ON "BOREL - LAPLACE” TRANSFORMS AND INTEGRAL FUNCTIONS OF
TWO COMPLEX VARIABLES

H. N. Nigam?)

A result due to MM, DzreasyaN {'] and a method used by MaciNTYrRe [?] in the
case of a single complex variable, are used (o obtain some interpolation formulae
for integral functions in twe complex variables of finite order and type.

1, Let
oo
(] ]) ) F( Z) . am ny 2"1 212
. L1 3 23} T ”—1!1’2! 1 2
Hy, ne=0

be an integral function of two complex variables z, and z,. The maximum modulus of the
integral function F(z, , z,) is denoted by

My, , 7.3 0= max | F(z,, 2 |.
lzib=y1, | 22 | =v2

The integral function F(z,, z,) has finite order p, and p, with respect to the variables
z, and z, respectively, if

. - loglog M(p,, 7. F)
lim su lim sup 1272 = g
(1.2) Te® ? [Y:‘“’" log ¥, &
and
(1.3 Hm  sup [ lim su ]og log My, 723 F):\
viow Ty log pe

The integral function F(z, , z,} has finite type o, and ¢, with respect to the variables
z, and z,, respectively, if

a4 lim sup |_ lim sup log My, ya s FY
200 Lyiom o
. L
and . )
(1.5) lim sup [ lim sup W] = .
Y17@ a0 ?
M. M. DZRBASYAﬁ ([1, p. 21) has proved the following theorem : i

Theorem. Every Infegral function
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o

Flz,,2,) = E Dag ny g (] 0 > 0)
15 Zg) = I e PR Yo7 > Ha
F(n“l +;I)F(I"L2+p__2

n, wa =9

of order (g, gy) > 0 and type (o, , ;) > 0 can be represented in the form
(1.6) F(f-’lazz):_— An EQ{ (2,815 1) EQz (2, 8s ; pr2) f@-wg?) dtgdgz
I, g

where

o0

n
Eolzipy= Y — st | (>0, pg=0)
elz;p ,Zo ramy e

is an integral function of MiTTaG-LEFLER fype and

w
I
iy ha
AN T B
CTRENE Z Zntl el
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holomorphic in_the domain | z;| >0, Y@ and | z,| >0, "'®2, is the function Be . o, (B, , 1)

associated with F(z,,z,) and Iy (k. =12) are arbitrary closed contours lying in the region
60 ]2 0, @ and | E,| > 0, e,

If we take ,ul =p,=1 and g, =p,=1, then (1 6) reduces to

(1.7) F(z,z) — — #? eftbt T e € dE, dE,.
) 4z ;
N L IE: .

In this paper we have derived a number of interpolation formulae from the Borer-LaPLACE
transformation of two variables for the integral function of order QIL and Q: and type k, and
k, to be one with respect to the variables z, and z,.

2, Let

o0

o L F]
Gz, z,) = Z O n 520

Hy,ie==0
be an integral function of exponentiat type k, and k,, satisfying
|Gz, z,)| < MeFt Pzul + ke | 2l (o, <m, j=1,2)..
Wlth the integral function G(zL, z,) we associate the functlon

: m bt a,
. L Ny
glzy, z) = E T a1
’ FFt z::? -1

sy, ny—= 1

_ Using (1.7), the relation between the integral function G(z,,z,) and the éssociate
function g(z, , z;) may be expressed by means of the integral
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1
@1 Gz, 73) _:fl?f f FLUE R p G0 duy,
The function g(z, , z,) is regu]ar outside the polydisc ]z | == k; , j=12; so that

the closed contours ¢, and ¢, in (2.1} can be taken as the c1rc1$
izjl _~=kj+sj , EJ->0 , F=12.

We censider another associate function

@
2z wiz,,z:) = 31 G(0,0) + 4 E G(ny,0) ¢ M5
=1
o w
+ 3 2 GO, n,) e % | Z G ny,ny) e MITITR2E,
ry—1 . Ry, =1

as MacinTYRE ([*], p. 3) considered for the case of one complex variable.
Raplacing G (n, , ny) in (2.2} by means of (2.1), we have

1
@3 ) =g [ [ e dud
[+ Ca

oz . . o’
) 1 _
_ éz E f f MGz gy, uy) duy diy — = E f f a2y £y, 1) dut, dn

=1 ¢ ca me=1 ¢ ¢z

2 f[ a g —z) + rh(u;—z;) 5’(“15“3) dul dﬂ'z

wi =1 ¢1 e

1 ' gMLTEL
=5 f f g, , t.r.z) dir, a’tr2 — f f T gy ) duy dity
’ rp ¢z .

