
A THEOREM ON DIMENSIONAL LAPLACE TRANSFORMATIONS 
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A theorem on n dimensional L A P L A C E transformations is proved and then applied to 
the evaluation of certain definite integrals, not easy to tackle otherwise in a neat form. 

J. The present paper deals with the operational calculus based on H-dimensional 
LAPLACE transformations, 

a> Co 

f(P,, ••• . Pn) = Pi —PH f ••• j E X P (—2PiXi) A C * , , . . . , x„) dx,...dx„ 

0 0 

where h is the «original» and / , its «image» ; / being the operational representation of h, 
expressed symbolically as / Q h or It 3 / 

n n 
In this paper we shall derive a theorem in n-dimensional LAPLACE transformations and 

apply this theorem (especially for n = 2) to evaluate certain definite integrals, not easy to 
tackle otherwise in a neat form. In this theorem we shall take D (o 1 0 , . . . , am) to represent the 
set of points for which R(p{) — R(Pi») = <J!o > 0. 

In establishing the theorem it has been frequently necessary to effect changes in the 
orders of integrations in the multiple integrals. For the justification of the process, we use 
FUBINI'S theorem and the Lemma given below. 

2. Lemma (i). I f one of the repeated integrals 

CD CO CO CO 

j dx j \f{x, y) 1 dy and j dy j \f{x, y) \ dx 
a b b a 

be finite, then the integrals of f{x, y) over the domain (a, b; co , co) is finite and is equal 
to the repeated integrals over the same domain. 

3. Lemma (J7). I f f(x, y) be non-negative and measurable and be defined in 
(a, b ; oo , co) , then 

CO <» CO CO CO CO 

jdx j f(x, y) dy, j dy f f(x, y) dx, j f f(x, y) dx dy, 
a b b a a h 

are all finite and equal or else all infinite. 
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The domain of convergence of the n-dimensional LAPLACE transformation, has been 
defined by me already in my Ph. D . thesis, submitted to B<. I . T. S., (Pilani), in 1965. 

4. Theorem. Let 

(4.1) / ( / > , , . - , Pn) C A U , , - , *„) 
II 

for (Pt,:-,Pn) (z - D ( o 1 0 , . . . , <J„U); 

and let 
CO CO 

(4.2) F ( x ) = J ••• J exp ( - ~ - [ 2' (at xj) ]*) D,v ( 2 at x^ h(xt .v„) dx,... dx n 

o o * x 

exist as an absolutely convergent integral for _RC*f) > 0. The ot-'s arc all positive constants. 
I f the operational variable p corresponds to x, then 

(4.3) ' / + W / ( « , sj-p, ...,alt sj~p) C <Sl±^±«£ F{x) 

provided that x z F(x) is integrable L in (0,co) with respect to the variable x and 
Rip) > 0. 

Proof. 

Since the definition integral in (4.1) is absolutely convergent for (p, , pn) £ 
D (<r10 , ... , o» 0), it is absolutly convergent for all p¡, p •, such that R(p{) = R(pj) = R (p) > 0. 
Thus the definition integral in (4.1) can be written as 

(4.4) / 2 fia, \J7,..., aa\]p) 
GO CO 

= («i •••On)j ... j p 2 exp [ — ( X ¿>i i'i) p 2 ] It •••, «>») dt'i ••• du» . 
0 0 

Since P° ~ J e~ ^ - ¿¡r^f / e x ° ' e~~ T x D™ ( \ ] ~ ) d x iov R(a) >0, 

we can write (4.4) in the form 

(4.5) / * fia.sj p,...,an\] p) 

= (ji^. a_n) i r Un) d u dUil 

v 0 0 

X y e 2 exp [ — C£fl,- « r 0 2 ] (-^L 2 «f J rfr . • 
o ' * X 

On changing the order of integration on the right of (4.5), by FUBINI'S theorem, we obtain 
the required theorem. 
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5. Applications. 

