
ON THE MEAN VALUES OF INTEGRAL FUNCTIONS * 

SATYA N A R A I N SRIVASTAVA 

L e t jig ( r ) a n d ms ^ ( r ) be the two functions 

by the f o r m u l a e (1.1) a n d ( 1 . 2 ) , 5 a n d k 

T h r e e t h e o r e m s c o n c e r n i n g these 

a s s o c i a t e d to a n integra! funct ion / (z) 

d e n o t i n g a n y t w o p o s i t i v e n u m b e r s . ' 

t w o functions a r e p r o v e d . 

1. Let f{z) = ^ an z" ^ e a n integral function of order Q. Also, let 

0.1) f * 6 f r ) = - ^ T f\firei*)\*dQ, 
0 

r 2ft 

(1.2) mh k (r) = f f [ / ( « « » ) | » * * dx d&, 
0 0 

where 8 and k are any positive numbers. 
We shall obtain some of the properties of j * 6 (r) and m & fc (r). 

2. Theorem 1, / ( z ) 6e an integral function. Then, for 0 < < j * 9 , 

2 _ , > + ! ) i * 6 ( r i ) ^ { 4+l m&ik ( / - 2 ) - / - f + 1

 m & f f c (r,) } ^ 2 ( ^ + 1 - r f + 1 ) ^ a ( r s ) 

H'Aere 5 owrf A are any positive numbers. 

Proof. From (1.1) and (1.2), we have 

r 2n 

0 0 

r 

= ^ F M f f*» (*) rf9 • 
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Therefore, 
r 

(2.1) mb k (/•) = J fib (x) xk dx ¿0 . 
0 

From (2.1) follows 

>i 

(2.2) r*+i mbik ( / • , ) - / • * + ' (r.) = 2 | ^ ( x ) * * ^ 

and the inequalities follow since pb(x) is an increasing function of x. 
We may note that i f f{z) is an integral function, other than a constant, and « ( 0 < a < l ) 

is a constant, 

l!m ? • i — ^ 3 - ; • , • — > = 0 . 
r^oo ) mb k (/•) — a*+' m 6 i A (*r) ^ 

(XI 

3. Theorem 2. / / f(z)= ^ o„ z" 6e a« integral function of order Q (0 < Q < co), 

/ype r o/ii/ /otcer Ofe v, then 
sup l o g ^ O " ) _ 3» 

sup logm 5 i f c ( / - ) _ 3 * 

(«) r ! S , inf r«" 5 . ' 

ajAere <3 ft are a/y positive numbers. 

Proof. ( / ) We have 
2ar 

(3.1) M r > = ^ y | / ( r e i & ) | 5 rf,?^ { M ( r ) } 8 , 
0 

where Af(r) = max \f(z)\ . 

Also, we have 

(3.2) ^ ( 0 = - ^ . J \f(re*9)\*d# 
o 

2ar 

0 

where /»(r) = [ QN(ry I ' " i V ^ is the maximum term of rank N(r) for | z j = r, in the series 
for f{z). 

From (3.1) and (3.2), we get 
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(3.3) { ^ 0 - ) } 5 ^ ^ 8 ( r ) ^ { A / ( r ) } 5 . 

Since for functions of finite order log ¿¿00 —' log M(r) i t follows, from (3.3), 

(3.4) log { ^ O O } ' ^ ~ log MOO-

The result ( i ) follows easily from (3.4) since 

lim S U P *°g M(r) = % 

i--»co inf rQ v 

( / i ) From (2.1), we have 

r 

! M 6 . f c W ^ M r > / <** 
0 

= ( T T T ) " ^ ' - ) . 

since /* a (x) is an increasing function of x. 

Taking limits, we get 

(3.5) lim ™? J ^ * i L ^ i i m s u p ^ W = 6 T > 

inf r« <!> v 

Also, from (2.1), we have for a > 0 

m » * t f < i + f l > > = ( r ( l ^ ) } f c + - / d * 

r 

since j t t & (*) is an increasing function of x. 

Taking limits, we get 

lim s u p l o g m 8 ^ { r < l . + fl)} ^ 1 l j m sup log /* a (r) 
i -wo inf { / - ( l + a ) } e — r^oo- inf r<S 

or, 

lim S U P ] ° B m ^ k <r> ^ 1 ] i m sup log Pb(r) _ 
r -wo inf )-e — ( l + a ) « r - K » inf / D 

Since the left hand side is independent of a, for a -v 0, we get 

(3.6) lim S «P ^ l i r a .»«P =

 5 1 . 
r-»-oo inf r5 r ^ o o inf 5»» 

The result (ff) follows from (3.5) and (3.6). 
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4. Theorem 3. Let j\z) be an integral function. Then 

ffl, . ()') ,. m . , (r) 2 
hm sup -^A*k— - ^ lim sup — ^ — , 

r->™ v {Af(*- ) )* ~ r->™ Ph(v) + 

where M (r) = max | / ( z ) | onrf <Vt o/'fi i7«^ positive numbers. 

Proof. Since p&{x) is an increasing function of x, therefore from (2.1) ; we have 

r 

2 
(/c + 1) = T T : T - , T ^ 0 - ) . 

Taking limits, we get 

(4 -1 ) lim sup "L^ ^ _ A 

Also, from ( ¡ . 1 ) , we have 

(4.2) ^ ( r ) ^ { M ( r ) ) o . 

Therefore, from ( 4 . 1 ) and (4.2) , follows 

mf., W ,. i « R , (/•) 2 
lim sup — ° fe ^ lim sup 0 , f e — . -¿1 — — 

r ^ c o ( -M(r ) je — ,._>«> /* . (r) — (A + l ) 
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Ö Z E T 

UG ( r ) v c »tg ( r ) , / ( z ) integral f o n k s i y o n u n a (1.1) ve (1.2) formülleri i le tekabül e t l i -

r i l e a i k i f o n k s i y o n u göstersin : a ve A;'nın b i r e r p o z i t i f sayı oldukları farz edilerek 

b u İki f o n k s i y o n u i lg i lendiren üç t e o r e m i s p a t e d i l i y o r . 