Arr—s1) 4 (ra—z2)

]' elh—z
— 5. ffl g — &y, vy du du, — ff "l—zl)(liie”?_l'!) &l a,) du, du,

¢ €2

L Rt 2y fg—Zy
= 1 f f d+e )Ad te ) g Q) diy dity,

16x* (i — "1™y (1 — 27

provided the change of order of integration and summation in (2.3) is justified.

If we take z, and z, to be inside the closed contours ¢, and ¢, respectively and no
other value of z, + 2 =i and z, + 2u, i (ny, a2, =0, 1,4 2,..)) is allowed to enter
the contours, then we must modify the above formula in the ferm

f '/- (1 + e"lézl) (1 + erh-fZ:)
eulézl} (1 o etfgfzz)

T,’J(ZL,ZQ} =g(zl,zg) .L’(Ifl,lf.z) dlil d"?’

Tor j= 1,2, if we take ic <. m, then 1,!)(21 > 23) — & {z, , z,) is regular for |zj | < Zn—!cj
and w(z,,z,) is regular for k; < fzJ | <2 22—k, and therefore, we can replace
gy, 1) by (), if the contours of (2.1) are inside |z;| < 2tey,j=1, 2,
te obtain-
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2.4) G(z“zﬂ)ﬁ“a%é f f FLN TRyl e duy

[ R )

If we take _R(zj) <kj , Jj=1,2; then the expression (2,3) reduces to (2.2),
Similarly, -

() For Rz) < —k; , j=12

_ 1 (L&) (1 +e7 ")

(2.5) 1‘” (Zl ’ 22) B __Ig;l? f f (1 — enﬁrh) (1 — ez-z—'ui) g(ul ? "2) dtl]_ du2
cL 3
o -]
—1GO0+1 ) Gln,0)e" ™ 41 ) GO—u)
n=1 n~;=1
+ Z Gl—n,, —ny)enarties,
ny o, na=1

(@) For R(z)) <k, and R(z) < —k,
B S R B e O 3
(2.6) iz, z,)= 16577 f f (1 — TR (] o gFrHY) gluy, u) du, du, ’é:
¢, 02

N ——i G(O ’ 0) —-—é_ Z G(nl ? 0) 8'7"1 i M]E Z G(_O,—ﬁg) elrg 4]

=1 n9=1
- Z G, —m) e ™A T Mo
ny, ny=1

(i) For Riz) << — k, and R(z,) < k,

L [ AT Ak
(N} Wiz, ,z,) = 16=* f f (1 — ™% (1 — 3"2722) gy, u,) .dul dity
€y Cg
- . oo
) _Tll ¢ (0’ 0) _k Z G(_HL’ 0) e A% Z 'G(O, lfg) oM 22
‘ =1 - o
- Z G(*Hl 5 Hg) gL FITH2 Iy
ny , ne=1

The formula (2.4) may be regarded as a species of interpolation formula, since
w(z,,z,) depends on GOy ,m,), my, 0, = 1,2, ...

Interpolation formulae of more familiar types may be obtained under different sets of
conditions, For example, we prove the following theorem :
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3. Theorem.

Let

[-+}
— \ Ty Ha
Glz,,z,) = Z ammy gt ¥,
"y, =0

be an integral function of two complex variables z, and z,, satisfying the condition that
there exist positive constants M, k, and k, such that

162,z < MeflalThlnt g cn j—12
Jor all z, and z,, then

sin w, (z,—#y) $in w, (z,—n5)
(zp—m) (z,—my)

G G,z — o lim 3

G(”[ B ﬁ'.}_.) e"_sl 2l —6a l"'il ,
TT 51,820

Ny Pg——
provided the change of order of integration and swmmation involved are Justified.
Consider that the series '
L= o3
32 ’ — I 1 1 G —" 24 1 —MN> T
(3.2) Y,z =1 60,0+% ) G, 0)e +1 Y GO,n) e

=i na=l

o
+ 2: Gy, n,) e MZ—m2
Ny, rg=i
converges for R(z) > 0 and R(z) > 0;
- o

G e, =1 GO0+ Y Cm, 0 E] Y GO —n,)emam

m=l1 ny=1

@x
+ Y Gl ) ek

P PE

converges for R(z) <0 and Riz) <0;

