ON THE RECURRENT TENSOR FIELDS OF
FINSLER SPACES

by
B. B. Sivaa and 8. P. SINGH

The spaces with recurrent curvature were studied by H. 8. Ruse [2] 1), A. G,

Warxer [4], Y. C. Wong 9], B. B. Smma and S. P, Sinen [3] and many others.

The purpose of present paper is to cpbtain certain theorems on the recurrence vecior

{ield, the relative curvature tensor field and the curvature tensor field in the sense of

CARTAN. We are concerncd here with the local properties and shall use as notati-
ons thase of H. Runp [L].

1. Introduction. We consider an #-dimensional FINSLER space in wh1ch the arc-length of
a curve xf=xi (), ==, is defined by

. f Fixt xT o= dxt
(1.1) : § = (xt, x7) dr, =
. £y
where F(xi, xf) is a positively homogeneous function of degree one in 7.

Let us take a vector field X7 (x%, £%), depending on position as well as on a- direction
field : £F == EX(xk), By deﬁmton its covariant J-derivative at the point x¥ in the direction £¥ is
g1ven by ‘

axi  axi g

Xl' YA s #i ’g Xl‘
.2) T Bk T oply Dxk Pt X
while '
oooaxt,  axt, o .
: ; !
(1.3) X i = +—F + I Xl — x4,

ax" axl axt
Interchanging the indices & and / in (1.3) and subtracting the result from it, we find
(1.4) X: h T X: Rk = K_;kh . %) X
where }(';k,-, is the relative curvature tensor [

The commutation formulae involving the relative curvature tensor K}kk are as follows :

. ’ K"
1.5 Ty — Ty = — TieKjuon— Ty j K i
and
(1.9) T;;kh - Y;;hk = 7}" K:'kh T Kﬂﬂ'i'

1y MNumbers in brackets refer io the references at the end of this paper,
2} The Roman small letters «, b, ¢,....0, j, k,... take values 1,2,3,...a

ii7
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The relative curvature tensor field ﬂ]"{Jj:-k], satisfies the identities

1.7 ' K;I(h + K;{hj + K';.'jfc =0
and
(1.8 K + Kt + K = 0.

Suppose that the vector field E! is ™siationary” at the peint under consideration i.e. it

satisfies the relation g';k (x, B) = 0.

We then have at this point

ot/ a6/, %)
1.9) a:,k = x D" T’:

If we substitute (1.9} in (1.2) wc obtain CARTAN’S covariant derivative,Xf , provided we
regard the lineclement Ef as the element of support x'. Then the relative curvature tensor

K'y; becomes CARTAN's curvature tensor Ki.
Jkh 1
The covariant derivative of a tensor field, say ]}‘ in the sense of CARTAN is given by
0Ty AT;
The =t =
g axf ax'

The covariant derivative of %' is identically zerc.

(1.10)

*l I
x4+ T F,.kg TI r,,‘

The curvature tensor field K e satisfies the 1dent1t1m

(1.1p) .de + kay + Khrk =0

and

(112 (K jlchit + K fn',n'k =+ jr.'n'(ih)lj + (An{cm,fs K,z;‘ + A}mu‘a K;;.l'c + Afm,n's (::;clh) !j S
where A - FC! e isa symmetrlc tensor and // is a unit vector.

The commutation formulae involving the curvature tensor field K_;}(k are as follows:

T

.
(L.13) Tyion=Tppe = — i g Ky
YAl
(L14) Y P de K x" 4+ TTK! T K},
) Jlkh Jihic d rich 7 ki
and
i A P e ' P

(1.15) (—BTJ) w5 Clor % — 11 °r,, 1

o L ax okt T T ok " ax*

The «affinely connected spaccs» are characterised by the condition Cin = 0. Con-
i

= 0 imply Cyicsh =0 and hence %& — @ because G}nk =r

dx ox

versely, the equations i

Gfik
1

ki "
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2, Recurrent refative curvature tensor field. A FINsLER space in which there exists a

non-zero vector field ¥, such that the relative curvature tensor field '}(j-k;, satisfies

—

(2-1) ‘ K_:‘kh;m =Vm K}kh

is said to be a TFINSLER space with the recurrent relative curvature tensor field and this ¥, the
recurrence vector field.

