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C o n s i d e r i n g a four d imens iona l R i e m a n n i a n space wi th s ignature i- -j- + as the 

p roduc t o f two o r d i n a r y surfaces w i t h constant curvature , and u s i n g the R A I N S C H 

a lgebra ic equat ions we obta in expressions for the e lect romagnet ic f ie ld . T h i s is seen 

to agree w i t h the results obtained by B E R T O T T I (1959) o n the bas i s o f pure ly geometr ic 

considerat ions . 

1. I f we consider space-time as topologically equivalent to the product o f two ord i 

nary surfaces 2 + (coordinates x" , x') and 2— (coordinates x 2 , x 3 ) , a tensorfield o f arbitrary 

type is said t o be decomposable ['] i f (a) its components w i th mixed indices are zero and 

(6) i f its components relative to 2+ depend only on x° , xl and those relative to 2^ depend 

only on x 2 , xB. The fundamental tensor g^v must then be such that 

0-1) = V + f«v 

where pertains to 2 + and to 2— -

For source-free electromagnetism w i th non-nul l electromagnetic fields, the E I N S T E I N -

M A X W E L L equations are replaced by a set o f conditions involving the energy momentum 

tensor where 

0-2) < > d r f = Tm 

where 

and 

.tit 1 \ia., V * H-V, a 1 ' ' Ï I I 1 |3« fl\ 

The B I A N C H I identities give 

(t.3) G ; : v - o 

and then the R A I N I C H algebraic conditions P I for a real electromagnetic field are : 

The M A X W E L L stress tensor has zero trace 

(1.4) G = 0. 

The square o f the stress tensor is proport ional to the un i t matrix 

3 0 
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(1.5) G°- G\ = Ql dv = <5" 

where 

fi' = i G ^ . G J > 0 . 

The electromagnetic energy density is positive definite 

(1.6) G 0 0 > 0 

and 

(1.7) a „ — a, = 0 

where 

where e is taken skew-symmetric in all pairs of indices w i th s 0 [ a a = 1. i T V ^ i l iJUUIIWlV ... « > . p t l l l J U l UlUl̂ J H i l l . O ^ g g 

3 matr ix has t l 

a locally Galilean frame by 

The matr ix has the eigenvalues (g, Q, - Q, - Q) w i t h y a positive scalar defined i n 

(1.8) a2 = ( H 2 — E 2 ) -h (2 E • H ) a 

where E and H are the electric and magnetic field strengths respectively. 

I f the skew-symmetric tensor defines the electromagnetic field, then a tensor 

* dual to / is defined by [ 8 ] 

I n the M I N K O W S K I f rame'/* differs f rom f by the interchange of E ->- H and H E . 

I f we now define a complex tensor co^ by 

a.io) «v =/„ + </;v 

then the M A X W E L L equations can be wr i t ten i n the differential f o r m as 

(1.11) < v = ° 

0-12) % v , P ] = 0 

or i n the integral fo rm as [ 3 ] 

(1.13) f f co^ </(>>, x^) = 0. 

Also i f An and /«, be the n u l l eigen vectors o f the R I C C I tensor,then is given by 

(1.14) / l l V = 2 e " 2 ( X u / v ] c o s « ^ ( - ^ ) 1 / 2 V « P X [ t * / v l s i n a } 

where 
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2. Fo l lowing B E R T O T T I [ ' ] we use a polar frame o f reference and choose 

(2.1) dsi = - ( 1 + df + (l + ~ \ 1 dx* 

(2.2) dst = ( 1 - ^ ) dy* + * &a 

where ds+ and /• refer to 2+ ; and ds- and s refer to 2— - If r s and s 4 - M we see that 

(2.1) and (2.2) reduce to f lat space. Denot ing by R{j and 5^- the R I C C I tensors correspon

ding to 2+ and 2— respectively and the R I C C I tensor for the whole space by G{- we obtain 

(2-4) R„ 

(2.5) R,n = 7 i 3 8 = 0 = 5 0 0 = S t l , 

1 / z e 

(2-6) 5 » i 1 - ^ 

(2.7) ^ « = — -4 -11 

I t follows that 

(2.8) G i j = R i j + S i j 

and 

(2.9) G = R + S . 

, 3. F r o m (1.4) we have 

(3.1) G° + G\ + G\ + G\ = 0 

and f rom (1.5) 

(3.2) (GlY = (G\y ={G\y = (G\f 

and f rom (3.1), (3.2) and (2.3) to (2.7) i t follows that 

(3.3) G l - G \ I G8«<?1 ! Go = 

We now calculate the n u l l eigenvectors o f the R I C C I tensor. Fo r ^ > 0, we have 

(3.4) B* kv = — AS:'* , i i£ / v = — A P , 

(3.5) £ 1 * * 1 1 = 0 , P /u - 0 ; ^ = — 1 . 

F r o m (3.4) and (3.5) making use o f (3.3) we get for k" ^ 0 

= (—g00!gll)1/2 k0 

Kn = K, = 0 
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and 

I, = /, = 0 . 

Thus 

(3.6) K a = [ k 0 f ( - g 0 0 i g L 1 ) U 2 / c 0 , 0 , 0], 

(3.7) /« = [-'f2g00 k0, ( - i T 0 0 / ^ 1 ) " 2 'U^K, 0 , 0 ] . 

4. F r o m (1.14) the nonvanishing components o f / are found to be 

(4.1) fai = Q'I2 cos a , 

(4.2) / 2 3 - e V » sin a , 

which are constant. 

F r o m (1.9) the nonvanishing components o f f*v/ are 

(4.3) f*oi = ey* sin « , 

(4.4) ' f* = — e 1 / s c o s « . 

F r o m (1.10) we get 

(4.5) « 0 1 = e 1/* 

(4.6) a ) „ = — i e 1 ' 3 e''" . 

Since f rom (1.5) 

(4.5) and (4.6) now become 

(4.7) ' « 0 1 = (eg)'/* e i « 

(4.8) / ( G g ) ' / ' e f a 

I t can easily be verified that these values o f OJ^ satisfy the M A X W E L L equations (1.11) 

and (1.12) as well as (1.13). 

The electromagnetic f ie ld given by (4.1) and (4.2) is the same as obtained by 

B E R T O T T I [ ' ] . 
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