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H . N . N I G A M J ) 

A r e s u l t d u e t o M . M . D Z R B A S Y A N E L J a n d a m e t h o d u s e d b y M A C I N T Y R E [ 2 ] i n t h e 

c a s e o f a s i n g l e c o m p l e x v a r i a b l e , a r e u s e d ( o o b t a i n s o m e i n t e r p o l a t i o n f o r m u l a e 

f o r i n t e g r a l ( u n c t i o n s i n t w o c o m p l e x v a r i a b i e s o f f i n i t e o r d e r a n d t y p e . 

1. Let 

II l , H o — 0 

be an integral function of two complex variables zL and z 2 . The maximum modulus of the 
integral function F(zL , z 2) is denoted by 

M(YX ,y2\F)= max | F(zL ,z2)\. 
I * L | = Y l , I *-•> I = Y 2 

The integral function F(zt, zt) has finite order gt and g2 with respect to the variables 
zl and z2 respectively, i f 

(12) Km sup f Km sup l o g t o g ' 7» ; F ) 1 ^ 6 , 
Y,-»«> L Y i - . o 3 log yl J 

and 

0 3 ) Bm sup [ lim sup M ^ > 1* ' F> 1 = . 

The integral function F ^ , ^ ) has finite type at and 0 , , with respect to the variables 
z x and z 2 , respectively, i f 

(1.4) lim sup f l im sup !2g ^ - ^ 1 « 0 j 

and 

(1.5) lim sup f Jim sup ^ > > F ) ] = „ 3 . 

M . M . D Z R B A S Y A N p. 21) has proved the following theorem : 

Theorem. Every integral function 

' ) T h i s w o r k h a s b e e n d o n e u n d e r t h e J u n i o r R e s e a r c h F e l l o w s h i p a w a r d o f U n i v e r s i t y G r a n t s 

C o m m i s s i o n , N e w D e l h i , 

[511 
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of order (QL , ' Q 2 ) ~> 0 and type (o1 , o 2) > 0 can be represented in the form 

(1.6) F(zl,zj = - - ~ - J J EQi(zll1;iiL) EQ^z2l2;^)f(%i,%2) dl,d\ 

where 
CO 

« = 0 p ' 

is an integral function of M I T T A G - L E F L E R type and 

z 
fli,n.j=0 ' 

holomorphic in the domain \zl\>at ^ e i and1 \ z.21 > <s2 , /y /Ae function 5 ^ , (ftL , fi) 
associated with F(zl , z2) and I/,. (k = 1,2) are arbitrary closed contours lying in the region 
\l, | > V e , and \ l 2 \ > o 2 " ^ . 

I f we take fit = fi2 = 1 and eL = Q 2 = 1, then (1.6) reduces to 

(1.7) -F(zL,z2) = - T ^ T / / e r ^ ' + i , i ' / a i . W ^ . r f S , . 

In this paper we have derived a number of interpolation formulae from the B O R E L - L A P L A C E 

transformation of two variables for the integral function of order Q'L and and type kl and 
k% to be one with respect to the variables z t and z2. 

2. Let 

be an integral function of exponential type kl and k2, satisfying 

\G(zL,z2)\ < M e ' ! l l - i I (/ c . < W j y = 1,2). 

With the integral function G (z L , z 2) we associate the function 

v n, \ n2 \ a 

«i. « a = 0 

Using (i.7), the relation between the integral function G(zl,z2) and the associate 
function g ( z A , z2) may be expressed by means of the integral 
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(2.1) G { z l , z 2 ) = - ~ f j e*1"1**"" dutdu%. 

The function g{zv , z a) is regular outside the polydisc | zj | — k- , j = 1,2 ; so that 
the closed contours c ( and c2 in. (2.1) can be taken as the circles 

\zj \ = kj + S j , Ej>0 , j = 1,2. 