GH v, m=—1G0,0—} 3 G0 eE L Y GO,—n) M
m=t na=1
w
— 2} Gy, —n,) e P E1EA 2
R, Ha—=1

converges for R(z) > 0 and R(z) < 0; and

o w
35 v@,z)=—160,0—F Y Gln 0t —} 3 GO,m) e~
=1 np=1

[2+)
1
3 acnmmene
w1, ng=1%

“ converges for R(z) < 0 and R(z,) > 0.
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i—wii  By—waf '
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We now deform in (2.4), the closed contours e, and e, into the rectangles
—aj—cujz s By, 5}. +o;i, ~6j+mji

respectively, where k; <t wj < Z:z—k]. and 5},— >0 , j=12 Thus
. 1
(3.6) Gz, 2,) = — Ant f f efL Mt Fa e ap(y, , 0,) du, di,
el €2

Biteri Betwal 2
1 ‘ :
i 111;‘* 0 [ : ALt Ty n,) diy diy
ks 14 427
gi—til Ha—op i ’

Sitwil —Battdn i
— f CoeE IR P T (o) duy duy
sr—w e wal :

—s1twr i drtazi
o f f eB Tt Be B (g p) duty duty
—ir—wy By i
—&1dw i —Hatwai
- f f et k= Yy () 0y) duy du, :I ,
—By—wy ! —dg i_
where the limit exists uniformly for z, and z; in any bounded two dimensional plane.

Using (3.2), we have

Bk P satosi

o N o
+ 2 2 GO, n,) e~ %2 + 2 Gny, ny)e—"1 %" "?] du, du,
=1 w1, Rg—1
Bitwy i Satwai
=1G0,0 / f ef Mz 2 gy, du,

s1—oyf  de—tgli

w L4 i Betwei
+ 1 2 G, 0 f f 3(21*”1) Hik#e Ty dy di,
=1 SiI—wii  Fo—wyf
O sitwri  satwd
+ 1 Z GO, uy) f f C emi vk EemmY W gy gy
na=l1 si—wy I Fe—wa i
@ s1brud Aptwri

+ 2 G(n, ,n5) f ' f elrirdu e —n) v gy dy,

ny, me=1 S1—w I Sy—agi
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ZLd1bE2 82 sin w, z, sin v, Z,

=_4[,}§M3

2,2y

o« -
Gn, ,0 . .
+ 3 E G, Q) gz —m) 81124 B2 gin @, (z,—n,) sin @, z,

zy{z,—¥ty)
m=l - :
o)
G (0, n. . .
+1 E ((’,;)_) et 81t =Y 8a gin @ z, sin e, (z,—n,)
z,{zg—2 * ?

Ha==.

Gn, ”z) (z n) . . 3

- > iR B+ (22—"2) B2 5in | (z,—n,) Sin — s

+ Z —n;) (z‘_.—ne,) (2= s (2 HZ)J
n, ng—i

provided the change of order of integration and summation in (3.7) is justified.

Similarly, using (3.3), (3.4) and (3.5), we have

—ntani  —satuwel

3.8 I, = f f - gt ap (uy i) duy duy
—g—a f  —fa—tp
;61+m1f —8ateni
_ f f P itz [ LG(0,0)+ 1 Z G(n,,0) ™
—F1—anf —Bp—wei =1
o e
i Z G0, —n,) ™™ + 2 G, ,—ny) @ ¥tm “3] et it
ny=1 s =1
=-—4 [ 3 GO0 e T BT ginw 7, sin o, z,
212, ?

@

G=m,0)  —rm) s . :
4 & el S Bt 14-m) 5172 &2
b Z z,{z, + 1) ¢ * sin w (z,+m) sln o, 2,

ny=F
. o -
+ % 2 (;(?z ;ZE) e T B Gatmd B gin o 2 sin o, (2, 1 1)
na=1
o

= 2 G(—n, ~—ny)

—(zy+m) 81 — (za+43) B2 . : }
— sin 8N w, (z, f
(z,+u,) (z.4ny) ¢ o (z,+n,) sin w, (z,+11,)

m o, Ha=—1
81ty i —&ztwai
uitz
(3.9 J,= |- et e n duy diy
s1—w i —da—weli
sitwif —bzhwgl ®
- o1t 2a it 1 : —F1 M
_ f f et [ 1 GO,0—3 ) G, 0"
s1—ogi  —de—wai

==
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4]

