l i e u o n t o i t s e l f by e v e r y a u t o m o r 
p h i s m of A, <p(N) = N; t h e r e b y y induces a n a u t o m o r p h i s m on A=^A\N. W h a t 
are the f i x e d p o i n t s of E ? 

Suppose t h a t <: (x) = x f o r soma x i n A a u d suppose t h a t x i n A maps o n x 

i n A. T h u s x — cp(x) is i u /V. H o w e v e r , t h e m a p p i n g T : n n — y(n) is a l i n e a r 
t r a n s f o r m a t i o n on t h e vec to r space /V over F w h i c h a n n i h i l a t e s no non-zoro 
vec to r i n N (sines NO F = (0) a n d b y a s s u m p t i o n o n l y t h e e lements i u F are a n 
n i h i l a t e d b y 7"); t h u s , s ince N is f i n i t e - d i m e u s i o n a l over F_% 7* maps /V onto i t s e l f . 
Since x —- q'(x) is i n N t h e r e m u s t be an e l e m e n t n i n N such t h a t nT = x —- <p{x), 

t h a t i s , such t h a t 

x — <f{x) = 7i — q>{n). 

F r o m t h i s we get t h a t 

<p {x — n) = x —- n ; 
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b y our assumpt ions w e t h e n k n o w t h a t x — I + n w-heve X is i n F so t h a t 
x — l—l. I n consequence t h e f i x e d - p o i n t s of <p a re prec ise ly t h e e lements of F. 

Since AjN is s e m i s i m p l e , b y t h e o r e m 2 i t is c o m m u t a t i v e . 

2. A u t o m o r p h i s m s of P e r i o d 2. 

I n t h i s sec t i on we cons ider a r b i t r a r y r i n g s w h i c h a d m i t a u t o m o r p h i s m s of pe-, 
r i o d 2 h a v i n g f i x e d p o i n t s o n l y i n t h e i r centers . To d e t e r m i n e t h e i r s t r u c t u r e i s 
b o t h s i m p l e a n d e l e m e n t a r y . W e do t h i s i n 

T h e o r e m 4. Let R he a ring admitting an automorphism of period 2 all of whose 

fixed-points are in the center of R. Thin the commutator ideal of R is a nil ideal. 

P r o o f . Le t <p be t h e a u t o m o r p h i s m of R. Since <j»s = l , t h e i d e n t i t y a u t o 
m o r p h i s m of R, f o r a n y x i n R, (p [x + (p(x] = K -+- <p(x), w h e n c e b y our. assumpt ion , 
on t h e f i x e d - p o i n t s o f <p w e h a v e 

(1) x-\-<fs(x) £ Z, t h e c en ter of R, f o r e v e r y x £ R. 

G i v e n a, x i n R, b y (1) 

y(a) ~ — a -f- A, <p(x) — — x + (t 

w h e r e A, /* are b o t h i n 2 . T h u s : 

9 {ax — xa) = 77(a) — fix) (p(a) = (— a + A) (— x + (*-) 

~ (— .c + fi) (— a + A) = a* — xa. 

Since a l l t h e c o m m u t a t o r s ax — xa a re l e f t f i x e d b y <f<f a g a i n u s i n g our a s s u m p t i o n 

a b o u t <f w^ o b t a i n 

(2) ax — xa £ 2" f o r a l l a, A : i n A!. 

I n (2) we rep lace A - b y ax; t h i s y i e l d s : 

(it) a(ax — xa) £ Z f o r a l l a, -r (; 

G i v e n a n y y £ R, w e c o m m u t e i / w i t h a ( a * — xa); m a k i n g use of b o t h (2) 
a n d (3) w e o b t a i n ya {ax ~ xa) = a {ax — xa) y — ay (ax — xa) hence 

(4) (ay — ya)(ax— xa) = 0 f o r a l l a, x, y i n R. 

T h e r e s u l t c on ta ined i n (4) m e r e l y states t h a t t h e p r o d u c t of any t w o c o m 
m u t a t o r s is 0 i f t h e y have a n e l e m e n t i n c o m m o n . N o w , g i v e n a n y e l ement i n t h e 
c o m m u t a t o r i d e a l of R, i n v i r t u e of (2) i t can be w r i t t e n as 
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71 
c = ^ r,- {ai bi — bi o,) 

£ = 1 

w h e r e ait b,- are i n R and r{ is e i t h e r i n R or is a n i n t e g e r . T h u s i f w e cons ider 
c " + l , m a k i n g use of (2) and (4) w e get c n + ' — 0 , B u t t h e n t h e c o m m u t a t o r i dea l 
of R is n i l , as c l a i m e d i n t h e t h e o r e m . 

