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I n this paper the flow of a c o n d u c t i n g n o n - N e w t o n i a n f lu id i n an a n n u l a s 
under a r a d i a l m a g n e t i c f ie ld a n d constant pressure gradient is c o n s i d e r e d . 
The so lut ion ts obtained in powers of tile c r o s s - v i s c o s i t y R E Y N O I rrs a umber 
w h i c h Is assumed to he s m a l l . The d i s c u s s i o n inc ludes eases w h e n the 
w a l l s are m o v i n g or sta t i o n a r y . The fiow between p a r a l l e l plates l ias 

been obtained as a l i m i t i n g case . 

1 . Introduct ion ; 

The fJow of a conducting f lu id in an annulus has been discussed by G L O B E [ ' ] , 
Later C H E C K M E R A V I . B . [ a] and R . K . J A I N [ 3] have independently extended the 
problem to include the case of constant suction and injection. I n this paper the 
f low of a non-Newtoniau conducting f lu id through an annulus under a radial magne­
tic field w i t h constant suction and injection and w i t h a constant pleasure gradient, 
is considered. The polar coordinates (?, z) are used. As the problem concerns 
only the steady and axial ly symmetric f low, the variables are independent of time 
/ and of I t is also assumed that the flow does not depend on z and the main 
flow is i n the ^-direction. The external radial magnetic field is assumed to be of 
the form H a R . j r . Again the displacement currents and free charge density are also 
assumed to be zero. 

Let 0 , a, /t c , (<•, f'c denote the density, electrical conductivity, magnetic permea­
b i l i t y , viscosity and crossviBCosity of the f lu id respsctively and H i H ^ R I r , 0, H 2 ) , 
V (vr, 0, E (0, Eft, 0) and J (0, J®, 0) are the magnetic, velocity, current and 
electric field vectors. 

2. Basic equations and the i r solutions : 

W i t h the above assumptions the basic equations reduce to 

«1 
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4irg f or 

(3) - ^ - 4-T « + ^ e ^ - ^ „ P tf,] . 

We now reduce the above equations w i t h the help of the relations 

vr — ) vs — v0 a, f = # • r, He — Hvh, 

, , fi 1 nc 

{ > V ~Qliva' V m ~ &nofieRVo * V c ~ ^ 9 

M = p.H9Ri/—, E = E J and P = 3* 
y f* pB rivv0 Q VQ dz 

to non-dimensional form and integrate equation (1). We obtain 

(5) p = e < [*, (y, + ~ ¿ 3 - y rm ] + Const. 

K ) r dr^r^V\dr^ r dr) r dr\r dr)^~~r dr~ ' 

(7) u= —rvm^ — Er. 
dr 

Mult ip ly ing equation (6) by r and on integration we f ind , 

(8) n=s±-pr* + V r i * S l L <^.^M'vvmh^-c'. 
I dr r dr 

2a. Solution 

We now assume vc to be small and therefore we can expand a, h, E and cr 

i n the terms of vc as 

CO OS 00 00 

(9) « = «„ , A = 2 / o B A „ , E=^vc"En, c ' ^ ^ c V 
n = 0 JJ=0 n = 0 7J=0 

Boundary conditions : We take aR and bR as the radi i of the inner and 
outer cylinders respectively. When the boundaries are f ixed, we have the boundary 
conditions as 
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(10) at r — a, u = 0; h = Q i.e. 
Ho = u l = • 

= = • . . = 0 

h0 •• = 0 . 
(11) at r = b, a^0, k = 0 i. e. 

Zero order s o l u t i o n : Taking only the zeroth order terms we get from equa­
tions (7) and (8) 

(12) Uo = 4 " P r* + " r - J A + M " V ** h« + c«'-
2 dr 

and 

(13) u0 ~ hu — r v m ~ ~ E0 r. 

