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J . P . S I N G H 

Some properties of the lower and upper limits of particular means of an entire 
function and its derivatives are obtained. These properties are extensions of some 
previously proved, under less general conditions, by R . P . SRIVASTAVA, P . K . K A M T H A N 

and O . P . JUNEJA. 

J . Let f{z) be an entire function o f order Q and lower order X. For 0 < S < co and 
z =• r e ' * , let 

(1.1) { Mb ( r ) }° = /!» (r) = ~ f \ f(re™) |» dO 

o 

and 

(1.2) | M 5 ( r , / m ) ) ) a = ^ ( r , / w ) = ~ j \ f{m) [» ¿ 0 , 

o 

where (z) denotes the m-th derivative o f f '(z). Then the fol lowing results are 
k n o w n : 

Tiieorem [ G ] . Fo r every entire function f(z), other than a po lynomia l , 

i 

M L ( r , / < s > ) ) " 1 f M , ( r , / ^ ) ) 

(1.3) l i m sup • r — = g. 
r-vco U B ' 

Theorem [ * ] . Fo r 1 ^ d < co 

1 
1081 m o r / r I 

(1.4) h m sup r — = e 
(here r ->- co excluding a set o f values o f r having measure zero). 

1) I wish to express my sincere thanks to Dr . S. H . D W I V E D I . for his helpful suggestions and 
guidance in the preparation of this paper. 
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J U N E J A [ ' ] proved, the fol lowing result as a coro l la ry : 

I f / (z) is an entire function o f lower order X > 1 H—— and order o ( < co ) , then 
m 

log r 
sup i Pb(i;f) _ 

r-+oo — - log r X 
(1.5) Mm ^ ' , ( 3 ^ 1 ) 

Theorem [ ' ] . Fo r every entire function / ( z ) , other than a polynomial , 

sup l o g J ^ ^ F 7 

(1.6) Jim 1 n<r>f> > « ? (0 < 3 < 1) 
r---co log r • A 

where /• tends to in f in i ty through values excluding an exceptional set o f at most finite 
measure. 

For «5 = 1, R . P . S R I V A S T A V A [ g ] has given a p roo f o f (1.3), when the upper l i m i t 
is only considered. F o r 1 ̂  d < co, P . K . K A M T H A N [ a ] has given a p roo f o f (1.4) for 
the upper l i m i t only and under the condition that r -> co excluding a set o f values o f r having 
measure zero. Their methods, infact, fa i l to give the lower l i m i t . The result (1.5) has been 
obtained by O. P . J U N E J A , imposing the condition on the lower order. I n the case 0 < S < 1 
O. P . J U N E J A has given a p roo f o f the result (1.6) (see [ ' ] ) , when the upper l i m i t is only 
considered. His method, infac t , fails to give the lower l i m i t o f the left-hand expression i n (1.6). 

Our a im i n this paper is to prove some results o n the means o f an entire function 
and its derivatives. We prove the fol lowing : 

2. Theorem 1. If f(z) is an entire function of lower order X and order Q ( < co), then 

log r 

1 
Mb ir,f{m)) m 

r sup M a ( r , / ) __ Q 
a i ) ^ i n f loiT ~ X-

where 5 ^ 1 and m = 1,2 m. 

Remark. This result is stronger than that of J U N E J A i n the sense that i t does not 

impose the addit ional condi t ion X > 1 + — • 
m 

T o prove this theorem we require the fol lowing lemmas : 

Lemma 1. Fo r an entire function f(z) 

(2.2) Km l o g l Q f M s ° > f ) = ? • 

^ c o m f log/ - X 

This lemma has been proved by R A H M A N [ 5 ] , 

Lemma 2. I f / ( z ) is an entire function o f order g and lower order I and <3 ^ 1, then 
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i W ^ l > rimJpizn r 0 - . r - . . . . < . < i 
M j O , / ) L r log r J 

Proof. I t is known that [ 3 ] 

Mb(i;f) log M a (/-,/•) — l o g Mb(ra,f) 
M 6 ( r , / ) r log r 

Replacing / ( z ) by ^ (z), we have 

M j ( r , / ) l o g M & ( / - , / ) — l o g M s O o , / ) 

^ log M a f r / " 1 ? ) 
> T T o g 7 ° < ^ - t < 1 -

Putt ing /c = 1 , 2 m and mul t ip ly ing the m inequalities thus obtained, we get 

in 

n % M 5 ( r , / - t ) ) 
M & ( r , / ' " ' ) ^ £ f | A 

M 6 ( r , / ) " (r l o g r ) M • < * , * - J[] 

N o w by Lemma 1, we have 

(k) 

log M S (r, / ) ^ (1 — *) log M 6 (r , / ) . 