We consider another associate function 
CO 

(2.2) v (z, , z s ) = ] C ( 0 , 0 ) + i („, , 0) ^ ^ 
n, = 1 

U CO 

+ i 2 G ( 0 ' W 4 ) c ~ " ! " i H" E G ( « t , « 2 ) . - ' " ^ - " - ' ^ 

as M A C I N T Y R E ([*], p. 3) considered for the case of one complex variable. 
Raplacing , n2) in (2.2) by means of (2.1), we have 

(2.3) y ( z i , z , ) = — y" y* g(.u, ,tu) da.du., 
a c2 

CO CO 

CO 

h E / / eB l ( H l~-" l ) + " s ( , , , " i ! , ) f O ' I . " . ) 4; 
» 1 , I1> = 1 Cl C.j 

16 

J i l — 2|\ 1 J I 1 — Z . T 

- i l l • •—-—• S ( « 1 , ii',) da, diu , 
16"a J / ( i _ e * i - ^ . ) ( i _ e « * - ^ ) 

provided the change of order of integration and summation in (2.3) is justified. 
I f we take z, and z a to be inside the closed contours c, and c2 respectively and no 

other value of z, + 2 nt a i and z a +- 2A, n i (n1, tt2 = 0, + 1 , + 2,..,) is allowed to enter 
the contours, then we must modify the above formula in the form 

For 7 = 1,2, i f we take /cy- < *i , then y>(z, ,zt)—g(zl, z2) is regular for | Zj \ < %n—k . 
and y/(zL,z.2) is regular for kj < \zj\ < 2n—kj and therefore, we can replace 

°y V C«i)waX if t n e contours of (2.1) are inside | zy. | < la — / C / . = 1, 2, 
to obtain 
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(2.4) G{zL , z a) - - ~ f f ^ »>• + «* v (»i . «,) • 

I f we take R(Zj)<kj , j ~ 1 ,2 ; then the expression (2.3) reduces to (2.2). 
Similarly, 

(/) For R(zj) < — kj , ; = 1,2 

1 /* /* f l 4- e 2 1 - " 1 ) f l 4- ez'2~"2) 

(2.5) , = - . / / (;j e^„,;;„ e„-„,; « o * . 
CO . CO 

= 1-G (0,0)4--|- J] G{-ni,0)e'"z- +1- ^ <?(0 , -« t ) 
n |=A » 2 = 1 

+ 2 G ( _ / I l , _ / g e ' ^ i + » ^ 3 . 

iii , »4=1 

(/V) For R(zt) < ki and J?(z2) < — A s 

(2.6) V (z, , z 2) = - r r ^ . / / J V J— g(ultu,)du.dua 

C i Co 

CO CO 

= __ |G<Q,0) — | ^ G ( " " ° i e - " 1 ' 1 — i ^ G ( ° ' — " 3 ) 

» i = l « 2 = 1 

I I I , »2=1 

(Hi) For ( z j < — ki and 7i (z4) < /ce 

j y. /* (i _[_ ^i""') (l 4. e
u i — 2 i \ 

(2.7) r ( Z i , z J ^ — j j ( 1 _ ( 1 _ ^ - ^ g (»i . »*> rf", 

= - İ G ( 0 , 0 ) - > ^ G ( - » L , 0 ) 6 - " ^ ' - i J] G ( 0 , » , ) e - ' ^ ^ 
« i = l « 3 = 1 

The formula (2.4) may be regarded as a species of interpolation formula, since 
y> ( z t , z2) depends on G (nx, nL, « z = 1,2, ... . 

Interpolation formulae of more familiar types may be obtained under different sets of 
conditions. For example, we prove the following theorem : 
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3. Theorem. 

Let 

= YA a""'2 Z"1 ZV' 

II i , rt=0 

be an integral function of two complex variables z, and z a , satisfying the condition that 
there exist positive constants M, kL and k.2 such that 

\ G (zL , z 2) j < M eki 1 Z l 1 + *» I z * 1 , (k j < n , j = 1,2) 
/or all zx and z s , then 

(3.1) = A - Hm V s i n . ( z L - „ ) s i n ^ ( z - , 2 ) ^ _ 8 j , 

« l l » 2 = — 0 3 

provided the change of order of integration and summation involved are justified. 
Consider that the series 

