A THEOREM ON »#—DIMENSIONAL LAPLACE TRANSFORMATIONS

R. S, Dagiva

A theorem on p dimensional LaAPeacy iransformations is proved and then applied to
the evaluation of certain definite integrals, not c¢asy lo iackle otherwise in a neat form,
i

1. The present paper deals with the operational calculus based on #-dimensional
LarLacE transformations,

f(pl,...,pn)=pt...p,;f... f cx;ﬂ (—Zpixp) Rix,, ..., x) dx ..dx,
4] 44

where & is the «original» and f, its «imagey ; f being the operational representation of A,
expressed symbolically as . C hor f# D £ :
n n

In this paper we shall derive a theorem in #-dimensional Laprace transformations and
apply this theorem {especially for # —=2) to evaluate certain definite integrals, not easy to
tackle otherwise in a neat form. In this theorem we shall take Doy, ,..., 6n,) to represent the

set of points for which R(p;) = R(p;,) = 04, > 0. .

In establishing the theorem it has been frequently necessary to effect changes in the
orders of integrations in the multiple integrals. For the justification of the process, we use
Fusmit’s theorem and the Lemma given below,

2., Lemma (/). If one of the repeated integrals

=] o3 o0

fdxfjf(x, M| dy and fa’y fm]f(x, MY dx
& b a .

[

be finite, then the integrals of f(x, y) over the domain (&, b; @, w) is finite and i5 equal
to the repeated integrals over the same domain.

3. Lemma (/). If f(x, ») be non-negative and measurable and be defined in
{a, b: o, w), then

o o

[ fmf(x, ) d, fwdy fmf(x, [ fmf(x, ) dx dy,
-] & « &

(4] T

are all finite and equal or else all infinite.
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The domain of convergence of the n-dimensional LAPLACE transformation has been
-defined by me already in my Ph. D. thesis, submitted to B. 1. T. S., (Pilani), in 1965.

4. Theorem. Let
4.1} Spos s pry C Iilxg, ooy xp)

for (P[s---:pn) G D(Um,...,d,,n);
and let '

\/Zx

exist as an absolutely convergent integral for R(x;} > 0, The g;’s arc all positive constants.

(4.2) F(x)zf e fexp (— §!;[ 3 (a; x;) ]2) D,, (;-E a; x,—) hxy o, ) dx.odxn
: v 0 '

If the operational variable p corresponds to x, then

. vty 3§ — - {(@,...,an) —v—1%
(4.3) P FasVp, anVp) C e ) F{x)
27V a
ep-1
provided that x M F(x) is integrable L in (0,e0) with respect to the variable x and
R(py > 0.

Proof.

Since the definition integral in (4.1} is absolutely convergent for (p,, .., po) €
D(c,y, ... ,Ony), it is absolutly convergent for all p;, P, such that R(p;) = R(pj) =R(p)>0.
Thus the definition integral in (4.1} can be wrilten as

ntl

4 p 2 S@Vpes eV D

'

[==] oo
p- 1 1
= (al...an)f f p CTexp [ —(Za ) p 1 Gy, o, i) duy ... dun .
0 0

x

-1 N 1 —px  —p-L —
Sinc:epU e \/a.aﬁzy \/; f ¢ X e ¥ D, (\/,gi)dx for R(g) >0,
ST . X
)

we can write (4.4) in the form

Ld

w4 = -
@ P T f@Vr..,aVp)
" @ )
= (—“‘—'"‘i")- f f B(uy, ..., un) du, ... dun
2"“:! K K

X

o .
—py —o—% 1 . 1 N
XU'/.G X 'lexp [—8_(}“("'”")2]D"’(Jiz‘aiui)dx'.

On changing the order of integration on the right of (4.5), by FumiNgs theorem, we obtain
the required theorem.
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5. Applications.

lfi'

1) Let us take f{p,q) — ——

Q + PQ‘)”+'
so that
_ X" Ty (2 W)
h(x, )= o1l R(v) > —
Hence from the theorem, we get N
b —bv— 5 2 b ) ——
s [ [l S o ()
k4
nit
D a—2 p— " P 2

or,

_1 T L
(P + E) .

