ELECTROMAGNETIC FIELD IN DECOMPOSABLE SPACE-TIME
V. Ivencar anD K. Kourruswamy Rao

Considering & four dimensional Riemannian space with signature —~ 4- 4- 4+ as the

prodizet of two ordinary surfaces with constani curvature, and using the RamicH

algebraic equations we obtain expressions for the clectromagnetic field, ‘This is seen

to agree with the resulis obtained by BertoTtTi (1959) on the basis of purely geomeiric
considerations,

1. If we consider space-time as topologically equivalent to the product of two ordi-
nary surfaces ¥, (coordinates x°, x') and F_ (coordinates x*, x*), a tensor field of arbitrary
type is said to be decomposable ['] i (a) its components with mixed indices are zero and
(b) if its components relative to X4 depend only on x°, x' and those relative to 3 __ depend
-only on x7,x%, The fundamental tensor g, must then be such that

(1-1) ’ g,lw = lh]-l-v + j,;(v
where oy pertains to ¥4 and S o Z_.

For source-free electromagnetism with non-null electromagnetic fields, the EINSTEIN -
MaxweLL equations are replaced by a set of conditions involving the energy momentum
tensor T, where ’ :

0.2 G,m- d:ef R,u.v ﬁ% &y R = 'Iju.v
where
i o T a o <]
R,uv_F::m,v_Fuv,a+Igu va_Fﬂéc F,Lw
and

R = R, g""
The Biancun identities give
(1.3) ] . er;v =0
and then the RainICH algebraic conditions [] Vfor a real electromagnetic field are :

The MAXWELL. stress tensor has zéro trace
(1.4 . G =0

The square of the stress tensor is proportional to the unit matrix
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1.5 G, G =¢ éu = 7 J,
where
=1 Gi,Gﬁ =0,
The electromagnetic energy density is positive definite
(1.6) Gy > O
and
(1-7) ‘ ocu,v - a'\!,u. - 0
where
MBS v
ag=(—g)'"? fovan G Gy
Q‘e
where s, Is taken skew-symmetric in all pairs of indices with sy, = 1.

The matrix T‘I has the eigenvalues (g, o, - @, - @) with g a positive scalar defined in
a locally Galilean frame by
(1.8) ' ¢ = —E) -+ 2E - Hy
where E and H are fhe electric and magnetic field strerigths respectively.

If the skew-symmetric tensor j;w defines the e¢lectromagnetic field, then a tensor

v, dual to £, is defined by [*]

®

(1.9) S =72 Y e, ., OB

In the Mmkowskl frame'f* differs from f by the interchange of E -~ H and H —~ E,
by

If we now define a complex tensor @,

. o
(1.10) @ = TS,

then the MaAxWELL equations can be written in the differential form as

aiy : @ =0
(1.12) © e, =0

or in the integral form as [*]

1.13) ff @, Jd G x(v)) = 0.
wy

Also if ky and I be the null eigen vectors of the Riccr tensor.then fuv is given by

1.14) S

wy =2¢'" {K[u.lv} cosa —§ (—g)'” Buvap xlept sin e )

where

2E-H

E2e=—p

i
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2. Following BertoTTI |['] We use a polar frame of reference and choose’

2 2 —1
@1 & = — (1 +—f;) drt + (1 T+ %) dx? .
2 2 —_1
@2 &t = (1_%) & (1_%) d?

where ds. and r refer to .. ; and ds— and s referto S—. If #— s and s > o we sce that
(2.1} and (2.2) reduce to flat space. Denoting by R; ; and Sy ; the Rricer tensors correspon-
ding to 54 and X respectively and the Riccr tensor for the whole space by G; ; we obtain

i x?
2.3 Ryy = —— =3 (1 +?) ’ .
x? —T
24 Ry = 2 (1 + 2 ) »
(2.5} - Rog = Ryy = 0 = 5y = 8,4,
1 z?
(2.6) : S‘zzz—"s—z (1'—5—2):
o 1 o\ —1 .
@7 Su = (1__?) .
It follows that
(2.8 Gi; = Rij + 5
and ’
2.9 G =R+ 5.
. 3, From (1.4) we have ,
0 S 2 3
(3.1) Gy + G +G; +G3=0
and from (1.5)
3.2 _ (GO = (G = (G = (GO

and from (3.1), (3.2} and (2.3} to (2.7) it follows that -
(3.3) G2=G ;6 =G'; 6l =— G,
We now calculate the null eigenvectors of the Ricer tensor, For A >0, we have
G4 ' Rf} KV = — AK® | RV V= — AP,
(3.5 BPhke=0 , Blu=0; kpit=-1,
From (3.4) and (3.5) making use of (3.3} we get for £°==0
Ky = (—g"/g")"* k,

K, =K, =0
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and
Io 12 goo ko,
!L = ;: (__g[lfl ']gll)ll".? l'ngD kO’
L=L=0
Thus .
(3.6) Ko = lky, (—5" /8" ky, 0, 01,
3.7) la = L2 8% ks (=889 1y " Ky
4, From (1.14) the nonvanishing components of f, are found to be
(4.1 S = 0% cosa,
4.2) fop = oY¥sina,

" which. are constant,

From (1.9) the nonvanishing components of f:v are

*

“4.3) £ e sin,
@.4) = eVt cosa.
From (1.10) we get

“.5) wy, = p'* i,
@.6) _ Wy == — 1 QU7 €

Since from (1.5)

e'* = (G
(4.5) and (4.6) now become
“.n ‘ w0y = (Gg):;-z i€

4.8) Wy = — 1 {GP)/® £i®

1t can easily be verified that these values of @, satisfy the MAXWELL eguations (1.11)'

“and (1.12) as well as (1.13).

The electromagnetic field given by (4.1) and (4.2) is the same as obtained by

BertorTi [']. .

0,0].
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GOZET

imzast — 4+ 4 -+ seklinde olan dért boyutlu RIcMANN uzays, sibit egriligi haiz iki
yiizeyin garpim gibi diglnllerek, RamnicH'in cebirsel bagintiarnm uygulamak suretiyle
elektromanyetik alan - igin ifadeler <¢lde ediliyor. Bunlarin, 1959 yilinda, BerrorTr
tarafindan, sfdece geometrik mildhazalura dayanarak elde edilen ifudelere uyduklare
: goriiliiyor.