CO CO 

(3.2) V ( * i , = ( 0 , 0 ) + * 21 G ^ L O ) * - " 1 * * + i <?«),/,,) 
« 1 = 1 i l 2 = I 

+ 21 G ^ . ^ r ' " 2 ' - ^ ^ 

converges for i i ( z i ) > 0 and R(z2) > 0 ; 

CO CO 

(3.3) y ( * i , 2 » ) = i G ( 0 , 0 ) + i ^ < ? ( - n 1 ) 0 ) c n i * i - h l 21 G ( 0 , - » 2 ) e *-2 » * 

« 1 = 1 n - 2 = l 

+ 21 »i » —"a) e " ' + 

converges for R(zx) < 0 and R(z2) < 0 ; 

(3.4) y ( z i , z B ) = — | - G ( 0 , 0 ) — i 21 6 ^ , 0 ) « ^ " - } 21 C ( 0 , - « 2 ) 
« 1 = 1 « 2 = 1 

CO 

— 21 G(»i>—«t) < r - n i * i + n » * * 

«1 , « 2 = ' 

converges for i i (z i) > 0 and Ji (z2) < 0 ; and 
CO CO 

(3.5) y ( z 1 > Z i ) = — i G(0 ,0) — 1 21 ^ ( - « „ 0 ) ^ ^ - 1 21 G ( 0 , » s ) e-"*** 
« 1 = 1 « 2 = 1 

CO 

— 21 G(—«i . « 2 ) e " l Z | - " 2 3 a 

« 1 , « 2 = ! 

converges for i£(zi) < 0 and R(zt) > 0. 
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Wc now deform in (2.4) , the closed contours cL and c2 into, the rectangles 

— S j — co j i , Ôj—G>ji , ôj + toj i , —ô. + aiji 

respectively, where kj < coj < 2>x—kj and ôj > 0 , j = 1,2. Thus 

(3.6) . G(zL,z2)= — ~ - J j e s i " i + ^ u * </'(»!, » 2) du y du2 

Cl Ci 

S l + G l l i 5 2 + U i ' 

= — J L lim [ f f c * ı « ı +** «î V 0 'L J « 2) rf«i 
4 ; T " S i , S i ' 0 L j y 

s ı — " i / S a — M j i 

8 1 + C U l İ — 6 2 + U - 2 / 

— .y y . e*i ai+** a* y(.uL>u,)duLdu9 

Sı—«i / — 5 ) — t » i ' 

— Ô 1 + W1 i S2 + Ûİ2 i 

_ y y e * ' a i + * s n i v ( « ! , « , ) Î / « L Î / H 2 

î i + « i / — H a + t J a 1 

— S i — u > i 5J—k>-2 I 

— S ı — t ü ı i —S-2—w-2 ı 

where the limit exists uniformly for zL and z 2 in any bounded two dimensional plane. 
Using (3.2) , we have 

S l + itH / S-2+id-î Î 

(3.7) J, = y y es<- ai+** K i v («i > « 2 ) 

S ı — e l i / 5 - ' — t i > 2 i 

S i + (»j i S î + « î ' 0 1 

= y y e * ı " ı + * i a ı [ i G ( 0 , 0 ) + i 2 G ( « ! , 0 ) e - " ı " ' 
Bl—lı>l i 5 ' 2 — I ' ¡ 1 = 1 

+ I 2 G ( 0 , « , ) c - " - ^ + 2 G K , / ! ^ - " ' ^ ^ ^ ] ^ ^ 

«-2=1 «1 , " 2 = 1 

B l + « 1 i 82 + " 2 i 

= I G ( 0 , 0 ) y y e « ı H ı + * s a s <rt/t</uB 

Si—(1)1 İ S 2 — " 2 I 
S ı + 0)ı i" B-ı + td-j f 

« 1 = 1 S i — " i l 0 2 — là'J ' 

«> B l + U l i 8 2 + ^ 2 1 

+ ]- ^ G ( O , « 2 ) y y. e * ı n ı + i * » - « s > a « d U l d u . 
H 3 = l 8l—COi i" S-2—"a ' 

«> 81 + W1 I S2 + W2 1" 