i ) Let us take f(p, q) - q p ' 
(1 + pqY+ 1 

so that 

Hence from the theorem, we get 

—o— L co co 
ab x z f t r (an + 6 V ) a 1 ^ f au + bv' \ „ r ,„ , — , , , 

J J e X p I 8x~~^ J w V ~~Jr ~ ) l ^ n r(v + \) J J L Sx J \ ^ 

u + l 

06 
or, 

CO CO 

0 0 

r ( - - ± I ) ^ r 
a " + ( 6"+' H=J \, ab 

2 N 

In particular, when v = 1, then we obtain 

to CO . x 

f f r ( O M + A T / ) * - ! n / au + bv' \ , , „ ,—_ , , 2 V ; T r 

/ / e x p [ — 8 ^ J M ~ ^ r ' ' C 2 0 w ) r f i , < f o - I F F * * 1 * ' AB 

0 0 

2) Let / ( , , * ) = — ^ ^ L - ; so that / , ( * , , ) =
 1 V-^ + V ^ T T 3 

Hence by the theorem, wc get 

(au +bv'y "I fan -| bv's 

\Jlx J \Jir -|-

2" :T 

\/ ~a (a + ( / ^ + b) V (̂ - — v ) 

dudv' y y e x p i — - & r - J M ~ _ 

. « (v)< i 

t a n - 1 I V — 3) Let f(p,q) = ; so that / , ( X J J O = — [ V — — - \ Y 
^ + \Jpq a y \ j 

Hence by the theorem, wc get 

0 0 

; — — — » J? (3 —2«) > 0. 
a(a + \/ab)r (3/2 — *•) 
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4) Let = . P . q , . > so that h(x,y) = ber(2\Zay). 

Hence by the theorem, we get 

(au + bvT I n / a u + b v ' \ . / — , . , _ 2" yjIt x 

0 0 
\/2x J abr(s"-v) 

1 

5) Let f(p, g) = — ; so that A (x, y) = (xyf J ( 3 )• Then 
\pq a ' a 

" — u CO CO 

0 0 

X / (3 *\Utv') dtt dv' 3 / ' « < L F E ' ' • 
1 ) 1 
'2 2 

3 
In particular, when *> = ~ , we obtain 

CO . GO 

o o 
(2*)a" / 2-\j x'-

COS ' 
W V sjab 

6) Let fXP,q)=-pB— • so that A (x, 7) = ^ 0 F B (1,4/3,5/3 ; 

Hence by the theorem, we obtain 

CO CO 

/• t r (AH + A W T I (aU-\-bv'\ „ / 4 5 , « 3 v ' \ 

y y e x p L~ &r-J M~v27~r"° F »V 'T>^>--rr) d u d v 

0 0 V2. 
2*'+' \Jn x2 f J L _ i L 2_—?L x^ \ 

fl^r(4 — w ) 1 2 V ; 4 2 ' 4 2 ;
 Atf&'j-

i - i - » 
V » a —u/2 U--/2 — 

7) Let / (p .? ) = \ + ; so that A (x, j>) - x y Hv{2 \Jxy). 

Hence by the theorem, we obtain 
CO CO 

f f r (au+bv'Y'l n ( au + bvr\ _» ,» , , ,_ ,—>. , , , 

0 0 T 

\J it 2V x 2 

a 3 ' 2 Aw+ 9' 3 r (2— £) 

« + 3 
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8) Let f(P, ,„ „ ni + mirii-** > * " hr± 

4 it V it V $ L 

(--{ < R(m) < i s o t h a t M * , jO = ( y ) 2 ' " ^'n. —"i (3 W P ) . 

Therefore, we get (when ti — — 2m) 

f f r (™ + ^') 2l n ( au + bv'\ ( ii V" r H / — . , , 

0 0 v 

r ( I + m) r - /») 6 a i " c a , T t f Ax 
M 3'" . 

v/« 2 " " + * o m ^ m r ( 2 m + l ) 2 ' 2 Va*** 
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«-boyutlu L A P L A C E dönüşümleri hakkında bir teorem ispat edildikten sonra, bu teoremin 
sonuçları, başka usullarla hesapları oldukça karışık bir şekil alan bâzı belirleri irıtegıal-

lere uygulanmakla ve bunların değerleri elde edilmekledir. 
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