FRENET’S FORMULAE AND CURVATURES IN A GENERALISED
FINSLER SPACE

A, C. SHaMiHOKE (%)

Generalised Finatgr spaces of the second kind were sfudied in [1} In the
present note, Faengr ¢ formulae have been obtalned for an n-dimensional
generaligsed Fmnster space of the second kind. The Frewer's formulae for a
FINSLER Space [*} and for a generaliged RizMann.gpace [*] foltow as a parti-
cular case. A result regarding curvatures obtained by the author tor ge-
neralised Riemaanian spaces has been extended to generalised FinsLer
spaces. A similar result of Kauvn %1 for FinsLeEr spaces follows as a parti-

cular case,

1. Introduction. Let F, be an n-dimensional generalised FinsLer manifold
endowed with a local coordinate system. To each point P of F, is associated a
non-symmetrie metrie tensor g;; (x, ,;:), (x, x) being the element of support, so that
the distance between two neighbouring points is given by

(1.1) ds* =gy, Cr, ) doei e’
it F(x, x) be the distance funetion, i. e. if
(1.1a) ds = F(x, dx),
where F satisfies the usnal conditions [?], then we have

1 @ F (D

(1.2) £6p (=, x):'?———.*_u:_.x"

axtax’

g(;» denoting the symmetric part of g, (x, x). The skew-symmetric part of g¢;
will be denoted by gf;;].

(*)} The Aunthor wishes to thank Dr. Ram Bruarr and Dr. P, B, Buarracuarva for their
guidance, encouragement and Inspiration during this work, and Dr, P, K, Krixar and Dr.
J}. N. Karpr for providing him with research facilities.
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The intrinsic derivative of a contravariant wvector field X?¢ along a curve
C:xi=xi{s) is given by

Dt dut ; n dxk , Ak
(1.8) Ds  ds + i X ds + Clae X ds ’
where
(1.4) Fipgp=ifpp + gU™ g Iy — Alge Fop,
Afpr being defined by
; iy (O8RS | OZik . 28Nk
Al — 0| =2 s k. TSk
(1.42) Hue =g (64* R a.u)
It is proved in [?] that
’ D o
(1.5) : e tgtip {ry xM]=0.

The infinitesimal parallelism is, as usuoal, defined by the vanishing of the
intrinsic derivative in the direction of the curve.

2. Frenet's formulae. We define a set of n vectors Efpf in the following
manner :
, dt . 13
2.1) E'll:&? : E’pI:EE'p—Ji (p=2,...,n)
D}Ds denoting the intrinsic derivative in the direction of the curve C. Evidently
Ei,; are the contravariant components of the vnit tangent to C. We define another
set of n vectors w’,,; as follows:

’]il." - Eiu' ’

(2..2) (L, ... {q,p—1) E,

v, 1) . {p,p—1) E?P" (p=2,...,n)

where

1,1 ... 1,p

(2.3) D,=1, D= and  {p, ) =&, £y

(PJ) T (PJ P)
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1t may be verified by direet calculation that
(2.4) Yalt Mgl = (qu,f

where 8,/ is 1 or 0 according as p==g¢ or rq,

0,7, %ialy oony iy are called the unit tangent, unit principal normal, unit
first binormal, ..., unit » — 2th binormal respectively.

Any vector lying in F, must be expressible as a linear combination of the n
vectors (2.2). So we write

Dy ;
2.5) T,‘HLZECM" Wy p=1, ..,n
q

where Cpq,r are to be determined. From (2.2) and (2.5) we obtain

(2.8) Cpqr =0 for g=>p+1.

-
Also, taking the dot product of (2.5) with gl WE obtain

. Duias '
(2.7) 26 (e, x) Pyl = .
i Ds Ta my

Differentiating (2.8) intrinsically and making use of (1.5) and (2.7), we obtain
(2.8) Cpy! + C_,p,' =0

For ¢ = p, we obtain
(2.8a) Cppt =0,

From (2.6) and (2.8), we obtain
(2.8h) Cogt =0 for g<p—1

Eqguations (2.8), (2.8a) and (2.8b) may be combined as
(2.9) Cpgt =0 for g=p—1 and gqFp+1.
From (2.5) and (2.9), we obtain

D iipy

(2.10) s = Crp—tt Up—1t F Cpr prs Wptus

with
Cpo." = Cmn+ v =0

We now define the curvatures of the curve C by the following equations:
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Dot .
(2.11) kpy=Cp pru=—Cpt1.p/ = £ ""L})SL!?}'FJ”/
so that (2.10) takes the form
D 4ipy . .
(2.12) : sl TR LRIy I

Ds

with
ky =k, =0,

It fo'lows by an easy direct calculation similar to the one perfofmed in|?]
that )

(2.18) ¢ VDo Dy

v D,

Equations (2.13) will b2 valid for p =0 and n also if we define
(2.13a) D = Dnr1=0.

