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A connect ion parameter , whether s y m m e t r i c o r a s y m m e t r i c , may be used lo define 
cer ta in methods o f c o v a H a n t tl iiT:-retitia!ion, paral le l i sms and the curvature Lensors o f 
the space for \v!ii: l i the connect ion has bean defined. T h e re lauvc connect ion 
coefficient (given in l ' 1 ] ) def ine; two processes o f c o v a r i a i u differentiation, fSeudo-
geod;:i-"i arc au to-pa ra !1-I curves rs-!ai!vs to e a c h o f the two methods of d i f ferent iat ion. 
PRVANOVJTCH [•'] has used this sonne t ! ion p a r a m e t e r in the der ivat ion o f what have 
been cal led the relative JL'i;i-'.hT formulae. I n the present paper the a u t h o r has 
obtained three curva -ure len>ors c a l l c d (he re lat ive c u r v a t u r e tensor; of the first , 
second and third k i n d s . A number o f identifies have been deduced . T h e no t ion of" 

relatively f lat subspaces lias been in troduced for each process o f differentiat ion. 

1. Fundamental formulae. Let a subspacc, Vn, given by the equations 

y* ^ y<* (xi) ; a = 1, ...,m ; i = \ , . . . , n ; 

be immersed in an m-dimensiona[ riemannian space Vm , Consider a set o f uni t vectors 

Kid ^ ~ " ^ ' ' m^ i ' e ^ m m S — c o n g r u e n c e s of curves such that through each point 

of Vm there passes exactly one curve o f each congruence. A t the points o f the subspace, we 

may wri te 

m 

(1.1) ^ = 4 , 5 * + 2 A f t , (ft = n + \,...,m), 

v—«-h 1 

where the components f1^ and the scalars are functions o f xl , A f t are uni t normal 

vectors o f the subspace and = - — - • I t is assumed that the vectors Xf , together 

' i) X' 

w i t h any n linearly independent vectors o f Vn, form a set o f m linearly independent vectors 
o f Vm • This is possible i f and only i f the determinant | C ( t i v ) | =f* 0 . 

Consider a vector field %l = \ ! (x) o f the subspace. W i t h respect to this vector field, 

an asymmetric connection Mjk , called relative connection parameter, has been defined i n [ 3 ] , 

This is given by 

(1.2) M>k - r i k + Qjk > 
(69) 
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where 

d-3> 4 = 2 E C M *cv> ^ - *i ^ > f> i > 

is a tensor, rjk is the CHRISTOFFEL symbol o f the second k ind , C ( ( I V ) is the cofactor o f 

c(t*v) i n I C ( , i v ) I / I c ( i i v ) i a n d A M = VI' > % > ( / b e i n § t h e s e c o n d fundamental 
tensors o f the subspace. A pseudogeodesic ( [ ' ] and [ 3 ] ) o f the subspace is given by 

d2 xt , dx dxk \ " ' v r, ... dxl dx> 
ds" & ds ds' Li Z J <^> H O i f ds ds 

/ , dx' dx' \ _ 
'(*)—'<*); ^ " ^ r y ~ ° -

2. Relative covariant differentiation. The connection parameter Mjk may be used in 

the fol lowing two definitions o f relative covariant differentiation o f a tensor o f type 

Tj (x , I). 

, d c f a r ; • a r i a ^ 

and 

J' dx* 3 | r f ax* J 3 

I t may be verified that the curve x 1 ' = x' (s) is a pseudogeodesic o f the subspace i f 
we have 

/ dx: \ CIX^^Q o r (dxi_\ ^ i = 0 

\ ds J | j ds ' V, ds / • j ds 

Therefore, pseudogeodesics are auto-paralfel with respect to each of the two definitions of 

relative covariant differentiation. 