Eliminating u0 between (12) and (13) and solving we obtain 

A » - ^ P + f i u ' P + " 2 , r m ( , - 2 ) ^ - 2 ) + , , r o ( x - l ) ( ^ l ) + C « " 

Substituting the value of ft0 in equation (13) we get 

(15, ^ A l l - ^ . H i J l - ^ J . H ^ ^ ^ + j j ^ + C , 

where A 0 and ZJ„ are constants and 

Using these boundary conditions we obtain the values of the constants as 

(18) A0 = 2 v V m { x _ 2 ) { B ^ ) i [ « ' - * - M ' ! v v«t a <6' ~ »'> - 2**>(1 - "> Q* <6 - q)> 

X ( M a v vm - (1 — )•) (1 — ^ r j } (6P — oP) - }(1 — * - M" v vm) a (6P - oP) 

- i» ym (1 - ") aP (ft - a)} {/IT V r„, - (1 - 2 r J (1 - r)} (6 s - a 5 ) ] , 

(19) A„ = ^ , ^ ^ 5 ^ ( 7 - 2 ) ' ! ~ * " M V a ( 6 < ~ "~ 2 ) ' m U ~ r ) n * { b ~ a ) ] 

X {W 3* ym - (1 - f ) ( I - a O ) (6 q - « « ) - { •-'•»• r m - (1 - v) (I - 2r m ) } 

X {a (1 ~ - r , n ) (6« - o a) - x f,„ (1 - r) aa (b - a)} (b'1 — a 3 ) ] , 
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,<>n\ F — < l - * ) U - / i ) ' > ' » ' m \ A (ha n 1 i , fl ( L B «> i P{b*~a2) ~\ 

C ^ - 6 ^ ! > • + S " <» W ~ 2 ( 2 - ^ 2 - ^ 1 ' 

where 

(22) ,1 = f { (1 — y — MS' vm) a (6P — aP) — 0 vm (1 — *-) oP (6 - a) } 

X { M V v m - (1 - v) (1 - a f m ) } (A" - a") - {(1 - y - M V y m ) a (6 a - aa) 

- oc * m (1 - y) a« (6 - a)} { * m - (1 - y) (1 - /? r m l j (6P - aP) ] . 

First order solution : We take the f irst order terms also into aeconnt in ; 
equations (7) and (8) and el iminating, we get 

t 2 8 ) ^ + ^ _ ± = J ! L . ! _ * ? . + i ! r ( i = r t . 
dr2 \ v ymJ dr \v v m J v ym rVVm dr y ym 

Solving i t we get 

Aa & (1 — a ym) . a _ 2 (24) h i = A i r * + B i r 9 + C l + 2 £ J p _ ^ r 

• Bom-iSvm) M2 Ea 1 El{l^y)r 
Z(6 — cl-2)yym v »>M («»—1) r f f m (a - 1) ( 5 - 1 ) 

where A u B v and C\ are constants. 

Substituting the value of A, i n equation (7) and taking f irst order terms 
we get 

(25) D l = A l (1 — a vm) /-q + S i (1 — /? rP + C, + 2 («—/?—2) y y M
 r 

2 (3 _ « - 2) v r m v»-m - 1 ) r 

M*Etr 
1 ( x _ l ) ( ^ - l ) 

Using the boundary conditions, we get the values of the constants as 
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(26) AL = L 2(a—-/> —2)i'r„, 

/ i ( l - ^ m ) S 0 

2(;> — 2-2) ) ' >• 

M2 E0 (b-a) { 

} 

w « i . ' - i ) ( - r - i ) s { i # v , ' - - a ^ - ) ( 1 - ' ) } ] 

( l _ r - ^ V r B , ) ( i ( 6 P - i l P } - ^ B , ( l - * ' ) i i P ( 6 - a ) ] 

(27) 

2(5- ^ — ^ { ( l - » ' - A f 8
W J a ( i P - s - a P - , ) - ( 9 - 2 ) ( l - - ^ m a P - ' ( 6 - o > l 

X < 4 ^ " > - [ a F ^ ^ { " V ' " - ( 1 - ' ) < l - ^ ) } < ' M - ' , " ~ , ) 

M 3 £ H ( 6 - a ) 

X " [ ^ V , ' m - ( l + v m ) ( l - i ' ) } ] [ a - ^ M V O ^ ^ - ^ ) - ^ ! - - ^ ^ - ^ ] 

(28) £ 1 = ( 1 - * ) (b-a) 

/ J ( l - / i r m ) S 0 

x ( f t ' - ' - d " - * ) + - ^ 7 " ^ ( 4 P - ' - 0 p - » ) + . . . . ff!E:!La\m: 1» w m ( « s - l ) ( ^ - l ) a 6 J 