3. A u t o m o r p h i s m s of P e r i o d 3. 

I n t h i s sec t i on w e o b t a i n t h a t a r i n g a d m i t t i n g an a u t o m o r p h i s m of p e r i o d 
3 a l l of whose f i x e d - p o i n t s are i n t h e center m u s t have as c o m m u t a t o r i d e a l a n i l 
i d e a l . S t r a n g e l y e n o u g h t h e a r g u m e n t is a great d e a l more c o m p l i c a t e d t h a n t h e 
c o r r e s p o n d i n g one f o r p e r i o d 2. I t makes use of a great n u m b e r of f a i r l y deep 
t h e o r e m s f r o m t h e t h e o r y of r i n g s . One w o u l d hope t o be ab le t o g i v e a p u r e l y 
f o r m a l p r o o f t h e o r e o f , s i m i l a r i n s p i r i t t o t h a t g i v e n i n sec t ion 2. W e h a v e n o t 
been able to f i n d such a proo f ; q u i t e p o s s i b l y we are o v e r l o o k i n g s o m e t h i n g obv ious ; 
a t a n y r a t e here is t h e p r o o f t h a t we d i d f i n d . 

I n w h a t f o l l o w s we s h a l l c ons i s t eo ly UBe t h e f o l l o w i n g n o t a t i o n : R i s a r i n g , 
Z{R) i s i t s c enter , J(R) is i t s Jacobson r a d i c a l a n d N(R) i s i t s m a x i m a l n i l i d e a l , 
a n d , f i n a l l y , C(R) is i t s c o m m u t a t o r i d e a l . 

L e m m a 1 . Suppose thai the ring R admits an automorphism qi of psriod 3 ail 

of whose fixed-paints are in ZC?). Then for any x in R, x cp(x) — 'i'(x) x is in Z(R). 

P r o o f , Since 

9/3 = 1) f [x + <p(x) H- <i-2(x)] = x + tp(x) + </-H(.v), 

whence 

l(x) - x + <?(x) + v*(x) € Z(R) 

f o r a n y x i n R. N o w 

<P [x y(x) — (f'{x) x] — <p(x) o?2(,v) — < r U ) tf(x) — <p(x) [l{x) — x ~ (p{x)\ 

— [l{x) — x — <//(*)] <p(x) = -v q>(x) —- y{x) x 

s ince is i n Z(R). B y t h e h y p o t h e s i s imposed o n t h e f i x e d - p o i n t s of <p we de
duce t h a t 

x<?(x)-V(x)x € Z(R), 

w h i c h is the c o n c l u s i o n of t h e l e m m a . 

T h e d iscuss ion w i l l e v e n t u a l l y i n v o l v e s e t t l i n g t w o d i f f e r e n t cases, n a m e l y 
w h e n t h e r i n g has c h a r a c t e r i s t i c 3 a n d w h e n i t does n o t . T h i s e x p l a i n s t h e h y p o t 
hesis of c h a r a c t e r i s t i c 3 i a t h e 
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L e m m a 2. If R is of characteristic 3 admitting an automorphism such that 

<p* = 1 and sach that all the fixed points of <p are in Z(R). Then for any x in R, 

x*<p(x*) - <p (x1) x\ 

P r o o f . B y L e m m a 1 , x <p(x) ~ tp(x) x Ç Z(R) f o r a n y x £ R. T h u s t h e t h i r d 
c o m m u t a t o r of x a n d y(x), 

[x, [x, i W ] ] ] 3 i V W - <p{x)x3 

s ince t h e c h a r a c t e r i s t i c of R is 3. H o w e v e r , s ince * s c o m m u t e s w i t h <p(x) i t also 

c o m m u t e s w i t h «K*) 3 = <H-vB). 