We shall prove certain theorems on the recurrence vector field ¥V,,. We shall denote he~
reafter by (?() the following property : the value of the tensor field’k;}c], is not the zero tensor

at each element (x, E) of the space.

Theorem 2.1. In FINSLER space with the recurrent relgtive curvature tensor field having the

properiy 6(), the recurrence vector field Vi, Satisfies the relation
2.2) (Vm;n'— Vn;m);i =V, (Vm;u - Vn;m)'

Proof. Differentiating (2.1) covariandy, we have

(2.3) K}kh;mn = Vm;n K_;kh + Vi Vy I(}kh »

which yields

e

~ —
(2.4) Kjkfn;um * K_rkh;nm = (V;n;n” Vn;m) K_;‘Mr .

By virtue of (1.6),it becomes

@5 V= Voo YK bin = KK von— K vt Kpyn— Koy K on — Koy K
. m nun Jkh Kj.fch rmn vkl Jmn Jjrh fenin Jhkr I fimmn,

#
Differentiating it covariantly and using (2.1), we. get :
(2.6) (Vm;n—_‘ V.u;m);! K}Ekh = VI(Vm;n‘_ V;a;m) K_lfkk .

From the assumption &E), we have the result,

Theorem 2,2 In g FINSLER space with the recurrent relative curvature fensor field having the

property (I}J), the relation
(2‘7) V! (1/111;:14' Vn;m) -+ Vm (Vﬂ 47 Vn';u) + Vn (Vl;u!4' V;n;l) =0
is frue.

Proof. Adding the expressions obtained by a cyclic change of the indices 7, m and » in
(2.2), we obtain

(2.8) Vi'(Vm;nm Vu;m) +V, (Vn;{— Vl;r_r) 4V, (V!;m_ Vm;l)

= (¥

L

e Vn;m );I + (Vn;l# VI;u);m + (Vl;m_ Vm;l};u .

By virtue of (1.5) and (1.7),we have the result.
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3. Recurrent curvature tensor field in the sense of CarRTAN. A FINsLER space in which

there exists a noa-zero vector ¥, , such that the curvature tensor field Kjkh satisfies
i -
(31) I{jkh,"m - Vm “ikch

is called to be a FiNsLER space with the recurrent curvature tensor field and V,, the recurrence
vector field,

Contracting the indices 7 and 4 in (3.1}, we have

(32) ' Kiktm = Ve X ji
where )
(3.3) 7 K=Ky

Here we shall prove certain theorems on the recuirence véctor field V,,, We shall denote
hereafter by (KX} the following property : the value of the tensor field Kj,,d, is not the =zero

tensor at each clement (x, )E) of the space.

Theorem 3.1,  Jn a FINSLER space with the recurrent curvaiure tensor field the relations

, e arsr artr
(3.4) (JC K:»kh)( -_r:m —— .J'n -0
ox xm
and
farr arsy
s Jjm in _
a9 =Tk (_a)}"_* | =
hold good,
Proof. Multiplying (3.1) by x” and differentiating it with respect to X", we have
oL aby, a . 9 ..,
(3.6 (! j(k.ﬁ)—ag = [3)-6” {(xj K;kh )/m}_ Vm W('x JK:I"n’fh) :I y
By virtue of (3.1}, it yields
PR | SR - e, 3 ., .
I gt moo gt S O
(3-7) (x Aj,’ch) 3)'6" - [ a}'c,, {(x K:ikh )jm} gfb'c" V(X K,'th) i/",}

ol 3,
;
+ox (a; Kjlkh)i X Y Kt
n

Using (1.15) in (3.7), we get

g 3 . i -l .. d : I - es a[‘fr
(3.8 - —axT (x K.;kh) Cmn."r x" X ? Kjrkh Cmn.u’f' x r‘+ % K:kk — —9

asc"
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Interchanging the indices m and » in (3.8} and subtracting the result from it, we obtain (3.4).
Contracting (3.4} with respect to the indices 7 and 4, we get (3.5) Thus Theorem 3.1 is proved.