(29) C 1 - - ^ 1 a - + £ l Q P + - ^ i = ^ - r « + ^ Z ^ j ^ « 9 

M2Ea 1 g. (1—v) 1 
*rm{*'-l)(.l~-n a " f " * ' ) ' M ( « - l ) ( i - l ) a J ' 



66 J . N . K A P U R — R . K . R A T H Y 

A'th order solution: Taking n t h order terms also into account i n the equa­
tions (7) and (8) and eliminating u„ we get 

dr2 \ v vmJ dr \vvm J " 

Cn' 1 <fo H - i En(\—v)v 
V*m * vm r dr V vm 

Thus knowing the solution upto (n — 1) t h order we can find out n t h order 
solution. This shows that we can find out the solution upto any order we l ike . 

2b. When the walls are in motion; 

Let the inner and the outer cylinders be moving w i t h velocities v0 and 
v„ U2 respectively. I n this case the boundary conditions w i l l be 

(31) at r — a, u = U,, h = 0, i. e. 

(32) at r — 6, « — £ / a j h = 0, i. e. 

n0 — Ux, a, = i i 2 = • • • — 0 

. h0~ h i ~ h2 — • • • — 0, 

a0 — U2, Ui = u2 ~ - •• — 0 

ha — hi — h, — - . . ^ 0 . 

Substituting these values we can find out the values of A 0 , B 0 , C0, E 0 , A l t B u E s 

and and subsiquently we can find out the solution. 

2c. Limiting' case of flow throught parallel plates : 

I f we wri te 
, L + R 

and 

1 L L  

0 = = 1 — / T -R=e 

and let s o we get the l imi t ing case of plates. To obtain this we shall have to 
modify a l l the perameters and then to take the l i m i t . The modification are : 

« — — J p — p / B , v — E V , M = — » 
£ 6 

El) Pf 

(33) vm — evm\ Vc=e*ve't r — 1 + —- and P—— . 
K E 

Now substituting these values and taking the l imits we obtain 
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m±\ - P ' r H l - g ' O ("QBtt a ' - e ^ B ) a ' ( l - 5 V m Q (cosh fl'-eP"D) "1 

(SB) A 
(AT 

P ' r fl' (coah %'— eQ'*) « ' (cosh 5'— eP"") "1 
Vv m —1) L (a '—/? ' )smha' /?') sinh 5' 'M* 

(36) E = r a ' /T s i i i h ( g ' — "| 
L(«'— ß') sinh a' sinh /*' -1 

2e, % hen the external field is zero 

We get hydrodynamic f low as the l imi t ing case if we take AT ->- 0 and vm -> <». 
Taking the l i m i t , we obtain 

Uo\ ... P r ( & W ) ( a ' ^ - / - W ) , s l 

( 4 4 ) B l = _Z<*L=«!L r ( M V v > - - a ( ^ ) - ' ) ( r ^ - a W ) a ( 1 / v ) _ , _ , ( 1 / v ) _ , 1 . 

3. Conclusion 

We find that the cross-viscosity affects the flow field and the induce mag­
netic field i n the case of tbe flow through an annulus, while i t has no effect on 
either, i n the case of f low through parallel plates. I n the later case the cross- vis­
cosity only affects the pressure. 
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Ö Z E T 

Yarıçap i s t i k a m e t i n d e tes ir i a l gösteren bir m a n y e t i k a l a n i le sabi t b i r 
tazy ik gradicnünin tesir i altında i l e t k e n gayrı-newtoniyen bir akışkanın 
bir h a l k a d a k i akışı göT; önüne alınmış. Çoziim, klleük olduğu k a b u l e d i l e n , 
k e s i t v i s k o z i t e s i R E Y N O L D S sayısının k u v v e t l e r i c i n a i n d e n bir açılımla ifade 
edilmiştir. N e t i c e n i n irdelemesinde davarların sabi t v e y a h a r e k e t e t m e l e r i 
h a l l e r i incelenmiştir. P a r a l e l l e v h a l a r arasındaki akış y u k a r d a k i n e t i c e ­

l e r i n bîr l i m i t halı o l a r a k elde edilmiştir. 