=2
f f exp [M(‘”’ 7;,\'_"“’ )_] D,, (Mzi’i) i® Ty 2 Vo) dido’

i ¢ \/2x
3

1 +1
(ﬂl)\/-tlx L %1

ab X
= gttt prt : i LUT‘l ( ab-

In particular, when » = 1, then we obtain

oo [==]

(au+ buv')? ( au + bv” ) — s 2¥x L, —

_ ; 4 = B2 ab

f f exp [ ox ] D, o i J, (2 \/ufu ) dn dv g Xt e ..
g .

2) Let f(p.q) = VP that by — VAT S
. P+ V2pata " Va7

Hence by the theorem, we get

» . PN ey e R
[ [ ow [— @t o, (2 ) VLV,
Q 0 .

8 Vi &

29 g xEi ) i

- i 3 < A
Valat+ VZab+b) FG—w R(v)< 3§

3) Let f(pa) = # 5 so that A(x, ) = 25 [ g-gtanfl(\/%)}

Hence by the theorem, wc gat

T e [ oy et bl NI e/ (m) ,
[ fexp [ D, ( 55 ) I: o tan o :Ia‘u do
¢ ¢

Sx

-l LBJ2 -
- ] , R(G3—2¢) > 0.

ale+Va) ' (3/2— )
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‘ _rae
4) Let fip.q) = Py

Hence by the theorem, we get

; so that A(x, y) =

DaRrva

ber (2\/;}'_).

e [+.4]
(au + bo")? an +bo’ . —_— v \/; x
f f exp [_T] Dy | — 5 ber (2 Vo) dudo’ = S e
0 0
3 v 5 v x* '
s 1F9(1 ’TWT s 4_7_2_ 5 *m}) . R(372,U) =0,
L\
1 g - (17 _:E
5) Let f(p, @)= =—; so that k() = (" 7 (3'Yxp). Then :
Vg LA
(ahP!* x 7 (au + bo')* [ au+ b 1
v v 2 f f exp 4‘ 8x :l D?v VZXT—') (H'U )
- Cw 1
x I B Nuwtydude” DpT " e @
2 1 i
. 3 .
In particular, when o = 5. We obtain
w w b ’ b . .
/ f exp [ @20 p, (““ +bo )(u.u')E 7,6 N ) dude
8x v2x 3’3
¢ 0 :
(@ \Zx i
- (a.b)ﬂﬂ vab )
6 Let f(p,q)= ——L so‘that‘h(xy)z—z (14/35/3 BJ’).
el Pagt+l’ i 2 27
Hence by the theorem, we obfain
= (au + bo')? bot\ 4
au + by au+-bo’y 5 e’
f fexp [— R ]Dw( \/-2; )u ”F“(j’T’S’ 27)dudw
0 0
_ e o (1.1 e 3 e X
T @I (E—w) YT\ T4 274 27 b}
Vid " 2
— — 2
D Let S0 = YT w0 that ey =50 " H,@ V)
Hence by the theorem, we obtain
=] @ , )
2 4 v —_
f f exp [A“‘”—*b‘”) | Pas (ﬂ:bl) W E oE M, (2 \re') dude
. Bx Vax
0" o0
v3
p xd 2
= \/SE d I.FI. l;z_i;*..x_ .
LA ok LIRS A R | 2 ab
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s+ m) F(%~m)p

4,; \/_;—5 m 32
X

aun e —
(—% < R(m) < %) ; so that A(x,p) = (?) T —m 3 V7).

8) -Let fp, q) = il

Therefore, we get (when » — L — 2m)

-] o0
b e b r N ; -
f f exp [— (ml’ _;8_)( ‘0) :I Dl*-}.m ( @ E”) ( ”' ) Jm,—m (3 q\/tr*v”)a’u dy’
0 0

Vax v
_ 2
::F&+m)r&—momme“mﬁJ (%j
Y 2 gmam @t 1) 23 \at)’

— 3 << R(m) < 3 ')
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n-boyutiu EAapLACE ddnisimleri hakkinda biz teorem ispal edildikten sonra, bu teorcmin
sonuglarl, bagka usullarla hesaplar olduke¢a kangik bir gekit alan bazi belirieri integral-
lere nygulanmakia ve bunlann degerleri clde edilmekicdir.
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