L e m m a 2 a l l o w s us t o conc lude t h a t a n y e l ement i n R sat is f ies a p o l y n o m i a l 
of degree 9 w i t h coe f f i c i ents i n Z(R), i n f a c t a m o n i c such p o l y n o m i a l . W e see 
t h i s as f o l l o w s . Since xs c o m m u t e s w > t h <p(xa) a n d w i t h 

x'1 + V(x*) + V*(xa) 

w h i c h i s i n Z(R), we see t h a t xa also c ommutes w i t h <p2(xa). T h u s t h e e l e m e n t a r y 
s y m m e t r i c f u n c t i o n s i n .v a , <p(x") a n d <p'(xa) are i n v a r i a n t u n d e r y a n d so are i n 
Z(R). B u t t h e n y = x'd sat is f ies 

w h e r e t h e coe f f i c ients a, ftf y are a l l i n Z(R) a n d are r e s p e c t i v e l y 

« = * » + r < * » ) + ç * V s ï , 

¡5 = X* fix3) + x» q>*(xa) + fix*) V%X*), 

Y^x*V(xa)^(x% 

W e h a v e t h u s p r o v e d 

L e m m a 3. / / R is as in lemma 2 then any x in R satisfies a polynomial of 

the form 

x" — a x
a + t> xs — y = 0 

where «, /?, y are in Z(¥). 

I f e v e r y e l ement i n a r i n g sat is f ies a p o l y n o m i a l w i t h l e a d i n g cooe f f i c ient 1 

a n d of bounded degree over i t s c en ter t h e n i t is w e l l k n o w n t h a t t h e r i n g satisf ies 

a p o l y n o m i a l i d e n t i t y . I n our case w e cou ld a c t u a l l y w r i t e t h i s i d e n t i t y d o w n a s : 

o = [[U", si ( V . i f l . U u , * / l ] ] 

w h e r e t h e square b r a c k e t s i n d i c a t e ( a d d i t i v e ) c o m m u t a t o r s . W e t h u s have t h e 
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C o r o l l a r y , df R is as in lemma 2 then it satisfies a polynomial identity. 

T h e c o n d i t i o n t h a t a r i n g a d m i t a n a u t o m o r p h i s m whose f i x ^ d - p o i n t s l i e i n 
t h e center m i g h t v e r y w e l l be d e s t r o y e d i n a h o m o m o r p h i e image . T h u s w e w a n t 
to impose c o n d i t i o n s on oar r i n g s w h i c h are preserved u n d e r h o m o m o r p h i s m and 
w h i c h are consequences of t h e ex is tence of an a u t o m o r p h i s m of p e r i o d 3 a l l of whose 
f i x e d p o i n t s are i n t h e center . T h i s e x p l a i n s t h e w e i r d h y p o t h e s i s i n t h e n e x t f e w 
l emmas . 

L e m m a 4. Let R be a primitive ring of characteristic 3 admitting an automor

phism <p such that : 

1 . ? a = l . 

2. * + + € Z(R). 

8. x'1 commutes with f(xa). 

4. ail symmetric functions in x*, f(xs), tp2(x3) are in Z(R), for all x in R. 

Then R is commutative. 

P r o o f . B y t h e c o r o l l a r y to l e m m a 3 R sat is f ies a p o l y n o m i a l i d e n t i t y . Be ing 
p r i m i t i v e , b y a r e s u l t of KAPLANSKY [ C ] R is a f i n i t e - d i m e n s i o n a l s i m p l e a lgebra 
over i t s center Z(R), w h i c h is a f i e l d . 

Since x -+- cp(x) + <p%v) £ Z(R), r e p l a c i n g x b y X x, w h e r e X is i n Z(R) a n d 
p l a y i n g t h e r e s u l t s o f f aga ins t each o t h e r w e o b t a i n t h a t 

[X - q>(X)] <p(x) + [X - <p\X)} <p\x) € Z(R). 

R e p l a c i n g x b y X. x i n t h i s l a s t express ion a n d p l a y i n g i t of f a g a i n s t t h e expres 
s ion [ m u l t i p l i e d b y <p (X)] we a r r i v e a t 

[A _ ( f a ) ] [ v ( A ) _ ^ (A)] y » { x ) £ Z(R) 

f o r a l l x i n R. T h u s i f we supposed t h a t R was n o t c o m m u t a t i v e w s w o u l d h a v e 
t h a t [X — (X)] [q, (X) — <ps (X)] = 0 ; s ince Z(R) is a f i e l d w e m u s t have t h a t 
e i t h e r X = q>'1 (X) or <p (X) — qi2 (X) w h i c h , since q> is of p e r i o d 3 i m p l y t h a t X=:<p(X), 