4- 2 G ( n 1 ( n s ) y y c (* ı -" ı> «H-(*,-«,> «* 
« I , « Î = 1 5 i — w i i s - j — « a / 
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= . — 4 F V . G ^ ' ^ e * i + 6 - . sin. at, z, sin w, z 
L * Z l z s 

, i V G ( f r ' >Q) f ( g l - n , ) 0 l - i - * - , a.2 s i n W i ( Z l ^ , t ) sina), z, 
- i-i z^Z}— 

m = l • 

+ .\ V — ( 0 ' 3 L ez, 0 1 + (*g-»2)6-2 sin <olzl sinro, (z2—».,) " iJ ẑ zj—/;,) 

y _ — e(ei_«,) 6i + t* 2 -» 2 > 62 sina).(z.—sin« 2(z,--/;,)1, 
( Z —/7,)(Z2—ii2) ' J 

provided the change of order of integration and summation in ( 3 . 7 ) is justified. 

Similarly, using ( 3 . 3 ) , ( 3 . 4 ) and ( 3 . 5 ) , we have 

—Si + u j ' — Ss + waf" 
^ g j J = j j - ^ K ' L + Zz^ y , ( U l , U.}) dUy dll2 

—Si—Wi I — Sa—da / 

— 5 i + wii —Sa + <i>ai 0 3 

= J j e!i m +*2 "= [ |- G (0, 0 ) + -\- ^ G ( - / / ! , 0 ) e"1 1 , 1 

—Si—<Ji i —Sa—i i i i= l 

co co 

+ i 2 G <0, ~ "a) e"2 "s + 2 G ' ̂  ^";+"! " a l r f t f i i / w 

Ha —1 m,»s = l 

= _ 4 f i g ( Q > 0 )

 e"'1 Sl-Z* 6 2 sin a>l z, sin a>t z„ 
L ZiZ.; 

y G ( - » T , 0 ) _ , g - ( z , + n , ) 5 l - Z a 8 ; s i n fa?t ( Z +/? , ) s l n ^ z „ 
2 i-i zz(_zL H- «, ) 

to 

+ i V G _ ^ Z 3 > ^ 5 , - (,,+,„) 5 2 g i n Z i s [ n ^ u ,|. } 

Zitz-j+n̂ ) 
«a=l 
CO 

. y _g (—"! .—"«) ^ - (A + .-iJSi-^+HiJBa S j n a , i ( z + f I l ) S i n r o . ( z + 

* - i (Zi + «,) (Z-H-fij) ' -J 
»i , "s=l 

Sl+0>1 ' —B2+tP)2 I 

( 3 . 9 ) J*= f I ^ l W l + i i " s < / < ( « ! , « , ) < / « , ¿ « 2 

8i—o)i i —BE—"a / 

Si—(01 I —B2 0)2 ' Hi —( 
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(3.10) 

_ i ^ G (0 ,— » 2 ) ^ " 2 — ^ G K , — H s ) * - " 1 " 1 * " 2 " 3 ] dtt.du, 

itz—i " l , « 2 = 1 

= 4 T i ^ i 0 ^ ^ i e t - z 2 82 s i n < u z sinio.z,' 
L Z t Zj 

y _G^n i J L 0^ fi(^_,,o rn-jr, it, s i n ^ ( Z l _ F L ) s i n w, z, • 

« 1 = 1 

, i y G ( O , — « a ) ^ s , _ < „ + « , ) S s s i n ^ s i n „ ( + „ ) 
2 Z j Z T ( Z , + « , ) 

«s = l 

y _ G(ff,, — n,) to-*,) 5 i - ( * . + »•> sinoifz.—n.)sin w,(z0-r-na)1 
Z J — n ^ ^ + n,) " J 

