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T h e s p a c e s w i t h r e c u r r e n t c u r v a t u r e w e r e studied by H . S . R U S E [ s ] ' ) , A . G . 
W A L K E R [->], Y . C . W O N G [H, B . B . S I N H A a n d S , P . S I N G H [ 3 ] a n d m a n y o t h e r s . 

T h e p u r p o s e of p r e s e n t p a p e r is to obta in c e r t a i n theorems o n the r e c u r r e n c e vector 
f i e l d , the r e l a t i v e c u r v a t u r e tensor f ie ld a n d the c u r v a t u r e tensor f ie ld i n the sense o f 
C A R T A N . W e are c o n c e r n e d here w i t h the l o c a l propert ies a n d s h a l l use as n o t a t i ­

ons fhose o f H . R U N D f 1 ] . 

1. Introduction. We consider an. n-dimensional FINSLER space in which the arc-length of 
a curve x1' = x* (r) ^ / <t2) is defined by 

(1.1) s = J F(x\x')dt, xl = -jf 

where F{xi,xi) is a positively homogeneous function of degree one in x'. 

Let us take a vector field Xi{xk,%k)) depending on position as well as on a-direction 
field : %k = %k(xk). By definiton, its covariant <3-derivative at the point xk in the direction \k is 
given by 

<i.2) d x k + d x l d x k vrrk(x,jxi 

while 

0.3) + - p ^ - , ^ . 

Interchanging the indices k and h in (1.3) and subtracting the result from it , we find 

0.4) Akh-xUk=Km<*>®xi> 

where K)^, is the relative curvature tensor [ ' ] . 

The commutation formulae involving the relative curvature tensor Kjkh are as follows : 

(1.5) T m h — Tmbk = — TirKr
}kh — TrjKr

ikh 

and 

1) N u m b e r s i n brackets refer to the references a t the end o f this p a p e r . 
2) T h e R o m a n s m a l l letters a, b, c,...,i,j, k,... t a k e values 1,2,3,....n. 
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The relative curvature tensor field Kjkj, satisfies the identities 

(1.7) • Km + * * « + Klljlc = 0 
and 

(1.8) l^jkhM + K^ht-k + K]tk;h = °-

Suppose that the vector field %l is "stationary" at the point under consideration i.e. it 

satisfies the relation \[k (x, \) = 0. 

We then have at this point 

(1.9) " ^ = " " r ^ ( ^ H  

I f we substitute (1.9) in (1.2) wc obtain CARTAN'S covariant derivative .^ , provided we 
regard the line-element as the element of support x'. Then the relative curvature tensor 
Kjkll becomes CARTAN'S curvature tensor K-kfl • 

The covariant derivative of a tensor field, say T'. in the sense of CARTAN is given by 

a-10) 4k = ^ - r;i i r + TJ r;< - T/ r%. 

ax dx 

The covariant derivative of x' is identically zero. 

The curvature tensor field Klkh satisfies the identities 

a-n) Kikh + KkhJ + K;lik=o 

and 

where Ajk = FCj^ is a symmetric "tensor and / ; is a unit vector. 

The commutation formulae involving the curvature tensor field Kjkh are as follows : 

(1.13) T,kl~Tlhk =-%-K'rkl>xr> 

ox 
and 

9r; \ drj,, drl , . s r l . dr*h 

J •In j ,-,/ v T - r r" i T-( J " 

(1-15) ~ = - : . f - C,,,,.,. x 1 - — T/' — r r + 7". ox*///, 3x'c Ox' W r J" dxk r dxk ' 

The «affinely connected spaccs» are characterised by the condition Qjk/h = 0. Con¬

versely, the equations .—— = o imply Cnk/h — 0 and hence —— = o because GL = rV, • 

3x' 3x' 
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> 2. Recurrent relative curvature tensor field. A FINSLER space in which there exists a 
non-zero vector field Vm such that the relative curvature tensor field li'jku satisfies 

(2.1) K'jkh;m = y™ Kjkh 

is said to be a FINSLER space with the recurrent relative curvature tensor field and this Vm the 
recurrence vector field. 