T h u s <p i s an a u t o m o r p h i s m of R, w h i c h is a s imple a l g e b r a , f i n i t e - d i m e n s i o n a l 
over i t s c enter , w h i c h leaves e v e r y e l e m e n t of Z {R) f i x e d . B u t t h i s i m p l i e s t h a t 
f is a n i n n e r a u t o m o r p h i s m of R, t h a t is there is a h a^R such t h a t <f(x) = axa~1 

f o r e v e r y x £ R. H o w e v e r 

x + a x a~l + a* x a-* = x + <p{x) + <p*(x) £ Z(R) 

b y a s s u m p t i o n . R e p l a c i n g x b y a x we o b t a i n t h a t : 

a (x -\- a x a ' a~ x a~2) = a x + a (ax) a~L + a2 (ax) a~2 £ Z(R) 

b y t h e above . I f x + a x a~l + a! x a~~ w e r e n o t 0 i t w o u l d have a n inverse i u 
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t h e f i e l d Z(R) so t h a t a £ Z(R) w o u l d r e s u l t . Suppose, on t h e o t h e r h a n d , t h a t 

x + ax a~l + a* x cT* = 0 

f o r a l l x i n R. M u l t i p l y i n g t h r o u g h b y a2 f r o m t h e r i g h t y i e l d s 

xa2-\-axa-\~a'2x = 0 

f o r e v e r y x i n R. Since t h e c h a r a c t e r i s t i c of R is 3 t h i s says t h a t 

a {ax — xa)' - (ax — xa) a 

f o r e v e r y x i n R. B y a r e s u l t o f ours L e ] , s ince t h e c h a r a c t e r i s t i c of R is n o t 2, 

a m u s t be i n Z(R). T h u s i n a l l cases a m u s t be i n Z(R). B u t t h e n 

<p (x) - a xa~' — .v 

f o r every x i n £! . Since 

*° = *" p (X*) q>2 (*') 

is i n Z(R) b y h y p o t h e s i s , we see t h a t t h e n i n t h p o w e r of e v e r y e lement of R is 
i n i t s c enter . B y a n o t h e r r e s u l t of KAPLANSKY [ 7 ] R m u s t be c o m m u t a t i v e . 

C o r o l l a r y . If R is a primitive ring of characteristic 3 which admits an automor-

ph:s*n of period 3 all of whose fixed-points are in Z(R) then it is commutative. 

Proof . "We s h o w t h a t t h e h y p o t h e s i s of t h e l e m m a are sa t i s f i ed . Since t h e 
e l ement x + <p (x) ^(x) i s l e f t f i x e d b y p i t m u s t be i n Z(R) b y h y p o t h e s i s , so 
(2) is sa t i s f i ed . L e m m a 2 assures us t h a t xs c ommutes w i t h < K * 3 ) , so by (2) i t also 
c o m m u t e s w i t h <p'!(x3), hence (3) is s a t i s f i e d . A n y s y m m e t r i c f u n c t i o n i n x:1, cp(x3)t 

<p2 (x*), s ince these c o m m u t e w i t h each o t h e r , is l e f t f i x e d b y q> so b y h y p o t h e s i s 
i t m u s t be i n Z(R), t h e r e f o r e (4) ho lds a l so . B y t h e l e m m a t h e c o r o l l a r y is t h e n 
i m m e d i a t e . 

H a v i n g disposed of t h e p r i m i t i v e case w e can s t a r t t h e ascent to genera l r i n g s 
a l o n g t h e l i n e s l a i d o u t b y t h e s t r u c t u r e t h e o r y developed b y JACOBSON. W e n o w 
consider t h e s e m i - b i m p l e case i n 

L e m m a 5. Let R he a semis'mp'e ring of characteristic 3 having an automor

phism i / ' such that: 

1 . x-i-9(x) + <p2(x) £ Z(2) 

2. -v a commutes with f)-(xs) 

3. the symmetric elements in x3, f(xa), <p2(xs) are all in Z(R) for every 

x in R. Then R is commutative. 

Proof . Be ing semi - s imple R i s i s o m o r p h i c t o a subd i rec t sum of p r i m i t i v e 
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r i n g s Ri each of w h i c h is a h o m o m o r p h i e image of R. As i n t h e proo f of t h e 
c o r o l l a r y to l e m m a 3, R sat is f ies a p o l y n o m i a l i d e n t i t y so t h a t each R{, as a 
h o m o m o r p h i e image of R also satisf ies t h e p o l y n o m i a l i d e n t i t y . T h u s , be ing p r i m i t i v e , 
each R{ is a c t u a l l y a s i m p l e a lgebra f i n i t e - d i m e n s i o n a l over i t s c enter . 