Theorem 3.2, Ina FINSLER space with the recurrent curvature tensor field having the property
X)), i Kl ik is mdependem of. x the relation
(3.9) ' (Vm,'n_ n.u'm),’l ﬂVl (Vn.’n Vﬂ‘."m)
s true. ' : 3
Proof, Differentiating (3.1) covariantly with respect to the index », we have
(3.10) qufifmn p:‘m'n th + Vm Vn kafl :

which yields

(3‘11) K_;kh,u'mn 7 Kj'kfu’nm = (Vm,fn n,n'm) K “ikh *
From (1.14) and (3.11), we get
(3'12) (Vm,'n n,n'm) _fkk Kf’f;k K:'nm Kr kh K:,'nm Kr}!rk kmn K;’kr imm

Differentiating (3.12} covariantly and using (3.1), we obtain,

(3.13) (Vm!n_' Vn.fm ),u'l K;Ftkh = Vi‘ (V m .u.u'm) ‘E"kh .

From the éssumption (K), we have the result. :

Theorem 3.3 In @ FINSLER space with the recurrent crvature tensor field having the pro-
perty (K, if K}'}f yond Vi, are independent df ;Ci, then Vy, satisfies the relation

- (314 (V n!m) + KJI(VnH Hm) +V, (Vh'm “Vm,fi') =0.

minT

Proof. Adding the expressions obtained by a cyclic change of the indices I, m and »n in
(3.9), we get

(3.15) Vl (Vm,’n n,fm) + Vm (V"”— V.'_.'n) Jr Vn (VI,fm 'thﬂ) :
- {Vm_.'n "— Vn,’m )H + (Vn,’lw VI,’n ),fm - (Vl,u'm 7 ij[ ).’n . J

By virtue of (1.14) and (1.11), (3.15) yields the result.

Theorem 3.4. frn @ FINSLER space with the recurrent curvature tensor field, if the tensor K k
is independent df xi and is non-mll, Vi satisfies the relation

(3.16) % = .&1[_
) éx" a.;Cm )

Proof. Differentiating (3.2), multiplied by x’, with respect to x/, we obtain

3 ., av,,
(3.17) W‘{(xjk}k ),u'm} (x vak) + ¥, m (x Kk)

Using the commutation formula (1.15) in (3.17), we get
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a ) ar”

O Ly
(3.18) % 0 i g — (x K.fc) C.’m,’r x7 — (! Krr) k;n

* fm ox

V’ﬂ f I‘, V
]."\.) + it - (x Kk)’
which yields
*p
a ¢ k oV

(3.1%9) — ;—p- {x k) Chn,’r r(x K ) m_ » rJII (xj K:rk}

Subtracting the result, obtained by mterchangmg the mdlces lan min (3, 19), from it and using
(3.5), we have

v, v
(3.20) €2 jfc)( - ax‘m) =0

On the assumption, K ik == 0, (3.20) yields the result,

Theorem 3.5, In an c{ﬁ”ine!y connected FINSLER space with the recurrent curvature tensor fi-
eld, if K 3, is independent of % and is non-null, then the recurrence vector field Vi is independent
of x!

Prof. It is obvious from (3.19),

We shall prove sofne theorems on the recurrent curvature tensor fieid.- We shall denote
here by (/) the following property : the value of the recurrence vector field ¥V, is not the zero
vector at each element (x,x) of the space.

Theorem 3.6, In a affinely connected TINSLER space with the recurrent curvature tensor field
having the properties (Ky and (V), there exists a tensor field whose componem‘s S;: are positively

can be expressed as

homogeneous functions of deg.lee one in X' such that the tensor field K th
(3.21) LoV, S —V, 8 st — 25
: Kirn = Ve Sie— Vi Sj» = o
X
and
(3.22) ‘ ' WK =V, Si—V S

Proof. From the expressions (1.12) and (3.1), wc obtain
(3.23) Vy Kl + Vi Ky + V) Ky = 0

By virtue of Theorem 3.5 the component ¥, of the recurrence vector field do not contain the
variables x! and therefore from the assumption (¥} concerning ¥, , there exists a contravariant
vector field whose components X% do not contain the variables ,;cf, such that X, ¥F™m=1.