" 1 , «2—1 

— l i l + M l l B9+(•>!( 

Js= J f eZl " l + " 2 "3 V («i • «.) 
— 8 i — " I ' S 2 — (J 2 J 

—Si + <J)i / Ba + oia / 0 1 

=, j J c * L " a [ — 1- G (0 , 0) — \ Y G (—"i • °> e " L W l 

Bl OJ) 1 i)2 0 ) 3 I « ] = 1 

CO CO 

— i G(0, « a) e - " 2 " a — 2 G ( — « i . " « ) e " l H , ^ l f t , ] r f M « a 

« J = 1 «1 , » 2 = 1 

= 4 I " . ^ t 0 - 0 ) ^ l B x + , 2 . 2 

L 4 z L z 2 

sin o>, z t sin n)2 z 2 

y G ( nnO) e - ( z , + « i ) 5i+r a 5 E ( 2 + f l ] ) s i n ( a , z , 
2 Z J Z . ^ + W , ) 

n i = l 

y J7(0, » 2) 8f-+Cnr-«,) 5 B s i n f l ) i Z i s inco 2 (z.—« 2 ) 
A Z J Z ^ — » 2 ) 

« 2 = 1 

CO 

. y <?(—"!."») ^ ^ " O s i + f^-'^s, s i n ^ ^ + n^sinf l j^z ,—«,)"! 
^ Z J (zj+if,) (z s—« 2) J «1 i " 2 = 1 

respectively, provided the change of order of integration and summation in (3.8) and (3.10) 
are justified. Using (3.7), (3.8), (3.9) and (3.10) we have, from (3.6), that 
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G ( z t , z2) -L l im r «in « i * i sin o 2 z 2 • ( ̂  s* + ̂  5 2 

i t 2 Bi , 8a-0 L 4 Z j Z 2
 V 

_|_ e — z i 8 i + Za Sa _j_ e ~ z i Sx—za Sa 

+ e * i B t + f t B . | i V J ^ l ± _ ° ) c o . i z - n , ) s i n 0 > , z 2 

» , = 1 

_ L 1 y " 2 ) g — " a Sa s Í n ü ) l Z 1 Sİn ( 0 2 (z a — 7 I 0 ) 

~r 2 £~k z , (z 2 —» 2 ) 

g ( f f i » » » ) e - » , s i - » a a 3 s m ( y L ( z _ W l ) s İ n û > , ( z , — 7 f „ ) l 

(Zf—nL) ( z 2 — / i 2 ) - J 

, " 2 = 1 

CO 

f j y G ( » i :• 0) - m s i sin(o L(z 1 — j i ^ s i n « , z a 

« i = l 

3 ¿ J z ± ( z 2 + » 2 ) 

G(.nlt—n2) e - n i B i - f l , sa s i n ^ ( Z l _ n ı ) sin û > 2 ( z , + n 2 ) ] 

(z —«O ( z 2 + / i B ) J 

«2 = 1 

CO 

{ 
y C ( 0 , H , ) E _ „ 2 S S S I Ü ( 0 Z S I N O Ï C Z S _ N ) 

3 ¿ J z L(z 2—if 2) 
" e = l 

" i , "2=1 

S i — z a S2 

« i = l 

2 

«1 , «2 = 1 

_|_ e —Zı5î + 2aSa / ^ X 1 G
 ( " l ' 0 ^ g —-«J 6ı S İ n ft^ ( z ^ / í t ) Sİ11 ( t í 2 Z 

z 2 ( z t + 

G(— » L ) n 2 ) _ , 
¿-J (z t + Oa— 

Hi , " 3 = 1 

e _ H l B l ~ " a 0 3 sin a>i ( z ^ n , ) sin t o 2 ( z 2 — « , ) 

+ e , 21 Bı—za Sa 
I 2 *-< z . tZ i+n . ) 

« i = l 

y _£<PîlJ!?L e - ^ s a s i n W ı Z ı sin co2 (z 2 H-» 2) 
«2 = 1 

G(—"o "a) e - « i B i - « a f i 2 sin w ^ Z i + n ^ s in©, ( z 2 + « 2 ) 

( ( Z ^ n j (z 2+"a) 
«1 i « 2 = > 
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I r r G ( 0 , 0 ) . . , v G{nL,0) 5, . , . = —- lim — ^ - i — : sin ro, z , sin <w„ z „ + > — - e 1 "L sin o>,(z,—no sm <«., z„ 
1 6 1 , 5 2 - 0 \- Z L Z I ¿-1 Z 2 ( z , — « , ) 

m = I 

CO 

+ V < ? ( Q . " a ) S a g i r l s i n t t ) > ( z „ ) 

i-J z ( ( z 2 — n . J 
n 2 = l 

CO 

+ y, Gl~","°? SL «B1 (z, + « , ) sin za LA z ^ Z . + H , ) 