We shall prove certain theorems on the recurrence vector field Vm. We shall denote he­
reafter by (K) the following property : the value of the tensor field Kp(ll is not the zero tensor 
at each element (,v, ^) of the space. 

Theorem 2,1. In FINSLER space with the recurrent relative curvature tensor field having the 
property (K), the recurrence vector field Vm satisfies the relation 

(2.2) (V — V ),= V,(V —V ) . 

Proof. Differentiating (2.1) covariandy, we have 

(2-3) K)kh;mn = Vm;n Kjkh + Vm Vn K)kh > 

which yields 

(2-4) Kjklt;iim ~~ K-'jklnmn = ^m\n^~ Kr.n) Kjkh ' 

By virtue of (t.6),it becomes 

(2.5) (ym;n^V,i;m}~K'jkh = K'jkhK'ri»n ~~ & 'rkh Kjmn K'jrh Kkmn Kjkr Klmn. 

Differentiating it covariantly and using (2.1), we get 

(2.6) (V„nil~ VIKm).j K]kh = V, (Vm.„~ Vnim) Tjkk . 

From the assumption (K), we have the result. 

Theorem 2.2 In a FINSLER space with the recurrent relative curvature tensor field having the 

property (ST), the relation 

(2.7) y,ivm.n-V„.J + Vm{VH.j~V,.H) + v n { v h n - Vm;l) = 0 

is true. 

Proof. Adding the expressions obtained by a cyclic change of the indices /, m and n in 
(2.2), we obtain 

(2.8) r,(rm»-YHVI)+vm(Kii-viiJ+ Vniv,,n~ < V 

By virtue of (1.5) and (1.7),we have the result. 
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3. Recurrent curvature tensor field in the sense of CARTAN. A FINSLER space in which 
there exists a non-zero vector Vm, such that the curvature tensor field Kjkk satisfies 

(3.1) 

is called to be a FINSLER space with the recurrent curvature tensor field and Vm the recurrence 
vector field. 

Contracting the indices i and h in (3.1), we have 
(3.2) 

where 

(3.3) 

Kjklm = Vm % jk 

Here we shall prove certain theorems on the recurrence vector field Vm . We shall denote 
hereafter by (K) Ihe following property : the value of the tensor field Kjkll is not the zero 
tensor at each clement (x, x) of the space. 

Theorem 3.1. In a FINSLER space with the recurrent curvature tensor field the relations 

3rZ (3.4) 

and 

(3.5) 

hold good. 

dxn <ix,n 
= 0 

/ dr:r 

dx" 

Proof. Multiplying (3.1) by xJ and differentiating it with respect to x", we have 

(3.6) 

By virtue of (3.1), it yields 

dxn 
(3.7) ( * y < * ) ^ 

Using (1.15) in (3.7), we get 

(3.8) 

dx" 

__9_ 

)/"t 

dx' 

dx V & Kkt> cL,r * r + * ' - A 4 * cL,rx r+ y Kkh -^A = 0 
f)X r K " ^ x ' i 
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Interchanging the indices m and n in (3.8) and subtracting the result from it , we obtain (3.4). 
Contracting (3.4) with respect to the indices i and h, we get (3.5) Thus Theorem 3.1 is proved. 

Theorem 3.2, In a FINSLER space with the recurrent curvature tensor field having the property 
(K)t if Kjkh is independent of x', the relation 

(3-9) ( ^ , / „ - ^ / , „ V = ^ ( ^ / , - ^ M ) 
is true. 

Proof. Differentiating (3.1) covariantly with respect to the index n, we have 

(3-10) XjkktnuT* V,n,n 4 * + Vm Vn 4* > 

which yields 

From (1.14) and (3.11), we get 

(3.12) <ymln-~Vnlm) Kjkh = KfkhKmn~KkJtKJmn~ ^rh Kkmn~KJkr KLn' 
Differentiating (3.12) covariantly and using (3.1), we obtain, 

(3-13) <ymin~v«im)nKikh = r, (Kn/I-K/J 4 * • 
From the assumption (K), we have the result. 