L e t / ? „ say , be i s o m o r p h i c t o RjU. S ince 7?, i s s i m p l e , U is a maximal i d e a l 
of R. I f y (U) C U t h e n <p w o u l d induce an a u t o m o r p h i s m o n Rl s a t i s f y i n g a l l t h e 
c o n d i t i o n s of l e m m a 4. B a t t h e n Rl w o u l d be c o m m u t a t i v e . 

Suppose t h e n t h a t q> (U) <L U. Since tp (U) is an i d e a l of R a n d since U i s a 
m a x i m a l i d e a l of R, R ~ U + g> (U). S i m i l a r l y R = U'+ <p2 (U) = <y (U) + <P*'(U). 

W e c l a i m t h a t UClviU) <L <P*{U), o t h e r w i s e <p WC\<p(U)] C <PS (U) = U. B u t 
since y[U C\cp {U)] is c e r t a i n l y c on ta ined i n q> (U) w e w o u l d have t h a t 

I f t h i s w e r e so 7? w o u l d induce a n a u t o m o r p h i s m <p on 

R = RI[UC\9iV)\-

H o w e v e r , b y t h e Chinese r e m a i n d e r t h e o r e m , Rl\UPi rp (£ / ) ] is i s o m o r p h i c t o 

RILKBRfyOD^R^yiR,). 

N o w R, a n d <p{R,) ace t h e only s i m p l e ideals i n t h i s d i r e c t s u m ; t h u s <f , 2 (f?i) 
w h i c h is c o n t a i n e d i n i t as a s i m p l e i d e a l m u s t be e i t h e r i ? , or fiRj), e i t h e r of 
w h i c h i m p l i e s t h a t RL ~'p(Ri) ( w e have made use of 7^ — 1 ) w h i c h w o u l d i m p l y 
t h a t 7? ( U ) C U, c o n t r a r y t o a s s u m p t i o n . There fore we m u s t have t h a t 

UCXpiU) t <P'2(U). 

A g a i n m a k i n g use of t h e Chinese r e m a i u d e r t h e o r e m w e g^t 

R = RI[Un>P*{U)] 

is i s o m o r p h i c t o 

i ? / y © % ( y ) © % ! ( y ) . 

Since U P i 7> (£/) P i 7?2 (U) is i n v a r i a n t u n d e r (p, 7? induces a n a u t o m o r p h i s m <p on 

R such t h a t x - j - <p ( i ) + <p'2 (x) is i n Z(R) for e v e r y x i n R. N o w 

R = Ri@y{Ri)®v*{Rl), 

so i f x £ RL t h e n 

i = x + -Hi) -f- 'r (x) e 

B u t t h e n each c o m p o n e n t o f t is i n t h e corresponding center of Rt, </>(R,), ^(R,) 

r e s p e c t i v e l y . T h u s x £ Z ( ^ ( ) , whence RL is c o m m u t a t i v e . 
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Sinee each c o m p o n e n t o f t h e subdirecfc sum d e c o m p o s i t i o n of R has been s h o w n 
t o be c o m m u t a t i v e w e k n o w t h a t R is c o m m u t a t i v e . T h u s l e m m a 5 is p r o v e d . 

W e n o w s e t t l e t h e r e s u l t t h a t w e seek f o r t h e spec ia l case of a r i n g of 
c h a r a c t e r i s t i c 3. T h i s w i l l p r o v i d e us w i t h t h e v i t a l l i n k needed t o p r o v e i t i n t h e 
c o m p l e t e l y genera l case. 

L e m m a 6. Let R be a ring of characteristic 3 which admits an automorphism 

cp of order 3 all of whose fixed-points are in Z(R). Then C(R)f the commutator ideal 

of R, is a nil idea1. 

P r o o f . B y l e m m a 2, A-3 c ommutes w i t h <p ( A 3 ) , f r o m w h i c h i t f o l l o w s t h a t a l l 
t h e s y m m e t r i c f u n c t i o n s i n xa, <p (xs), y2 (A- 8) are i n v a r i a n t u n d e r <p, w h e n c e b y t h e 
a s s u m p t i o n s imposed o n t h e y are a i l i n Z(R). S i m i l a r l y f o r a n y x i n A*, 

x + 9 (x) + y2 ( A ) 
i s i n R\Z). 

