A THEOREM ON PROXIMATE ORDER B OF AN ENTIRE FUNCTION

JopH PAL SmNG

A result conecrning a function of proximate order B (in the sense of Bourtroux [i])
is proved, This is connected with a result due to Kamran [?21,

1. Boutroux ['] in 1903 proved the existence of a proximate order for an entire function
f(z) of non-integral order, known as proximate order B, satisfying the following conditions :
H el is real, continuous and piecewise differentiable for r>r,,

(i) lim inf ¢{) > p where p is the genus of function.
GO

(iiiy There is a number = such that J'Q(r)—p_u and J'H—Q(r)_“

tion of r.

are inreasing func-

(iv) ro’¢)log r—> 0 as r—> o where p'(r} is either the right hand or the left hand
_ derivatives at the points where they are different. -

(v) mpa) < k@) p=p .,k any constant > 0.

(viy alra) < % #@)  for a sequence of values of r proportional to the values for
which log M(.f) — re(r,

Let f(z) be an entire function of order p and genus p. Suppose further that z,,z,,..., 2z,
are the zeros of f(z); then the HATAMARD representation of the function is

(1.1 f@) = 2" 29 pi),

where Q(z) is a polynomial of degree g = ¢ and P(z) is the canonical product of genus p
formed with the zeros (other than z =0) of f(z). KaMTHAN [2] has proved the following
theorem: .

Theorem, If P{z) be a canonical product of genus p and order o (g > p) defined by
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where z, , z, ,..., ¢tc. are the zeros of P(z) whose modul ¥, , #, ,... form a non-decreasing sequence

such that rn > 1 for all # and where r, > o as > oo then for z in a domain exterior to the

circles r;lh (f > g) described about the zeros z, as centres we have

P n(x)
>k f T PE dx
S0

where % is a constant dependent of p and P’(z) is the first derivative and n(x) denotes the
number of zeros within and on the circle | z] = x.

P(z)

(1.3) o

As we are considering entire functions of non-integral order, it is sufficient to prove the
theorem for canonical product P(z) of f{z). In this paper we prove the following theorem:

2. Theorem, If ofr) be the proximate order B for an entire function of non-integral
order, P(z) be the canonical product, for some 1 > 0

N ~ 4re®) asr o c then

Pre’®)

P (Jete)

(2.1) |smn(g——p) —:r_(g—pJ.r@(")“pfl, | < erel)—1 ¢ 0,

We require the following lemmas to prove the theorem.

Lemma 1. For a sequence of values of r

N(x)yr?

P'(re )

— . < I
P(f‘er )

Proof. Since
0 .
dwuyzfgi

for almost all values of x. From {1.3) we have

P (reie) r FPd N (x)

o N(x) P {(p-l-l)x—{—prJ +{p—1) }*d

<k | Fern G+

7 PNE  fxp+ 1) r(p—l)}
<k f xP(err)*{ T d.

Now the expression written within the curly bracket inside the integral sign is bounded
in {0, o) and monotonie increasing. Hence, we have
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l P’(r‘em) & N(x) s dx
i Pee®) o
Lemma 2.
feh)
x2-F . aw#le—p) Hle—p—1)

' ; P Snae—p

This is easily established by contour integration since 0 < p — p < 1.

Temma 3 A, If g > 1, N(x) ~ ix2™) then

riw NGY »
x)r
A dy < g pte)—
Pl fx < £
fy
Proof.
*i . »/n
Ny - 22 0l pp
xXFlx+0 T et
o Ty
riu

< f 24 xRIW=P pp—w gy

Ta

ru
< 21.,.9(:0*24‘1/ X% dx

Ty

< 8 I-Q(T)*l,

since given ¢ in advance we can choose p such that 2 < 1asp> 1, rer-p—

pe—P—l
is increasing function in proximate order B. '

Lemma 3 B.

rin

%17 -
[ i deer

r
[

This is easily established since g—p + 1 > 0.

Lemma 4 A, Ifp > 1 and N(x) ~ ix % then
G0
Nx)rP

x_pm de < & ,.Q(r)—l.

far
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Proof.
oo o )
N(x)yr? 2% x@)
— dx = Ty X
P (x--n)? xP+?
ur ur
oo
< 24P f xeG)—pra—1 (x—"'"% dx

@

< 24 re@a—t [La]w
1

o
< g palr)— L

since given s in advance we can choose @ large enough such that p@—!—P+% 1 and £

24 . . L .
-2 <5 as oD —l-PE6 g decreasing function in proximate order B.

o pt i

Lemma 4 B.

f xrf di < & 21
J o dx e,
xP (x4 1)

o
Proof,
[s'e] fes] .
xP P » e—p—s
PP dx < i x dx r
wr [1ts
xt—r—1 oo
<< 1P [ —]
g—p—1

o p+l—e £

< gre—t, >0,

since p—p—1-<<0.

Lemma 5, If 2> 1 and N(x) ~ 4 x@&> Then ‘ :

18
E == ] f N(l) F dy —1 rQ(”)“‘Q f xe P

< erel)—s,

x"’(erf)" xP{x 4+ r)?
rio
Proof, Now . £
ey
[0 ()]
= T dx
x*(x+n? !

ulr

: ' 3 2
since N~ 4 %2 and A xel) ~ (39—(—) relr)
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Hence

2811q(r) P
E<lf cdx

TPt

Flo
< 1 rg(r)-&-.v[ t ]r"”

Pt APy
L e 1
elr)—t Pyl ]

e ['w pft!
< gpoln—1

Proof of the theorem. For every ¢ > 0
P (1.619)

— k(e — p) @ P~ cosec p(e—p) l
P(relﬂ)

- |

By lemma 1 and lemma 2, it will be sufficient to show that for every ¢ > 0

oo o
ENG&) P i J.Q{T)'fpfl ye—>p
B xF{x+r)? dx— == Lx+r)? x
0 O
KNG P T NG FRNG
x)r TN r? xX) r
= xP(x--r)? @ t ) [ xT(x—H')" I T l *P (x + 1)t dx

¥
°

g_ig(r') 2 vR— P
+ /

1-[ Apeld—e xr— P
ECE (x+:)ﬂ' *

l,g(r)—evgp
+ f TR dx‘

wr K N{x)rP
+ f xPlx+r)

¥iu i

di — 1 pel—e £ xe—P
{x +#) dx I

On applyinlg the lemmas 3A, 4A, 3B, 4B and 5 {o above integrals, we have
E < erelm)—t
or
P ey ei )

P(Jele)

| sin = (¢—p) —iz(e —p)rebr-p—t | <& pal—1

for every positive & 1,

" 1) Finally, T wish to express my sincere tanks to Dr, S. H, Dwivens for his valuable suggestions
guidance in the preparation of this paper.
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OZET

Boutroux [1] anlaminda B yaklasik mertebesinden bir fonksiyon ile ilgili bir sonug £
elde cdilmistir. Bu netice Kamreian [2] tarafindan ispat cdilen bir teoreme badlidir. =