I t may be verified that 

(2.3) (a) Q ! j k + Q j i k = 0 , (b) f m = 0 

and 

dcf a r • a r i 
a** ax* 

def a T} 9 7"! 
t 

a ? d 

ax* ax* 

where 

Q , k ^ S j r i i ) k and D ( | l ) = 2 ^ v ) * w 

3. Relative curvature tensor of the first kind. Consider a vector field (x) o f the 
subspace. Subjecting this to the relative covariant differentiation o f the type (2.1), we get 
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l <L + X — ^ + Ml M[k J - v\r At', 

whence 

(3.2) v'Uk - v\ k j = vl R\ m - «j P iQ)k - £fkj), 

where 

- , a < a < a ç " 9 M ^ a i ^ a § 

(3-3) / M = -
i • m " 3 > " " " a"? ax f t ax* ~ a i d ' ax* 

Remark, i t may be noted that the term v\r (Qjk-—Qki) occuring i n the r ight hand 

side o f (3.2) includes v . Its coefficient has not been absorbed i n R' l k i as the altered va

lue o f the relative curvature tensor w i l l not be consistent w i t h a theorem (Theo rem (6.1)) 

on the existence o f relatively parallel vector fields. 

Using the fact that the CHRTSTOFFEL symbol rjk is independent o f and substituting 

f rom (1.2) the equation (3.3) simplfies to 

(3-4) f[m = K m + Q\k , „ - Ql

Jb , k + Q\b Q]k - Q'rk Q!

jh > 

where K' j f / k is the R I E M A N N (curvature) tensor o f the subspace. 

The tensor R' -]hk is called the relative curvature tensor o f the first k ind and we have 

i 3 - 5 ) f m ^ gir * .)hk ~ Kijhk + ®ijk ; h — Qijh • k 

+ Qlrh Q ] k - Q i r k ù)h-

The fol lowing results are obvious : 

(3-6> a " d *'.M = -*jkk-

Int roducing certain interchanges of. indices and using the relation (2.3) (a), we get 

OfrA 4 - Qlrk 4 = - fi* - %-/c fl'tt ) -

This relation, the use o f (2.3) (a) once again and the fact that 

Kijhk ~~ Kjihk 

proves 

(3-7) ' J W = - * „ , j ijhk j jihk 
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Finally, from (3.5) we obtain 

<3-8) fiihk + fihkj + RikJI, = Qijk • h + QUM ; k + flflc7, ; j 

where 

and we have used the fol lowing well known identity about the R I E M A N N tensor [•*, 112] 

(3-9) K m + K m + K m = 0. 

Using the equation (1.3) i t can be proved that the expression in brackets on the r ight hand 
side of- (3.8) vanishes and we have 

(3.10) Rijhk + RBikJ + R Ikjh ~ Qijk ; h + Qiltj ; k + ®lkh : j ' 

4. Relative curvature tensor of the second kind. Consider the relative covariant diffe
rentiation o f the type given by (2.2). Proceeding as in section 3 we deduce 

(4.1) v';Jk - *>'; kj = vl R\ ! k J - V . | r ( (fk, - f f c ) , 

where 

(4.2) fJhk ~ K [ m + ai

kj:h-QlJ;k + ul or»-«i, arv• 

The tensor R . is called the relative curvature tensor o f the second k ind . Also we have 
2 

(4-3) R , m ~ gir R r

J h k - K}]hk + Q m . h - liih} . k 

2 J 

I t is obvious that 

(4-4) R

i l l l k - - R m ™A R ' . m = - f . m -

However, in contradiction to R m k or , the tensor R ^ is not skew symmetric in the 

first two indices. 

The equations (4.3), (3.9) and (1.3) yield 

(4.5) R m + RihkJ + Rikjll = tow; h + tojjj; ; k - + Off ; j • 

5. Relative curvature tensor of the third kind. Using the covariant derivatives of the 
types given by equations (2.1) and (2.2) i t m a y b e verified that 



ON R E L A T I V E C U R V A T U R E TENSORS I N T H E SUBSPACE OF A R I E M A N N I A N SPACE 73 

Since 

(5.2) « , ' , , — , - « £ ( M / r — M ; , ) , 

i t follows {from (5.1) and a similar equation), 

where 

3 M . ' 9 M , ' 3 %d d ML 3 . 3 ^ 
(5.4) / M = f- -|- - V ? — 

+ < - J ^ t ^ Kk Kj - K Mr

hk + M'rJ M]tk • 

The above equation, when simplified wi th the help o f (1.2), reduces to 

(5-5) S J h k = K [ j / i k + Q i

j k J l - £ } i

l l j [ k + i4 Q)k - ii[k Q'AJ 

The tensor R' j i l k is called the relative curvature tensor o f the t h i r d k ind . This is 

not skew symmetric in the indices h and k . We have 

def r 

(5-6) Rijhk ~~"Sir f . jhk = Kijl,k + Qijk i h — i J / / f j ; * + Qihr ®]k 

- ß f t * ^ y - ^ / y v ß i ry flit-

I t may be verified f rom the equations (1.3), (3.9) and (5.6) that 

ij/ik + Rihkj + Rikjh 

A simple calculation based on the equations (3.5), (4.3) and (5.6) yields 

(5-7) RUhk + fihkj + fun = 0 . 