L e t J (R) be t h e r a d i c a l o f R. f (R) i s i n v a r i a n t u n d e r a l l t h e a u t o m o r p h i s m 
of R, so, i n p a r t i c u l a r , <p [ J (R)\ C J (R) i t h u s <p induces an a u t o m o r p h i s m q> o n 
RfJ(R). T h e p r o p e r t i e s descr ibed i n t h e p a r a g r a p h above are ones preserved 
u n d e r h o m o m o r p h i s m so t h e y m u s t h o l d i n RIJ(R) v i s - a - v i s <J>. B y l e m m a 5 w e 
conc lude t h a t R/j(R) i s c o m m u t a t i v e , hence C(R) C J (R)-

L e t 
n 

c — 2 r{ (xt yi —• yi xi) si 

i=l 

he a n a r b i t r a r y e l ement i n C (R). L e t R„ be t h e r i n g generated b y a l l of t h e 

R„ is a f i n i t e l y generated r i n g w h i c h is i n v a r i a n t u n d e r u n d e r rp. A l l f i x e d p o i n t s 
of y i n R0 are i n t h e c i n t e r of R so t h e y m u s t c e r t a i n l y be i n t h e center of R0. 

B y t h e c o r o l l a r y t o l e m m a 3, R0 sat is f ies a p o l y n o m i a l i d e n t i t y . F i n a l l y R o i s a n 
a lgebra o v e r GF ( 3 ) , t h e f i e l d of 3 e lements . A H t h e c o n d i t i o n s of a r e s u l t of 
AMITSUR [ ' ] h o l d so b y t h i s t h i s r e s u l t , J(R„) is a n i l r i n g . Since , as we have seen 
above , C(!Z0) C J (R»), C (Ru) m u s t b 3 n i l . B u t 

C — ^ r; {x{ ffi — ffi X{ ) Si 

is i n C(R0) so m u s t be n i l p o t e n t . Since c is an a r b i t r a r y e l ement of C(R) w e have 

p r o v e d t h a t C(R) is a n i l i d e a l . 

Be fore c o n t i n u i n g w i t h our spec ia l s i t u a t i o n w e w i s h t o digress t o p r o v e a 
r e s u l t , w h i c h m a y be of some independent i n t e r e s t , w h i c h ho lds f o r a l l r i n g s . 
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L e m m a 7. Let R be a ring and W an ideal of R. Suppose that C (W) is a nil 

ideal of W. If x £ C (R) satisfies xk £ W for some k, then x is nilpotent. y 

P r o o f . L e t T be t h e i d e a l of R g e n e r a t e d b y C(V). In R = R/T, W is a n 
idea l w h i c h is c o m m u t a t i v e . Suppose t h a t w, wL £ W and t h a t y £ R; s ince b o t h i -
w a n d are i n W t h e y c o m m u t e , whence w , w y — w y) — (w, y) w so t h a t £ 

i , ( r o S " S i ) - 0 . L e t N(R) be t h e m a x i m a l n i l i dea l of R a n d l e t R = R/N(R). j i 

I n 7i t h e r e are no non-zero n i l i dea l s . W is a c o m m u t a t i v e i d e a l i n R so as above [i 

«»[ (it> # — # w ) = 0 f o r a n y OT„ w i n I F a n d # i n R. R e p l a c i n g y b y z y i n t h i s w e % 

get t h a t t u ^ f w , ? — y w) — 0 ; i f w e p u t o>[ — m y — ¿7 TO ( w h i c h is i n I F ) w e see i 

t h a t (w y — y w) R (zv y — y w) = (0) , whence (w y — y w) R is a n i l p o t e n t l ' i g h t L 

i d e a l i n R. F r o m t h i s w e get t h a t wy — yw~ 0 f o r a l l y £ R, t h a t i s , W Q Z{R). 

Since f o r a n y w W a n d y, z £ R b o t h ™ a n d as e lements of W are i n Z{.<), •-. 

w e eas i ly get tu(y z — z y) = 0. Since w a n n i h i l a t e s a l l c o m m u t a t o r s a n d is i n t h e 

c en ter i t a n n i h i l a t e s C{R). T h u s W C(R) = (0) . 

There fo re we see t h a t i n R, WC(R)CN(R) t h u s is a n i l i d e a l . R u t t h e n , 
s ince x £ C ( t f ) a n d A * £ I F ; w e get xk+' £ WC(R) so is n i l p o t e n t . T h a t is \ 
A " 1 — 0 , w h e n c e A " 1 £ 7* f o r some m. H o w e v e r 

T3 £ RC(VP)R RC(W)R RC(W)CWC(W)WCC(W), 

so is a n i l i d e a l ; t h u s (A-1™)3, b e i n g i n Ts, is n i l p o t e n t , whence x is n i l p o t e n t . 

W e r e t u r n to t h e q u e s t i o n of r i n g s w i t h a n a u t o m o r p h i s m of p e r i o d 3. 

