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A . G . S H A M I H O K E (* ) 

G e n e r a l i s e d F I N S L E R spaces of the second k i n d were studied In [ a ] . I n the 
p r e s e n t note, F U E N E T S formulae h a v e been obta ined for an n-dimensional 
g e n e r a l i s e d F I N S L E R space of the second k i n d . T h e F R E N E T S formulae for a 
F I N S L E R space [*] and for a g e n e r a l i s e d R I E M A N N space [~] follow as • p a r t i ­
c u l a r ease. A r e s u l t r e g a r d i n g c u r v a t u r e s obtained by the author tor ge­
n e r a l i s e d R i e m a a n i a n spaces h a s been extended to g e n e r a l i s e d F I N S L E R 
s p a c e s . A s i m i l a r r e s u l t of K A L - L [°] for F I N S L E R spaces fol lows as a p a r t i ­

c u l a r case . 

1 . I n t r o d u c t i o n . L e t Fn be an « -d imensional general ised F I N S L E R m a n i f o l d 

endowed w i t h a l o c a l c o o r d i n a t e s y s t e m . To each p o i n t P o f Fn is associated a 
n o n - s y m m e t r i c m e t r i c t ensor g{j (x, x), (x, x) b e i n g t h e e l ement of s u p p o r t , so t h a t 
t h e d i s tance b e t w e e n t w o n e i g h b o u r i n g p o i n t s is g i v e n b y 

(1.1) d*'=gij {x,'x)dxidxl . 

I f F(x,x) be t h e d istance f u n c t i o n , i. e. i f 

(1.1a) ds = F(x,dx), 

w h e r e F sat is f ies t h e u s u a l c o n d i t i o n s [ 3 ] t t h e n w e h a v e 

1 d'F'(x,x) 
(1-2) g(tj)(x, x) 

Ox' dx 

g(ij) d e n o t i n g t h e s y m m e t r i c p a r t of g,j(x,x). T h e s k e w - s y m m e t r i c p a r t of g[j 

w i l l be denoted b y #[,-;] . 

("') T h e A u t h o r w i s h e s to t h a n k D r . R A M B E H A R I a n d D r . P . B. BHATTACHARYA for t h e i r 
g u i d a n c e , encouragement a n d i n s p i r a t i o n d u r i n g t h i s w o r k , and D r . P . K . K E L K A R a n d D r . 
J . N . K A P U K for providing h i m w i t h r e s e a r c h f a c i l i t i e s . 
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T h e i n t r i n s i c d e r i v a t i v e of a c o n t r a v a r i a n t veetor f i e l d X' a l ong a c u r v e 
C : -v' — A- ' (s) is g i v e n b y 

Ds ~ ds (1.8) 

w h e r e 

0 . 4 ) r ' A j t = Hk+g^ AhkrT\m~ AikTr\ih, 

A'hk b e i n g de f ined b y 

(1.4a) 
" k * \ dxk dxh dxJ j 

I t is p r o v e d i n ["] t h a t 

(1.5) 
Us \g«p (•«-, ** ) ] = 0. 

T h e i n f i n i t e s i m a l p a r a l l e l i s m is , as u s u a l , de f ined b y t h e v a n i s h i n g of t h e 
i n t r i n s i c d e r i v a t i v e i n t h e d i r e c t i o n of t h e c u r v e . 

2 . F R E N E T ' S f o r m u l a e . W e de f ine a set of n vec tors % l / i n t h e f o l l o w i n g 

m a n n e r : 

(2.1) 

DjDs d e n o t i n g t h e i n t r i n s i c d e r i v a t i v e i n t h e d i r e c t i o n of t h e c u r v e C. E v i d e n t l y 
are t h e c o n t r a v a r i a n t c omponents of t h e u n i t t a n g e n t t o C. W e de f ine a n o t h e r 

set o i n ve c tors ij'p/ as f o l l o w s : 

(2.2) 0 , 1 ) 

(2, 1) 

(P, i ) 

( 1 , p - 1 ) Vu 

(2 , p - l ) %tti 

( p = 2 , . . . , n ) 

w h e r e 

(2.8) 

( 1 , 1 ) . . . 0 , p ) 

Z ) 0 = l , = a n d {p, q) = \pn %iqi . 

(p,l) ... (p, p) 
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I t m a y be v e r i f i e d b y d i r e e t c a l c u l a t i o n t h a t 

(2.4) Vp!iVi
q/ — s

P9/ 

w h e r e 8pqi i s 1 o r 0 a c c o r d i n g as p=q or p=f*q, 

V'lh Vlilt V'ni a r e ca l led t h e u n i t t a n g e n t , u n i t p r i n c i p a l n o r m a l , u n i t 
f i r s t b i n o r m a l , u n i t n — 2 t h b i n o r m a l r e s p e c t i v e l y . 

