
ON A CLASS OF INTEGRAL FUNCTIONS DEFINED BY A DIRICHLET SERIES 

S. N . L A L 

A set o f in i n t e g r a l funct ions, e a c h h a v i n g a D n u C H L E T series representat ion o f the f o r m 

71 = 1 

w h e r e the i,^ n f o r m a m o n o t o n i c i n c r e a s i n g s e q u e n c e satisfying c e r t a i n s p e c i a l c o n d i t i o n s 

a t the l i m i t s , i s c o n s i d e r e d a n d the f u n c t i o n given by t h e D I R I C H L E T series 

oo 

f(s)= %Am,a*a* 
i i - 1 

with 

HI Itl 

A m , * ~ I T (ak«dP*'* t*m*>~ ^ Pkh,n'*Pk>° 

is def ined a n d s o m e p r o p e r t i e s o f this f u n c t i o n a r e obtained as c o n s e q u e n c e o f those o f 

the F u n c t i o n ( s ) . 

.1 . Consider the DIRICHLET series 

r i s ) 2 an /x« 

n = t 

where 

and 

i l . l ) lim sup = 0 . 
Let o c and ° a be the abscissa of convergence and abscissa of absolute convergence, 

respectively, of F(s). IF vc — aa = oo ,! F ( 5 ) is an integral function. We. shall suppose 
thioughout that (1.1) holds and that <rc — aa — c o . 

Let f(s), k — 1 ,2 , . . , , m, be m integral functions of s ~ <* + it with the following 
DIRICHLET series representation, 

75 
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(1.2) = J " A , -

where 

« = 1 

in the whole i-p?.ane and let 

0-3) = 24«.« EILT,",N' 
where 

A n h n ~ n i«t N A , - 2^ 

and the p 's are positive constants. 
In this paper, we have obtained some of the properties of f(s). 

2. Theorem 1 

If fk a s defined in (1.1), are m integral functions of order 

Qk (0 ^ Qk ̂  °°) > (* = 1, 2 , . . . , m), 

A, 
such that 

0) 

as 
R -»- CO ( « & > 0) 

and 

HO l im U f c + 1 — Afc ) = ft, 

H>/We 1) is a positive constant, then the function f(s), defined by (1.3), is also 
integral function of order Q, such that 

Pk 

Proof. 
- ^ 2 

I t is known ( [ ' ] , p. 80) that f(s), as defined by (1.3), is an integral function. 
I t is also well known p. 44) that i f 

« = 1 

and 
lim ( A B + 1 — Xn) =h, 
fl-ico 

where h ( ^ 1) is a positive constant, then F(.s"t is of linear order g , 
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(2.D Q =z l im sup 
log Xn 

log 

The corresponding result for fk (s) and f(s) are 

log 

and 

Hence 

— = lim inf 

— = l im inf 

ak,n+l 

A 
log m, n 

— = lim inf 

log n 

log Pm,n 

a k , r t 
ak,n+l 

log 2 PK 

Pk i°g n 
— = lim inf T - — - T — 

since 

> o G ( 2 ^ ) ~ > o 8 ( £ ^ ) . 

where i = j » i « i + i > 2 *sH r--Pm
 am> s o 

and therefore 

— T , < lim inf 
Pk log 

& = 1 
I O S ¿jfc.ii 

= 2 

3. Theorem 2 

// A f 1 - 2 ) ' a r e m r ' " ^ m / • ^ w c / / £ " , i o / l o w e r o r d e r V k { 0 - V k - ~ } ' 

(ft = 1, 2, . . . , m) //W 

A, 
(0 

hR. ^ a s B - . c c (cEfc > 0) 

w/tere A (^ 1) is a positive constant, and 

http://%c2%bfjfc.ii
http://B-.cc
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log 

070 

ak,n 

are non-decreasing functions of n for n > nu> then the function /(s), as defined in (1.3), is also 
an integral function of lower order v such that 

•^2 
Proof. 