(5-8) Rip.k + R

i l l k j + f f t / * 

The fol lowing commutat ion formulae may be o f some interest : 

(5-9) * , | J k - *>,-, k J = ~ vi R[ l k J - o, | r ( Q)k - Qr

k} ) , . 

(5-10) v i .\jk' v i • \kj = — *>l R'.U,j — v i . \ r <.tokj — £/Jk) 
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and 

<5-n> v i \ j . k - * i . \ k \ j = - * i f l . i k j -

6. Relatively fiat subspaces. Def in i t ion (6.1). A subspace Vn is said to be a relatively 
flat subspace of the first or second or third k i n d according as 

(6.1) R m -^ 0 o r R i j h k = 0 or RtJJlk = 0, 

at all the points o f Vn . I t is said to be a relatively flat subspace i f all the three conditions 
given i n (6.1) are satisfied. 

Def in i t ion (6.2). A vector field v' is called a relatively parallel vector field o f the 
first k i n d i f 

(6.2) a </ = ( ) , identically. 

On the other hand i t is said to be a relatively parallel vector field o f . the second k i n d i f 

(6.2) b | j = 0 , at all the points o f V„. 

We shall prove the fol lowing : 

Theorem (6.1). 

A necessary and sufficient condition that a Vn. admits a set of n linearly independent 
relatively parallel vector fields of the first kind is that it is a relatively flat subspace of 
the first kind. 

Proof. The equation (6.2) a may be writ ten as 

3 « ' 
(6.3, ^ = 

The conditions, 

d2 v' \ ( 3 2 v1 

of integrability o f (6.3) are equivalent to : 

(6.4) « * f ' . A / * = ° -

Theorem (6.1) is immediate f rom this equation. 

Theorem (6.2). 

A necessary, and sufficient condition that a Vn admits a set of n linearly independent 
relatively parallel vector fields of the second kind is that it is a relatively flat subspace of 
the second kind. 

The proof is similar 1-to that o f Theorem (6.1). 
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Theorem (6.3). 

If a Vn admits 11 linearly independent relatively parallel vector fields of the first kind 

and also n linearly independent relatively parallel vector fields of the second kind then it is 

a relatively flat subspace. 

The proof o f this theorem is an immediate consequence of Theorems (6.1), (6.2) and 

the equation (5.8). 

The relative curvature tensors studied i n this paper may be used in the definit ion of 

scalars corresponding to Riemannian curvature of the subspace and also i n the derivation 

of generalised G A U S S characteristic equations of the subspace. These properties w i l l be 

studied in a separate paper. 
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Ö Z E T 

Herhangi bir uzayda simetrik veya asimetrik olabilen bir bağımlılık parametresi ve
rildikten sonra, bu parametre sayesinde bir kovaryant lürev alma işlemi, bir paralel
lik kavramı ve bir eğrilik teıısöıü tanımlanabilir. P R V A N O V I T C H [ s ] , rölatif bağım
lılık parametresi dediği böyle bir parametre tanımlamış ve bunu rölatif F R E N E T 
formülleri olarak adlandırılan bağıntıları elde etmek için kullanmıştır. Bu araştır
mada bu parametre ile farklı iki kovaryant türev alma işlemi tanımlanmıştır. Bu iki 
türev işlemine göre kendi kendine paralel olma özelliğini hâiz eğriler psödogeodezik 
eğrilerdir. Ayrıca, yine bu türev alma işlemlerini uyguluyarak, birinci, ikinci ve üçün
cü cins rölatif eğrilik tensörleri denen üç çeşit tensör tanımlanmış ve bu tensörlerin 
sağladıkları bâzı özdeşlikler elde edilmiştir. Her türev alma işlemi için bir rölatif düz 

alt uzay kavramı da tanımlanmıştır. 