Equations (2.12), represent FRENET’s formulae, When gi;p =1V, D[Ds is the
same as the t.operator of Tavror |'} and equations (2.12) represent FRENET’s for-
mulae for a FINSLER space. On the other hand, if the space be a generalised Rie--
MANNIAN space, then @M, = A% and DfDs is the same as the intrinsic derivative
for a generalised RIEMANNIAN space [*] and (2.12) represent FRENET’s formulae as ob-

tained in [?].

3. Curvatures. Let us consider a curve C:af=xi(s) referred to its arc
length s. We shall denote by ??"p! and 7*!,; respectively the components of the
nth orthogonalised vectors at consecutive points P and P* of C. 3, will be
used to denote the vector at P*¥ obtained by the infinitesimal parallel disp'ace-
ment of the corresponding vecior yf,; at P. g(; ), g*¢ ) will denote the components
of the symmetric part of the metric tensor at P and P* respectively. If

g, (p=1, ..., n)

denote the angle between 7}*fp,f and T;fp/, theq we have [*]

3.1 c08 d & = g% (x, x) 7 i 7,7",,/ .

Using TavLORs’s expansion, we have

, 1% 500t ({Zg*(u) .
By — o —_— AN oy ? T
(3.2a) fup=sipt ( de )u"sJr Y ds? 0(68) T
1 (2t )
. o] — 5 — dz T U ? Tt
(8.25) 7 =i+ ( e )0 s + 9 Ty , (ds)* +

and
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(5.20) Topr =t (0L ) 4 (L2 e -

where dfds has been used for the operator

il {xk dx’®k 5
(5‘"&) (Z)JF ds ort

the element of support being understood to be in the direction of the tangent to C,

From Frenet’s formulae established in the preceding section we have

d y*t . e e ws e
(3.3) BT By R g — D

where 'Y, has deen used to indicate

. dxk . dxk
F'hk—;_s;"‘i"c’hk dxs ’

for couvenience and star is used to indicate the value of a quantity at P*.

Also, sinea ?"p; is obtained from ?}ip,f by parallel displacement, we have

dnt ok
(3.4) L = Pty
From (1.5) we have
’ dg* if . :
(3.5) - g(—{;—n == g™ (:h) Fl'hj + g*(hj) Iﬂ:hi '

Differentiating (8.8}, and making use of it, we obtain

e kg Tk*p fr “
d]s-zp'f:"( di Idih“'r'[hk"p—:) h -1/+( aih th k* ) i pti1f

d-r h
T ds

— kY

(3.8) +k’ — K p—2 ’?ﬂ —at T K k¥p+17? tp"r'zl

Differentiating (3.4), and makirg use of it we obtain

d*nip d Iy wi, preh
e = e e el prk
R 7 PV ob AP P T Y

(3.7

Differentiating (3.5), and making use of it, wg obtain

2 o dr"; d It B .
ds‘-'"_ =g%m 7 d gar ) de + F”j (T + ey

T T T

(3.8)
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where
(3.9) Dyi=g"p ey

From (3.1), (3.2a), (3.2b) and (3.2¢) we obtain

. L aipy d nips ; ZIMt)) WU ‘
cogd i, =1+ [E'(ij) ( ds +4‘J3*>u ?I'p,f “+ T . Byl ??"pf] ds
(3.10) + [#ap ( . ) & ), TEE g g )u” »

Lra ) (g o) 1 (L) e
_i_( ds Y ds + ds uﬂ P-"+ 9 ds? )D” pl P"] (’Ss)
e NP

Substituting the values of the various quantities from equations (3.83)—(3.8)
in (8.10) and making use of the orthogonality relations (2.4), we obtain

L. .
00839, =1 — = (k?,—y k%) ()" 4+

which may also be written as

1—cosddy aﬂp)?

d—cosddp [O0pN' 1 4 2 ) L
Go) e )T (% p—1+kp Y+ terms containing second

and higher powers of ds.
Tuking limits as P* —+ P, i.e. as ds > 0, we obtain

dp\? ,
(3.11) (TEE) =k, k.

If o, be used for the pth radius of eurvature, i.e. for the reciproeal of the
pth eurvaiure, then (8.11) ean be writlen as

(3.12) (ﬂl’)gﬁ 1 + 11 .

ds [ @1 ey’

The corresponding result was established for FinsLER spaces by Kaur["] and
for generalised RiEMANN spaces by the aunthor [*]. Both these results follow from
(3.12) as particular cases.
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OZET

{kinei nev'l umumilegtirilmiy Fivsuer uxaylar: [°] le incelenmistir. Bu arag-
tirmada ise n-boyutlu nmumilestiritmis Fmsier uzaylar: fein  Frenpr for-
mitlleri elde edilmigtir. Finsier uzaylari ve umumllegtirllmis Riswany uzay-
lar: f¢tn Frewer formiller (11, [°]) birer hususi hal olarak elde edilmelte-
dir. Umumilestirilmis RiEmayy uzaylarinda efrllikler arasinda yazar tara-
findan bulunan bir baglanti umumilesgtirilmiy TFinster uzaylar igin de is-
pat edilmistir. Kaur tarafindan Fmscer uzaylari igin bulunan benger bir

hasea [*] bunun bususi bir hali geklinde elde edilmektedir. £