A n y v e c t o r l y i n g i n Fn m u s t be express ib le as a l i n e a r c o m b i n a t i o n of t h e n 

vectors (2 .2 ) . So w e w r i t e 

(2-5) Z ^ ' V ' * = 

w h e r e Cpq/ are to be d e t e r m i n e d . F r o m (2.2) a n d (2.5) we o b t a i n 

(2.6) < W = ° f o r 9 > P + 1 -

A l s o , t a k i n g t h e d o t p r o d u c t of (2 .5) w i t h yqt, we o b t a i n 

(2.7) g i i j ) { X , ' x ) ^ ' ^„1 = 0 ^ . 

D i f f e r e n t i a t i n g (2.3) i n t r i n s i c a l l y a n d m a k i n g use of (1 .5) a n d (2 .7 ) , w e o b t a i n 

(2.8) C „ ? / + C p / = 0 

F o r q — p, w e o b t a i n 

(2.8a) < V = 0. 

F r o m (2.6) a n d (2 .8 ) , w e o b t a i n 

(2.8b) Cpq/ = 0 f o r q < p - 1 

E q u a t i o n s ( 2 .6 ) , (2.8a) a n d (2 .8b) m a y be combined as 

(2.9) CptJf=--Q f o r q ^ p ~ l a n d q + p + l . 

F r o m (2.5) a n d (2 .9 ) , w e o b t a i n 

(2.10) ^ ^ - = C p . p - , / vp-i/-\-Cptp+l/ t}tp+l/ 

w i t h 

Cpot — C„,n+ [/ — 0. 

W e n o w de f ine t h e c u r v a t u r e s of t h e c u r v e C b y t h e f o l l o w i n g e q u a t i o n s : 
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( 2 . U ) kp = C p , p + l ! ^ ^ C ^ l , p / = £ U j ) D ~ V i
p + i / 

so t h a t (2.10) t a k e s t h e f o r m 

kp-t Vi
P-i! + kp 

¿„ = ¿ „ = 0. 

I t f o ' I o w s b y a n easy d i r e c t c a l c u l a t i o n s i m i l a r t o t h e one p e r f o r m e d i n p ] 
t h a t 

E q u a t i o n s (2.13) w i l l be v a l i d f o r p ~ 0 and n also i f w e de f ine 

(2.18a) D - ^ Dn+I^0.' 

E q u a t i o n s (2 .12) , represent F R E N E T ' S f o r m u l a e . W h e n gu/) — V> DjDs is t h e 
same as t h e ^ - o p e r a t o r of T A Y L O R [ ' j a n d equat ions (2.12) represent F R E N E T ' S f o r ­
m u l a e f o r a F I N S L E R space. On t h e o t h e r h a n d , i f t h e space be a general ised R I E . 
M A N N I A N space, t h e n Fihk ~ ' ' 'A f t a n d DjDs is t h e same as t h e i n t r i n s i c d e r i v a t i v e 
f o r a general ised R I E M A N N I A N space [ n ] and (2.12) represent F R E N E T ' S f o r m u l a e as ob­
t a i n e d i n { - ] . 

3. C u r v a t u r e s . L e t us cons ider a c u r v e C : x{ — x'(s) r e f e r r e d t o i t s arc 
l e n g t h s. W e s h a l l denote b y i / ' p / a n d if'p! r e s p e c t i v e l y t h e components of t h e 
n t h o r t h o g o n a l i s e d vectors a t consecut ive p o i n t s P a n d P* of C. v'p/ w i l l be 
used to denote t h e vec to r a t P* o b t a i n e d b y t h e i n f i n i t e s i m a l p a r a l l e l d i sp 'ace -
m e n t of t h e co r respond ing vec tor a t P. ghj), g'*Uj) w i l l denote t h e components 
of t h e s y m m e t r i c p a r t of t h e m e t r i c t ensor a t P a n d P" r e s p e c t i v e l y . I f 

<?-?„ ( p = l , „ ) 

denote t h e a n g l e be tween if'p/ and irpi, t h e n w e have [ 3 ] 

(8.1) cos -5 &p —g*{lj) ( r , x) v !
p/ l'P/ • 

U s i n g T A Y L O R S ' S e x p a n s i o n , we have 

**> ^ = « / . + ( ^ ) , H 1 ( ^ ) , W + . . . 

( 3 . 2 M , * y = , y + ( i ^ l s. + \ { * & L \ w + • -

a n d 

(2.12) 

w i t h 

Dy'pf 
Ds 
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w h e r e djds has been used f o r t h e opera tor 

d \ (ix-k\ , dx'k d 

2 I 

t h e e l e m e n t of s u p p o r t be ing u n d e r s t o o d t o be i n the d i r e c t i o n of t h e t a n g e n t to C. 

