HOMOGENEOUS NON-STATIC SOLUTIONS OF EINSTEIN-MAXWELL
FIELD-EQUATIONS FOR AN ISOTROPIC SPACE-TIME

V. IvenGAR AND K, MoHAN

We consider solations of the EmstemN-MaxwelL lield-cquations in vacua for spatialiy

homogeneous electro-magnetic Fields, We [ind thai, except for certain times, the metric

is regular everywhere, there is no magnetic-field and there is an clecirie-ficld of cqual
strength in the x, ¥ and z directions which increases with time,

1. Intreductien. The ErnsTEmN-Maxwerr field-equations in vacuo are,

& Gt = 85 (Fra ¥ + 1 ] Fau 179
(1'2) Fl"\‘:d‘f_-Fvasii + Fuph-v = 0,
(1.3) (\/.fg,} F¥vy =0,

where G:L is the EINSTEIN tensor

ab G, def R —) g, K

where R; is the Riccr curvature tensor

(1.5) Ruyv="0, Ty, — o, I AT ) e —(T0,) <
and ‘ .
(1.6) R def Ry, g%

g% s the fundamental tensor and I‘iv are the CorisTOFPEL 3 - index symbols. Fu, is the

skew-symmettic electromagnetic field tensor.
The Ramcu conditions for the existence of a non-null electro-magnetic field are [']:

a) The MaAXwELL tensor has zero trace,

.7 R=0

b) The square of this tensor is proportional to the unit matrix,
L+3 v — Q v
(1.8) RS R, — 0% 8
¢) The electro-magnetic energy-density is positive definite,
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1.%) Ryo = 0.
d) A certain form of the Riccr tensor shall have zero curl,
Lug #2IVE R;’D Ripyy 2

o'V g

where £9€¥% is the LEvi-CiviTA permutation symbol and 29129 = 1,

(1.10) =au=0

When the EINSTEIN-MAxXwELL equations hold, these RamicH conditions are completely i
equivalent to EiNsTEIN’s description of electro-magnetic radiation and gravitation, L

Further, for an electro-magnetic field, the eigen values of the EinsTEm tensor reduce
to the form, ’

(1.1}) g0 — 0 — 4,

2. Field-Equations, We consider the isotropic line-element, [?],
.1) dv? = e (1 — &P (dx® + dp® - dz7)
where we take ¢ to be a function of ¢ alone.

The components of the EINsTEIN tensor G“’JL for the space-time (2.1) are found to be,

Gy = 3¢*@ @
22) I 4 kL F r
G = G =G} =™ (56" 4 2 4)

where the dot denotes differentiation with respect to time,
From {2.2) it is seen that the Ramuch conditions (1,7) to (1.10) are satisfied,
The ecigen-values of the EinsTEIN tensor arc given by

(2.3) G, G = g::‘.
These are seen to satisfy (1.11), with,
24 e =3 e g7,
The condiiion (1.7} gives,
i
(2.5} H = 3 log (3¢ + c).

where ¢ is some constant.

The metric (2.1) now becomes,

| .
2 = ?__ - 273 2 2 2
(2.6) ds BT o dr (Gt ) (dx® + dpy? + dz%)
We see that this metric is regular everywhere except for values of ¢ = — ¢/3.

3. Solutions. Working directly with the electromagnetic field tensor we find the
solutions of the EmsTEN-MaxweLL field equations.

From (1.1) and (2.2), we have the following equations :

- el .
3.1 € (Fiy & Fiy + Fiy) + g% (Fg + Fip + Fgy) = 5— 34*
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(3.2) Fry Fop v F, Fyy =0,
(3.3) Frg Fyy — Fop Fiog == 0,
3.4) . Fig Fou + Fog Fou = 0,
2z 2 o0 2 o'® £z '
(3.5) g F,—¢g F03=T;(5€D' +24¢),
2 2 oo 2 e'® : X
(3.6) & F]3_g F01:W(5¢2+2¥’))
. . 2 2 0o 2 et = 5 y
3.7 7] F]g*g Foz-zﬂ(5‘1"+24’)-

Equations (3.2) and (3.5) give,
2 v - o - .

3.8) Fy (877 Fyy — ™ Fg) = Fog 5~ (58° -+ 24,
From (3.6) and (3.8), we have,
(3.9 Fy, = FY .

Alse, from (3.4), (3.6) and (3.7),
(3.10) Foy = F3y .
From (3.9) and (3.10),
. 2 2 2

Gy Fl = F% ~ F2,.

Similarly, (3.5), (3.6) and (3.7) give,

(3.12) Fly = Fly = F3.
From (3.11) and (3.12), using (3.1), we have,
27 2 o5 A e*® "-1
(3.13) R o A i
k17
(1.7}, (3.5) and (3.13) now give,
(3.14) F,=0
and
h o
(3.15) ‘ F, =+ 280,
Ve
Hence we have,
(3.16 Frp=F;=F,=10
and
3.17) Fy= Fp=Fy =2 @14 .

It is seen that, with these values, the equations (1.2) and (1.3) hold.
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We. find that, if ¢ is taken as a function of ¢ alone, there is no magnetic induction
but there is an electric field of equal strength in the x, y and z directions. As ¢ increases,
the electric field also increases.
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OZET

BinstEin-MaxweLL denklemleri, boglukta ve uzayca homogen olan elektromagnetik alanlar
jgin pbz Onine ahnmaktadir. Belir)i bazi zaman anlar harig, metrigin her yerde regiier

oldujin, magnelik alamn olmadift ve x, ¥ ve z dogrultularinda esil kuvveli bulunan ve

zaman ile birlikte artan bir elektrik alammnin varligi gosteriliyor,




