
A T H E O R E M O N P R O X I M A T E O R D E R B O F A N E N T I R E F U N C T I O N 

J O D H P A L S I N G 

A result concerning a function of proximate order B (in the sense of B O U T R O U X [ ' ] ) 
is proved. This is connected with a result due to K A M T H A N [ ' 2 J . 

1. B O U T R O U X [ ' ] i n 1 9 0 3 proved the existence o f a proximate order for an entire function 
f(z) o f non-integral order, known as proximate order B, satisfying the fo l lowing conditions : 

0) Q ('') is real, continuous and piecewise differentiable for r ^ / ' 0 . 

( i i ) Hm i n f e ( r ) > p where p is the genus o f function. 

( i i i ) There is a number a such that r ^ r ^ ~ p ~ a and r + t ~ ^ i r ^ ~ a

 a r e inreasing func
t ion o f /'. 

(iv) r Q'(J-) log r - > 0 as /• co where Qr(r) is either the r ight hand or the left hand 
derivatives at the points where they are different. 

(v) n(r,a) < k r ^ r \ r ^ ru , lc any constant > 0 . 

(vi) n{r,d) < ^ - r ^ W f o r a sequence of values o f r propor t ional t o the values for 

which log M(r,f) = r C t r ) . 

Le t f(z) be an entire function o f order Q and genus p. Suppose further, that z t , z2 z„ 
are the zeros o f / (z) ; then the H A T A M A R D representation o f the funct ion is 

( 1 - 1 ) / ( z ) = z'" e Q i z ) -PO), 

where Q(z) is a polynomial o f degree q ^ Q and P(z) is the canonical product o f genus p 
formed w i t h the zeros (other than z = 0 ) o f f(z). K A M T H A N [ 2 ] has proved the fol lowing 
theorem: 

Theorem. I f i>(z) be a canonical product o f genus p and order Q (Q > p) defined by 

cup ^ . n o - i j - P ^ ^ ^ v - ^ C t n • 
Ill 
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where z t , z 2 e t c . are the zeros of P(z) whose modul r , , r 2 f o r m a non-decreasing sequence 

such that r„ > 1 for all n and where rn ->- « J as O ->- oo then for z i n a domain exterior to the 

circles r'^ (h > g) described about the zeros zn as centres we have 

(Í-3) / / - P 7?(X) 

where /c is a constant dependent o f p and P'(z) is the first derivative and n(x) denotes the 
number o f zeros w i t h i n and on the circle | z \ = x. 

As we are considering entire functions o f non-integral order, it is sufficient to prove the 
theorem for canonical product P(z) o f f(z). I n this paper we prove the fol lowing theorem: 

2 . Theorem. I f ¡>(r) be the proximate order B for an entire function o f non-integral 
order, P(z) be the canonical product, for some X > 0 

(2.1) 

N(r)~ A r « ( r ) a s r - i - co then 

sin n fe — P) F ( r g . n

8 j —n(Q—pX MT)-P- 1 , I < s r ? W - 1 , s > 0 . 
* ( r e , B ) 

We require the follov/ing lemmas to prove the theorem. 

Lemma 1. For a sequence of values o f r 

Proof. Since 

Pire1*) < 

dN(_x) = 

t 

n(x) 

for almost all values o f x. F rom (1.3) we have 

P'(reiQ) 

P{rJh 
< k 

p(x + r) 
r, dx 

< 
(p + l ) x a + 2 p x r + (p 

^ - } d x 

C O 

^ f >'PNM fx(p + \ ) - \ - r ( p - l ) \ ^ 
< k J xPix + ri'X ( * + r ) S 

o 

N o w the expression wri t ten wi th in the curly bracket inside the in tégrai sign is bounded 
i n ( 0 , co) and monotonie increasing. Hence, we have 
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< k dx. 

Lemma 2 . 

f x9~" 
J (x + ry 

d x = . , * < S - P \ t - ( g - P - 0 . 
sin it (y — p) 

This is easily established by contour integration since 0 < g — p < 1. 

Lemma 3 A . I f p. > 1, A/(x) ~ U « w then 

N(x) rp 

x?(_x + ry 
dx <8)^(P)~' 

Proof. 

>7II )7y 

J Xf(x+r)* X < J 3 

rip. 

2l.r^T)-2-« j xa dx 

since given e i n advance we can choose /i such that < 1 as fi > 1, / • ° ( r > - / ' - 1 

is increasing function i n proximate order B. 

Lemma 3 B . 

rip. 

f X I ' P 

dx < sr 

This is easily established since Q — p + 1 > 0. 

Lemma 4 A . I f j».> 1 and N(x)—• Ix then 

y xnx + r y d x < E ' • 
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Proof. 

C O (X> 

f 21 x S w r f N(x)rp , f 2lxVx>r , 
J xP(pc + r)* d X < J x»+* d X 

ir [íl

eo 

<2Xrp f x ^ - P + v-'.ix-'-^dx 
til' 

< 2 i r « w + a - 1 r-í-iiiAr 

L a J™ 

since given s in advance we can choose (i large enough such that f.iQ~p+a < 1 and 

-—5 < e as r S ^ ~ j s decreasing function in proximate order B . 

Lemma 4 B . 

Proof. 

< r? \ ^ -1 

< Í 
P + 1 — e 

< s j - e - 1 , E > o, 

since Q—p— 1 < 0. 

Lemma S. I f ) , > 1 and N(x) ~ X x^{x) Then 

y j xp(x + ry xp (x + r)'¿  

r/u r/i). 

< er -o(r)—i 

Proof. N o w 

xp (x + r)1 

V-lr 

N(x) ~ X and A x « w ~ ( ~ ) 9 r«M 
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Hence 

E < / 
2 s l r Q ( r ) ,.P 

dx 

Proof of the theorem. F o r every e > 0 

P } _ » i ( e _ / i ) r e W - P - ' cosec i*(e~p) 
P(relQ) 

By lemma 1 and lemma 2, i t w i l l be sufficient to show that for every s > 0 

< 

/" KN(x)rp _ i r t ^ - ' ' - 1 / 

7 JC* ( * + /•)* / • e - ' ' - 1 y ( x + r ) - J " ' v 

0 

r / w o 

J xp(. 
KN(x)rp 

x -i- i-y 

KN(x) rp 

xp (x + i-y 
dx 

if 

rfv. 

J c x + ry (.x + ,-y 
dx 

y o t+o 5 

+ | j xp(x + ry 
(x + i-y 

dx 

r/v. 

O n applying the lemmas 3A , 4A, 3B, 4B and 5 to above integrals, we have 

Sm:r(Q—p)
 P f ° ' e

Q

)
 —Xnie—p)^')-?-1 | < e r ^ r ^ 1 

P(re'G) 

for every positive E 0 . 

i ) . Finally, I wish to express my sincere tanks to Dr . S. H . D W I V E D I for his valuable suggestions and 
guidance in the preparation of this paper. 
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A L I G A R H ( U . P . ) 

Ï N D I A 

Ö Z E T 

B O U T R O U X ['] anlamında B yaklaşık mertebesinden bir fonksiyon ile ilgili bir sonuç 
elde edilmiştir. B u netice K A M T H A N ["-] tarafından ispat edilen bir teoreme bağlıdır. 