Hence for all r > r 0 > 1, we get 

( r , / " 0 ) / log M 5 ( r , / ) V" n 

M 6 ( y , / > 1 i - I o g r - / 

which is (2.3). 

Lemma 3, I f / ( z ) is of finite order Q and lower order l } then for /•>/•<> 

(2.4) M s ( r , / W ) < / H + E ) J " M 5 ( r , / ) 

and for an infinite sequence of values o f r tending" to inf in i ty 

^ . r , /.('"K (>.—1+<0 
(2.5) M 8 ( / - , / ) < i" M 6 ( r , / ) 

where <5 ^ 1 and e is positive. 

Proof. I t is enough to prove (2.4) since the p roo f o f (2.5) is similar. 
W e know [ a ] that for every s > 0 and large r 

Mb{r,f ) < r Mhir,f ) . 

Giv ing k the values 1,2, 3 , . . . , m and mul t ip lying the m inequalities thus obtained, we 
get for large r 



66 J. P. S I N G H 

Mb (r,f ) < r Mb (/•,/) 

which is (2.4). 

Proof of Theorem 1 . Lemma 2 leads to 

Mi,(r,f) ) log log A f 6 ( r ) log log r 
• ; • • > • : — : O (1). 

log r log c log r 

Proceeding to l imits and using Lemma 1, we get 

1 0 g r | M 5 ( r , / ) / (2.6) Km S.U? • L ^ i ^ / L J _ ^ f 
r^co m f l o g r X 

F r o m Lemma 3, we have 

1 0 g r \ M 6 ( r , / ) / 
(2.7) l i m S U P J ^ J . 

m f l o g r X 

Comparing (2.6) and (2.7), we get (2.1). 

3. Theorem 2. For every entire function f(z), other than a polynomial, 

. n i Mb(r,f ') \-

(3.1) l i m S U ? _ J ^ - ^ J - - J - = 0 < 3 < 1 . 
r ™ m f log r 

where r tends to infinity trough values excluding an exceptional set of at most finite measure. 

The proof o f this theorem requires the fol lowing lemmas : 

Lemma 4. F o r every entire function f(z), other than a polynomial , outside an 
exceptional set o f at most finite measure, 

(3.2) M 5 ( r , / " ! ) ) ^ M 5 ( r , / ) ( - ^ J " { i _ k v ( r ) - iV j> 

where v if) denotes the rank o f maximum term i n f(z) for \z \ = r, k is positive constant 
and 0 < d < l , ! 1 ] . 

Lemma 5. I f f(z) is o f finite order Q and finite lower order X, then for r > ra 

(3.3) M s i r , / " 0 ) ^ / P ~ I + E J ' " M 6 ( r , / ) , 0 < 3 < 1 , r ^ ra 00 

and for an inf ini te sequence o f values o f r tending to inf in i ty 

(3.4) • M h ( . r J m ) ) ^ r t K - i + e ) m M 6 ( r , / ) , 0 < 3 < 1. 
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Proof. I t is known j / 1 ] that 

0 < «S < 1. 

Then the proof o f the Lemma follows on the lines o f that o f Lemma 3. 

Proof o f Theorem 2. Lemma 4 leads to 

(3.5) l i m 
sup e I Mb(r,f) f 

i n f log r 

while f rom (3.3) and (3.4) we get 

l i m 
sup log v (/-) 

i n f log r 

(3.6) l i m 
r-><x> 

sup 

, f M 5 ( , , / M ) V 

i n f log r 

Comparing (3.5) and (3.6), we get (3.1). 
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Ö Z E T 

Bir tam fonksiyon ve hu tam fonksiyonun türevleri ile tanımlanan bâzı özel ortalamaların 
alt ve üst limitlerinin bâzı özellikleri ispat edilmektedir. Bu sonuçlar, daha dar bir 
çerçeve içinde R . P . SRIVASTAVA, P . K . K A M T H A N ve O . P . JyNEJA. tarafından elde edilen 

bâzı bağıntıların genelleştirilmesi di r. 