We know that f(s) is an integral function, ( [ ' ] , p. 80), also we have ([*], p. 44) that i f 

F(s) represented by the DIRICHLET series ^ a " m ^ e w n o ^ e plane is an integral func-
/ ! = ! 

tion, such that 

(0 lim (A f l + 1 - A„) = h, 

where / i ( ^ 1) is a positive constant, and 

(« ) 
log log 

an+l an+l 

¿ « + 1 ~ ^ 

is a non-decreasing function of n for n > « 0 J then the lower linear order v of F(s) is 
given by 

(3.1) v — lim inf 
log An 

log «7. log 

Using (3.1) in the case of fk {s}, we have 

- J _ = Hm sup 

log 
ak,n log 

ak,n + l ak,n + l 

Futhermore 

log in, n 

— — l im sup — , 
l o g f l , 

- lim sup 1 

log 2 PK 

= l im sup 
L 0 S A A T » 
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Hence' . '' 1 " * 

m log — f" 

y ~ Lk \ log X k n j 

The following corailaries easily follow from the above theorems : 

CoroLary 1 

I f f(s) is an integral function of infinite order then each of the functions fk (s) is of 
infinite order. 

Corollary 2 

I f any of the integral functions fk (s) is of zero order then the order of f(s) is zero. 

Coroilary 3 

I f the functions fk (s) satisfying the conditions of theorem 2, are of linearly regular 
growth, then /(j) is also of regular growth, and 

Pk ± = y 

Since for functions of linearly regular growth e = v, we can write, 

J _ ^ Pj_ j j _ P s + i i i | Pm Pi j. Pi. + ... I P™ 

Biit e ^ f , therefore, 

— — £x 4- i i i - L . . . . i f!" — , 

Hence /(s) is also of linearly regular growth. 

4. Theorem 3. 

If fk (s), {k — 1, 2, ..., m), as defined in (1.2), be m integral functions of orde; 

Qk (0 < Qk < °°) a n c l tyPe Tk (° < Tk < °°) u t c ! l t n a t 

(i) hm sup —- j — 0, 

and 

(ii) J ^ J L - ^ ^ k as n—oo ( « f c > 0 ) , 
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then the function f(s), as defined in (1.3), is also an integral function of order Q and type T, 
such ihat 

provided 

where 

Proof. 

Let 

1 m 

^ n ( ^ ) 

L v i pw q 

Pk ak 
L 9,. 

v =t 

L = 2 Pv av 

m 

1 1 

n Ak,n ak,n 

Now let 

then 

Futhermore 

lira sup Rk(n) — (e Qk T^k . 
n->oo 

1 m 

(e Q T)P = l im sup R («) ^ L P IT l im sup 
k^=i 

1 1 

Ak,n ak,n 

a pk 
k 

«k 

1 m Pk «A 

— L p | | f e g* r f e \ i Pi 
in 

n ( 
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Hence 

1 m 

( v r ) v ^ n ( ^ y L P7. 

5. Theorem 4 

// fk (*) are m integral functions of order ek ( ° < Qk < °°)> & = l> 2> • • •' n i ) m d 

lower type tk (0 < tk < «>), such that 

(0 hm sup — j — — • = 01 
M-.ro "A ,H 

O'O 

ant? 

i l i i ) 

k n &k 

log 
JA, n 

ak,n+l 

ik,n+l ~~Ak,n 

forms a non-debasing function of n for n>n0, then the function /(*) is also an integral 

function of order Q and lower type t, such that 

k=>l 

provided 

= 2 Pv «v 

where 

Proof. 

L ~ 2 PV AV 

Let 

m 1 9k 

a PA 

as in theorem 3. 

http://M-.ro
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Now let 

L l 

then 

Hence 

= I ak,n\ " • 

Ihn inf Ä f c (») = (e qk tk) * . 

(e Qt)9 = l im inf R(n) ^ LP JJ l im inf 
* = 1 

1 1 

Ak, n "k, n 

Therefore, 

(* ) ' *n(vr 
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Ö Z E T 

{ *fr ıı } dizi leri monoton a r l an ve l imitleri bazı özel şartlar sağlamak üzere, 

D m i C H i - E T seri leri ile ver i len m tane fonksiyon göz önüne alınmak ve 

ın 

A- = 1 A = 1 

o lmak üzere 

« = l 

DııucHurr serisiyle tanımlanan /(s) f onks iyonu göz önüne alınmaktadır. B u fonksiyonun 
bazı özellikleri,/^ (s) fonksiyonlarının özelliklerinin sonuçları o l a r ak e lde edi lmektedir . 