Transvecting (3.23) by X I we have

. o C
Ky = Vo Ky X' — V) Ky X7
that is :



RECURRENT TENSOR FIELDS OF FINSLER SPACES 123

(3.24) ! jkl’l =V, S —V; S}h .
where “ 5 E}S‘,'\, - K x!
ch 3.76‘/ fld % -

Multiplying (3.24) by x/, we get (3.22). Thus Theorem 3.6 is establishcd,

Theorem 3.7. In a FINSLER space with the recitrrent curvatuve tensor field having the proper-
ties (K) and (V), in order that the tensor field 5 }; satisfy the expression.

(x/ Ky = S Vs

'—S;.! Vv

and the component are positively homogeneous functions of, degree one in X', it is necessary
and sufficient that there exist a vector field whose components p! are positively homogeneous

of degree ornie in X and such that
(3.25) Si=s8L+v, p
holds, where S,,‘; is a tensor field satisfying (3.22).
Proof, Les us assume that S‘,‘;t be any given tensor ficld whose components are positively
homogencous functions of degree one in %' such that
{(3.26) (xiK;kk) =V Sp—V, S
holds. The expressions (3.22) and (3.26) yield
(3.27) v, (Si —sh=v, (S — s
Using the assumptions () and () in (3.27), we have a vector ficld whose components p! are po-
sitively homogeneous functions of degree one in %' and that satisfy the expression (3.25),

Conversely, if pi is a vector field whose components pf are positively homogeneous of
degree one in %' and satisfy (3.25), then it is evident that.§ L satisfies our condition.

Theorcm 3.8. In a FINSLER space with the recurrent curvature tensor field, if K ki is a recitr-

vent curvature tensor field, then Rjkfi is not a recurrent curvature fensoy field.

Proof. The curvature tensor R}k ; can be expressed in terms of the curvature tensor K:;,,,t 5 88

(3.28) R

. .
fe = Ken + Clo Kol x

Differcntiating it covariantly and using (3.1), we have -
(3.29) Ry =Yy Ry + Chopr Koy, %
which yields the result.
Remark. In an affinely connected FINSLER spaceR ik is also a recurrent curvature ten-

sor field along with X

el and hence in this space Ri,,kh will satisfy all those theorcms which we

have proved for K}kh in a FiNsiEr space with the recurrent curvature tensor field,

<
i

IR A A




124 B. B, Smnua and 8. P, Smvom

REFERENCES
[i] Runp, H. : The Differential Geomelry of FINSLER upaces, SPRINGER - VERLAG (1959),
[2] Rusg, H, 8. i Three-dimensional spaces of rvecurvent curvafure, Proc, Lond. Math, Soc.

50 (2), 438-646. (1949),

[8] Siwma, B, B, and Swgu 8.P.: On recurrent YiNsLer spaces, (to appear in Tenser).

[£] WaLEER, A, G. 1 On Ruse's spaces of recurrent curvaiwre, Proc. Lond, Math, Soc,
52 {2y 36-64. (1950).

[51 Wong, Y. C, : Linear conucction with zevo itorsion and recurvent curvature, ‘Trans.
Amer, Math. Soc, 102, 471-506. (1962},

DEPARMENT OF MATHEMATICS, {Manuscript Received October 7, 1968)
FACULTY OF SCIENCE, .

Banaras HINDU UNIVERSITY

VARANASI-J,

INDIA.

OZET

Rekéirent egriligi hdiz vzaylar H, S. Ruse [2], A. G. Watker [4], Y, C. Wona [4],

B, B, Sinua ve S, P, Singu [8] ve birgok baska yazar tarafindan incelenmigtir. Bu

' aragtrmanin gayesi rekdirent vektSr alam, relatif egrilik tensdr alam ve CarTaN anla-

minda egrilik tensér alani ile ilgili bdzr sonuglar1 elde etmektir, Lokal 6&zelikler tize«
rinde durulmakia ve H. Runp’uu [!I notasyonlarn kullamilmakiadir,