L e m m a 8. / / R is a ring such that H"R — (0) for some n and admits an auto- • 

morphism <p of period 3 all of whose fixed-points are in Z{R) then C(R) is a nil ideal. ( 

P r o o f . T h e case n — 1 is p r e c i s e l y l e m m a 6, so w e proceed f r o m t h i s b y 
i n d u c t i o n on n. 

L e t W = {x £ R | 3A — 0 } . F i r s t n o t e t h a t W is i n v a r i a n t u n d e r f and is a n 
a lgebra over G F ( a ) . B y l e m m a 6 w e k n o w t h a t C ( W ) is n i l . L e t R — R}W; s ince 
W is i n v a r i a n t u n d e r <p, (p induces a n a u t o m o r p h i s m 'p on R. Suppose t h a t 
</' (.v) = x; t h e n i f A- i n /? maps on A , we have t h a t x — <p {x) £ t l ^ , w h e n c e 
S [ A — cp (x)] =0. T h u s <p (3x) — Hx, w h i c h forces 3 A to be i n Z{R). B u t t h e n , f o r 
a n y y £ R, 3(xy ~ yx) =(3x) y — y(Bx) = 0, t h a t i s , xy — yx £ I F f o r a l l y i n /?. 
I n t h i s t r a n s l a t e s t o xy = yx, w h i c h is t o say , A ^ Z ( £ ) . T h e r e b y t h e c o n d i t i o n s 
c a r r y over f r o m R t o R; s ince 3 " — ' / ? = (0) b y t h e i n d u c t i o n C (i?) is a n i l i d e a l . 
T h e r e f o r e , i f c ( C(R), ck £ W for some k. Since C{W) is n i l , b y l e m m a 7 c is 
n i l p o t e n t . T h u s C (R) is n i l a n d t h e l e m n i a is e s t a b l i s h e d . 
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W e r e m o v e t h e c o n d i t i o n i n l e m m a 8 t h a t 3" R = (0) , r e p l a c i n g i t b y a s l i g h t l y 

w e a k e r one i n 

L e m m a 9. Let R be a ring sack that Sk x — 0 for every x ^ R, where k depends 

on x; farther suppose that R admits an automorphism <p of period 3 all of whose 

fixed-points are in Z(R). Then C(R) is a nil ideal. 

Proof , I f c £ C (R), t h e n 

c — ^ r{ (xt yi — yi xi) S £ ; 

l e t R„ be t h e s u b r i n g of R generated b y a l l of t h e r{, xt, yi, s ( ; a n d t h e i r images 
u n d e r <p a n d of e. i ? u is i n v a r i a n t u n d e r <p; m o r e o v e r , s ince i t i s f i n i t e l y generated 
b y e lements h a v i n g a d d i t i v e orders w h i c h are p o w e r s of 3 w e get t h a t 3 " /^ 0 = (0) 
f o r some n. B y l e m m a 8, C (R0) is n i l ; since c € C (R0) w e t h e n have t h a t c is 
n i l p o t e n t . W e have proved t h a t C (R) is a n i l i dea l of R. 

W e n o w are able t o p rove t h e p r i n c i p a l r e s u l t of t h i s sec t ion , n a m e l y 

T h e o r e m 5, Let R be a ring which admits an automorphism of period 3 all of 

whose fixedipoints are in the center of R. Then the commutator ideal of R is a nil ideal. 

P r o o f . L e t U — [x £ R \ 3k x = 0 f o r some k); U is an idea l of R i n v a r i a n t 

u n d e r B y L e m m a 9, C(U) is a n i l i d e a l of U. 

Since U is i n v a r i a n t u n d e r q>, <p induces a n a u t o m o r p h i s m B o n R = RjU. I f 
tj>(x)~ x t h e n since x + <p{x) + <7' aii) £ Z(R), w e w o u l d have t h a t 3 i £ b u t 
t h e n S(xy — yx) = 0 f o r a l l y £ R. H o w e v e r , i n R, Hi — 0 i m p l i e s t h a t f = 0 ; 
t h u s xy — yx = 0 f o r a l l ;/ ^ T h u s we see t h a t t h e o n l y f i x e d p o i n t s of <~p i n R 

are i n Z(R). 