—1 Z G0, —n,) £ — Z Gin,,—m) e ™ 1t "2] du, dit,

==t 1, Ha—=1k

= 4 [:L ¢(0,0) pIL B Z2 B

= sinw, z, Sinw,z,
Zy 2y

Gn,,0 - — . .
+ 1 Z G, 0 LM 8w gin o (z,—n,) sin w, z,
2, (1)
=1

G0, —n . .
Z GO, —ns) 1o —{mtnd & gin oz osin o, (2, 4 n8,)

+ z,(zy + 1)

.

fz=I

¢} y— . — (= . .
4+ Z ——-———(z _(:l) G 'f:)n ) gl o — (e med oin oy (7w ) sin w, (z,+ n,)] s
L 1
L 5 ng—1 : :
] —prton i Batogi
(3.10) Iy = f f SYMTRM W ) du, duy

—g—a i Sa—wg

—a3ta i datawsz f

— f f cz'1u1+nltz [—}G(0,0)—% E G(‘nl,()) eﬂLHl

—B1—w1 i Ba—rtiai m=1
. w w R
—1 E G0, ) e 1 — 2 G(—n, ,n)gtm i ] dudn,
ng=1 ny, =1

GO,00 _, . . .
— 4 [i. G, 0 gt gina, z, sinw, 7,

7L Zg
0w
G—n, 0 i pn)sits : ;
L TA T gt BTk gin o, (z, 4 1)) siD @, Z
-4 2222(11+n1) t 2y 1 zéy
n=
fea) : .
0, n 21 i . .
1 Z GO a5 gy W 2y Sif @, (z,—1,)
2, (zy—y)
=1

@ . .
G (=", 1) — (b0 et (za—ma) 83 g i ’
+ = sin w, (z,+#,) sin wy (z,—ny)
Z Gz, 1) (z—n) _c w(ztm R ]

a1, mz=1

respectively, provided the change of order of integration and summation in (3.8) and (3.10)
are justified. Using (3.7), (3.8}, (3.9) and (3.10) we have, from (3.6), that

i
|
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G(z,,2) = — lm
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G(0,0) .

4z z,

. . P g 5z
sin e, z, sin w, z, (glﬁi+ 28y | LT B

Joe &L+ 72z B2 4 §1—Zn Ba )

o

+ H G1-Fz2 o2 {% Z E(E}LO)_ P E:H e, (zi_”l) sin w2,

m=1

]

43 Z _G©, 1) o B sine, z, sinw, (7, — 1)
: 2 (Zy—1y)

g1

zo{z,—m)

G (ny , 1)

o
- Z (z,—n.) (z—n15) ¢ AT s, (2, —n) sin o, (Zlging) }
' 1L g Ha

m, m=l
«
21 §1—Z2 Ga 1.
+ e { ¥
Zy
m—=1

@

E Gn, 0y g B sinw, (z, —n ) sine, z,

{(z,—n)

G(0 *nz) —rg & : -
1 — 2 2% ginw, z, sin w,{z, + &
+z 2 7, (Zgt 119 e Wy Z NEA 2}

T omg==1

+ Z | (le_"1} (zo+ny)

muy , mp=l1

G, o) gL BT B gin g (z)—n,) sin o, (2, -l-‘iTz) }

- :
4 gasntamn {% E Gl—m,0 g o sin @ (z,+0g) sin o, z,

m==

W

+

|

Ho==1

+2‘(ZL

w1, ny=1

—Zy B1—EFz & i
+ell za{_i

=1

bl

lg==

2 G (0,n,)
7, (2g—5)

+ 1) (zo—1)

5 G0, — ,)
o Zl_ﬁzi(za + 1)

23 (7, + 1)
¢ 28 ginw, 2z, sinw, (z,—ny)

G(—i1, iy} M BT gin g (z,4-1,) S o0, (29—, }

G, ,0
zy(z,Fm)

g% sinw, (z, + 1) sin wy 2,

e 2% ginew, z, sin w, (7, 4 1y)

va) . -
i Z G, ) s B i g (2,4, sin o, (22+n2)}:‘

1(Z

H1 M=

() (7, itg)
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2 4m [C00

z
£ 51, 5270 Zy Iy

G("L: 0)

—L 81 o} i
Y < & s gy, (Z ) 8 @, Z,
Zy (Zl—ﬂl) 1( E l) 12

o
sin w, z, sinea, z, + Z

ny=1{

GO, n . . .
+ Z GO m gy o, 7, sin @, (z,—n,)
Zy (Ze—nz)
ne=1

G(—n.,0 o . . z
4 2 e _;nl)) M ginm, (z, + n,) sin o, z,

=1

GO, —n) s . . ‘
+ E 7 (z;+fr_2) b sin w, z, sl w, {z, +l.?.2)
=1

G(Hn 5} il ELl—Ma B o i —
g i o et ein o) (2, —mn,) 3N @, (Z,—H,)
Z (z,—n) (z,—ny) 2 : v o

ny, me=1

+ 2 G(Jl, s "2) oM B B

sin @, (z,—m,) sin o, (2;--1y)