CO 

y g ( 0 , — « , ) s i n ^ z s i n , + / ; ) 

Z j Z i ( z a + / ; . , ) 

«2 = 1 

CO 

ZJ ( z , — / ; , ) ( z a — i / 2 ) 

«1 > «2 = 1 

CO 

Z J (ZJ—njizt+n?) 
Ill , «2=1 

+ y - g ( " / ' " ^ e - " 1 3 l - " ° 8 2 s i n W l ( z ^ / i i ) s ino>,(z,-*,) 
Z-l ( Z I + / I , ) ( i , - « 3 ) 

«1 , «2 = 1 

CO 

Z-J ( Z i - h / i i ) ( z 2 + « 2 ) -1 
i l l , H j = i 

Thus 

G(z^ = ±- hm y sm «, ( z . - ^ J sm ( z - » , ) g ^ , „ , , _ H , „ , , _ 
» ' 8 ! , 8 ^ 0 Z J ( Z , — ffi)(z,— tf2) 

« 1 > " 2 = — 0 0 

Particular Cases. 

(/) I f we put o)A = J I , then the theorem reduces to : 

(3.11) G f e , , ^ ^ lim J ( - i r , ^ f f ^ C ( , , , , , , ) '».!-». W . 
" S i , SE^O T - I V z i — n i ) \z2 " a / 

" I . « 3 = — ™ 

(('/) I f we put O J 2 = n, then the theorem reduces to : 

(3.12) G ( z 1 ! z 2 ) = ^ lim V ( - 1 ) - j S ^ = ^ <? («,, » 2 ) ^ 1 * 1 " 5 * 1 * • 

" 1 > » 2 = OT 

(//V) In the special case, i f we take o)i = n , a>2 = n, then the theorem reduces to : 
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(3.13) G ( z l , z 2 ) = s-^^-^ V 

that is the series is summable to G ( z t , z 9). 

4 . Set of interpolation formulae. 

From (3.11), we have 

„ , , sin n z, x** , , M I , sin M , ( Z „ — « 9 ) „ , 

«1 i lit™—03 

CO CO 

sin « z L y sin «>a ( z 2 — r y ' / ly*. G ( n t , » 0 G(0i "->) 1 
Z i ( Z 2 - « 2 ) L Z i 1 J ( ^ - n j z, " J ' 

« 2 = — « i = — c o 

so long as the right hand side is uniformly convergent. 

Now 
CO CO 

1 V sina) 2(z 3—/i,) r T V tncosaz, s i n . T Z L ) 

air--,-- L ( z 2 - n 2 ) - L 2; i - ^ y - ^ r r ^ ' ^ 
" — - o o / ; I = — C O 

JC z t cosazt — s ingz t -i 
+ ^ — ~ G(0i« 2 ) J • 

« a = s — t o W t = . — c o 

sin izx i*G(01 z 2) 

Therefore 

9G (0 , z 2 ) 
9z, 

so tliat 

(4.1) G ( z l j 2 2 ) 
3i 9 zL 

sin J T zL v i sin£o 2(z 2—n 2) 

» 2 = — t o H i = CO 

Similarly, from (3.12), we have 

3 I 2 ( Z X — « , ) ( Z 2 — « , ) " 

so long as the right hand side is uniformly convergent and therefore 

sin re z 2 9 G (zx , 0) 
(4.2) G(z 1 5 z,)-

9 z„ 

= s i n , z 2 y s j n ^ i z ^ ) r 0 ) + z , G ^ ) ! 
z , * ' Z j ( Z i — n j L Z J ' „ 2 ( z 2 — « 2 ) J 

J H = — c o « z = — t o 

In the end I wish to thank Dr. S. K . B O S E for his helpful suggestions and guidance 
in the preparation of this paper. 
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