Consider R as a L i e r i n g u n d e r t h e p r o d u c t [d,h] — db — ha. F o r m t h e L i e r i n g 

.v' — RjZ{R). (n R, -Ji induces a n a u t o m o r p h i s m <p. W e c l a i m t h a t rp leaves o n l y 0 

f i x e d ; f o r i f q> {x) = x t h e n x — <J> ( i ) i s i n Z (R). S ince x + '7' * + <7'A (*) £ ^ (/?) w e 

get 3 i ^ ^<K) whence A £ Z ( f l ) so t h a t x — 0 . B y a r e s u l t of H I G M A N [ 4 ] R m u s t 
be n i l p o t e n t as a L i e r i n g . Thus as a n assoc iat ive r i n g R m u s t e n j o y t h e p r o p e r t y 
t h a t there ex is ts a n i n t e g e r n such t h a t t h e n - f o l d c o m m u t a t o r of a n y n e l ements 
i n R is 0. I n p a r t i c u l a r R sat is f ies a f i x e d E n g e l c o n d i t i o n (see whence b y 

t h e m a i n r e s u l t of p ] t h e c o m m u t a t o r i dea l of R i s a n i l i d e a l . C o n s e q u e n t l y i f 
c £ C(R), ck m u s t b3 i n U f o r some in teger k. Since w e a l r e a d y k n o w t h a t C(U) 

is n i l , a p p l y i n g l e m m a 7 w e o b t a i n t h a t c is n i l p o t e n t . T h u s C (R) is a n i l i d e a l 
of R and t h e t h e o r e m is p r o v e d . 
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Ö Z E T 

Birkaç sene e v v e l b i r makalede J A C O B S O N [ J ] , yalnız sıfır elemanım sabit 
bırakan a s a l peryodlu bîr otomorflzmi h a i z s o n l u b o y u t l u b i r L i e cebîri-
n i n n i l p o t e u t olmak m e c b u r i y e t i n d e olduğunu göstermiştir. S o n l u g r u p l a r 
h a l i n d e k i b e n z e r n e t i c e n i n doğru olacağı F R O B E N I U S t a r a f m d e n t a h m i n e d i l 
miş ve ispatı T H O M P S O N 1 u n çok güzel bir yazısında t s ] elde e d i l e n dalı a 
k u v v e t l i b i r teoremin sonuç.a o l a r a k verilmiştir. A s o s y a t i f h a l k a l a l a r m 
d u r u m u Î I I G M A N [ J ] tarafından İncelenmiş ve k e n d i s i bu t a r z d a bir otomor-
f i z m l n m e v c u d i y e t i halkayı nüpotent yaptığını göstermiştir. 
B i r asosyat i f balkanın b i r b i r i m elemanı m e v c u t i se , bu e leman halkanın 
büttln otomorf izmleri için sabit kalmaktadır. V e r i l e n bir c i s i m üzerinde 
inşa e d i l e n btr im elemanı h a i z bir cebir için otomorfizmi c e b r i k otomor-
fizın manasında a n l a y a c a k o l u r s a k , c i s m i n h e r bir elemanı sabit kalmalı
dır. B u i t i b a r l a h a l k a v e y a c e b i r l e r için bir otomorfizm sadece sıfır e le 
manı sabi t bırakması h i p o t e z i aşırı derecede t a h d i t edic i ve g a y r i t a b i d i r . 
E v v e l k i n e t i c e n i n hakikî b e n z e r i şu halde d a h a çok bu şekilde ifade e d i l 
m e l i d i r : a s a l peryodlu bir otomorfizmin sabit noktaları m u a y y e n «tabiî» 
b i r a l t cümlede kalmaları h a l i n d e asosyat i f h a l k a v e y a c e b i r i n yapısı 
n e d i r ? 

Kısım I de sol i d e a l l e r i n d e i n e n z i n o i r şartını h a i z s o n l u b o y u t l u cebir 
ve h a l k a l a r için bu yapı, sabit n o k t a l a r cümlesi i y i c e b e l i r t i l m e s i h a l i n 
de elde edilmiştir. İkinci ve üçüncü Kısımlarda i s e , bütün sabit n o k t a l a 
rın halkanın m e r k e z i n d e bulunmaları h a l i n d e peryodu 2 ve 3 o l a n otomor
f i z m l e r i h a i z umumî halkaların yapısı elde edilmiştir. B u r a d a elde e d i l e n 
n e t i c e l e r , y a n i kotutttatör i d e a l i n i n sıfır oluşu, umumî halde bütün sabit 
noktaları m e r k e z i n d e b u l u n a n a s a l peryodlu otomorEizmlerl h a i z h a l k a l a r 

için doğru kalacağı da t a h m i n e d i l m e k t e d i r . 