F r o m F R E N E T ' S f o r m u l a e es tab l i shed i n t h e preced ing sect ion we have 

(3.8) ^£-Pl - - * v + *% ' > * W - r*th V*h
pf 

w h e r e r1/, has deen used to i n d i c a t e 

rt d x k A~ n d x k 

f o r couvenienee a n d s tar is used t o i n d i c a t e t h e v a l u e of a q u a n t i t y a t P*. 

A l s o , sinca i]l
pi is o b t a i n e d f r o m t}'pi b y p a r a l l e l d i s p l a c e m e n t , we h a v e 

(3.4) J ^ L = - r - i h n ^ p l . 

F r o m (1.5) we have 

(3.5) = g*«h) r>hj + g*ihj) r*h
t. 

D i f f e r e n t i a t i n g (3 .3 ) , a n d m a k i n g use of i t , w e o b t a i n 

= - . ( ^ * ~ r% * V « ) + * - r « 4 *%) V 

D i f f e r e n t i a t i n g (3 .4 ) , and m a k i n g use of i t we o b t a i n 

(3.7) = - ^ > , * V + r**h r \ . 

D i f f e r e n t i a t i n g (3 .5 ) , a n d m a k i n g use of i t , wa o b t a i n 

(3.8) =8*{h ^ + * < M * -~; - + r** y tr* f f t + r* A i) 
+ r» ' i (r* / A + / T V 
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w b ere 

(3.9) 

F r o m (3 .1 ) , (3 .2a ) , 

0 o 8 » s = 1 + [ « i ; ) ( ^ + ^ V p / + ( ^ , v , v ] ^ 

+ 
S u b s t i t u t i n g t h e va lues of t h e v a r i o u s q u a n t i t i e s f r o m e q u a t i o n s (3 .3 )— (3.8) 

i n (3.10) a n d m a k i n g use of t h e o r t h o g o n a l i t y r e l a t i o n s (2 .4 ) , w e o b t a i n 

cos 6 &p = 1 - i - {k%-t + k%) (<5S)2 + ' •' 

w h i c h m a y also be w r i t t e n as 

1 isT)'^P~ ^^") ~ \ ^ P ~ 1 V > + t e r m 9 c o n t a i n i n g second 
p v a n d h i g h e r powers of r5$. 

T i i k i n g l i m i t s as P*' P, i.e. as <1s -> 0, we o b t a i n 

(••») (f)*=*v.+v-
I f Qp be used f o r t h e p t h r a d i u s of c u r v a t u r e , i. e. f o r t h e r e c i p r o c a l of t h e 

p th c u r v a t u r e , t h e n (3.11) c a n be w n t t e u as 

(3.12) 

(3.2b) a n d (3.2c) we o b t a i n 

The c o r r e s p o n d i n g r e s u l t was es tab l i shed f o r F I N S L E R spaces b y K A U L ['"'] a n d 

f o r general ised R I E M A N N spaces b y t h e a u t h o r [ - ] . B o t h these r e su l t s f o l l o w f r o m 

(3.12) as p a r t i c u l a r cases. 
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Ö Z E T 

İkinci n e v ' f umumiieştirilmiş F I N S L E R uzayları [31 le incelenmiştir. B u araş­
tırmada ise n -boyut lu nmumüeştiriimiş F I N S L E R uzayları İçin F R E N E T for­
mülleri elde edilmiştir. F I N S L E R uzayları ve umumlleştlrllmiş R I E M A N N u z a y ­
ları İçin F R E N E T formülleri ( [ ' ] , P J ) b i r e r hususî h a l o larak elde e d i l m e k t e ­
d i r . Umumİleştirilmiş R I E M A N N uzaylarında eğrilikler arasında y a z a r t a r a ­
fından b u l u n a n b i r bağlantı umuınileştirilmiş F I N S L E R uzayları için de i s ­
pat edilmiştir. K A O L tarafından F I N S L E R uzayları için b u l u n a n benzer bir 

h a s s a [''3 b u n u n h u s u s i b i r h a l i şeklinde elde e d i l m e k t e d i r . 