_"1)(29‘“72)
ny, na==l1
G(""‘"Un) —HL Bi—lg Bz of :
+ 2 —— LY g BT g (z,Fa)) sin w, (z—1g)
@ o) i) sin @2 Grmra
iy, Ha==

Gt s —Hy) i gi—n; bs .
+ Z ot 771)' (szran) e M HTm B gin o (z,-Fn,) sid o, (zaJr_ng) ] .

m, He==1
Thus
0
Giz,,2,) = ‘l—z Tim F s w, (z,—n) sin w, (z,—n,) Glny,n) e ™ fag| —aa | e )
2 g, 5.0 d

(z,—n){(z,—ny)
"y, fg=—10 :

Particular Cases,

() If we put @, = =, then the theorem reduces to :

)

sin z LR a, SN @, {z,—ny)
31 G(z,,z2,) = ——=1 Lm —1)™ ==
( ) (@10 22) nt &1, 60 Z N (zy—ny) (z;—75)
Y, Hp=—=—10

G, ng) g0 Il bnal.

(iiy If we put @, = =, then the theorem reduces to:

[-e}

Sin %z, s ] ne S0 @, (z,—n,) 51 by s |
1) Gz, z,0=—-—" lim E 1y R TLEL Gin,,n)e o1im 3 | ng
G129 @12,) 7% By, 5200 e (zy-—n) (z;—ny) (i )

Ry, Hpmeme

(i) 1n the special case, if we take w, = & , w, =, then the theorem reduces to :
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o

‘ sin %z, sin =z, g Ginyg, n)
113 G el Mot (" L . e W
( ) ' e, 22) w? Z 1 (zy n,) {2, — 1)
ny , Hg=—=—9G

that is' the series is summable to G(z,, z,).
4. Set of interpolation formulae.

From (3.11), we have P

o

sin = z, ny SiD e, (z,—5)
— oy T T e T
Grnz) =T 5% Y U PRI G,y

"y, Hy=—0
o
_sinsz, Z sin S @y \Zg—115) (zy—n,) 1ya Gy, 1) G(01 ) ]
T at T (Ga—ny) [ Z b (zlmtrl) z, ’
Rg=—"m = -

so long as the right hand side is uniformly convergent.
Now

o0
dG(z,z) _ 1 sin @, (2—n,) " { L COSTZ, sin 7 z,
dz, = =t E T E—r) [ Z & Go-n)  (z,—n)? G, my)

Hy=—0 Jj—-—od

% z, COS % 7, —S§in

Tz,
+ = GO, n) |
Therefore
o
46G0,z) 1 $in e, (z, —7;) (—nm 1)"
a T w L L Z G ]
Hpg=— Hy——w

so that
@1 G(Zl,ZE)—Sm Tz, 8G(0, z,)

L 9z,

@ . a0
_sinz zL sin w, (z,—.) . ’ s G 0Ty, 1)
el —a LB G0, H —ph——"2 1,
. Z (zg == 11y) I: ©: 7o)+ 2 E D "y (ZL*“‘J]
® Hy——-

=
Similarly, from (3.12), we have

o

Gl z) = B0 Py L) g, ),

% (z,—n) (z2,—n,)
Hi 3 flpg=—00

so long as the right hand side is uniformly convergent and therefore

Sln.ﬂfz2 dG(z,,0)

4.2) Gz ,_z)-—
( 1 2. ) z,
oW [-4]
_ 5717[1‘3122 sin ey (Zlfnll 2 ’ 1y G{n,, 1y)
g Z (zy —ny) I:G("U 0+ 23 Z D Hy (zz*”z)jl )
n=—w Hy=—t0

In the end I wish to thank Dr. 8. K. Bose for his helpful suggestions and guidance
in the preparation of this paper.
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OZLET

iki degiigkenli, soniu mertsbe ve tipten tam fonksiyonlara, M, M. Dzraasvan [!] 'm
bir sonuen ve tek bir komplcks degiisken igin Macmryre [2] taraflindan kuliamlan bir
usulo uvygulamak surciivle bumlar igin bezi interpolasyon formiiileri elde editmigtir.