Theorem 3.3 In a FINSLER space with the recurrent curvature tensor field having the pro­
perty (K), if Kjkb and Vm are independent of x', then Vm satisfies the relation 

(3-14) V, {Vniln - Vnlm) + Vm (Vn/! - VUJ + Vn {Vllm - Vin/l) = 0 . 

Proof. Adding the expressions obtained by a cyclic change of the indices /, m and n in 
(3.9), we get 

(3.15) Vt<ymm-V«l^ + Vm <K,/l—V!/,) + VnWlim-Ymtb 

= <ym/K ~ V„im >// + Wnll - VUn ) / « + (Vl/m ~ V,n,l >/„ • 

By virtue of (1.14) and (1.11), (3.15) yields the result. 

Theorem 3.4. //; a FINSLER space with the recurrent curvature tensor field, if the tensor Kj^ 
is independent of x> and is non-null, Vm satisfies the relation 

(3.16) t T T = ^ r ~ -

Proof. Differentiating (3.2), multiplied by x\ with respect to x1, we obtain 

(3-17) -4r & KJk )/m} = (xj KJk) + Vm - 1 . (V Kjk) . 

ox ox ox 
Using the commutation formula (1.15) in (3.17), we get 
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(3.18) )lh&K>i — ^ km 
dx' 

dV T 

wliicb yields 

Subtracting the result, obtained by interchanging the indices / an m in (3.19), from it and using 
(3.5), we have 

RVm 3V, \ 
(3.20) ( ^ , , ( ) ^ _ _ J _ ) = „ 

On the assumption, Kjk-^0, (3.20) yields the result. 

Theorem 3.5. In an affinely connected FINSLER space with the recurrent curvature tensor fi­
eld, if K j k is independent of x' and is non-null, then the recurrence vector field Vm is independent 
of xl. 

Prof. I t is obvious from (3.19). 

We shall prove some theorems on the recurrent curvature tensor fieid.We shall denote 
here by (F) the following property : the value of the recurrence vector field Vm is not the zero 
vector at each element (x,x) of the space. 

Theorem 3.6. In a affinely connected FINSLER space with the recurrent curvature tensor field 
having the properties (ST) and ( K ) , there exists a tensor field whose components Sj are positively 
homogeneous functions of degree one in x' such that the tensor field Kj/(k can be expressed as 

dsl 

and 

(3.22) . & Kikl)-VhSi-VkS)t. 

Proof. From the expressions (1.12) and (3.1), wc obtain 

(3-23) VlK;kli + VkK!/l!+VllKihl = 0. 

By virtue of Theorem 3.5 the component Vm of the recurrence vector field do not contain the 
variables x' and therefore from the assumption (V) concerning Vm , there exists a contravariant 
vector field whose components X* do not contain the variables x', such that Xm Vm = l. 

Transvecting (3.23) by X1, we have 

that is 
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(3-24) • ^ = Vl'Si-V^SJ^ 
dsl . . 

where S'., - — r V = K'.,, X. 
Multiplying (3.24) by xJ', we get (3.22). Thus Theorem 3.6 is established. 

Theorem 3.7. In a FINSLER space with the recurrent curvature tensor field having the proper­
ties (K) and (V), in order that the tensor field S'k satisfy the expression. 

(xi^ki) = sikyll-sillvk 

and the component are positively homogeneous functions of degree one in x', it is necessary 
and sufficient that there exist a vector field whose components p' are positively homogeneous 
of degree one in x' and such that 

(3.25) 4 = 4 + F / c y 

holds, where S'k is a tensor field satisfying (3.22). 

Proof. Les us assume that S'k be any given tensor field whose components are positively 

homogeneous functions of degree one in x' such that 

(3-26) (y^-VkSi-VkS'l, 
holds. The expressions (3.22) and (3.26) yield 

(3-27) Vh(S'k^S))=-Vk (Si-S)). 

Using the assumptions (K) and (K) in (3.27), we have a vector field whose components p* are po­
sitively homogeneous functions of degree one in x' and that satisfy the expression. (3.25). 

Conversely, if p'1 is a vector field whose components p* are positively homogeneous of 
degree one in xl and satisfy (3.25), then it is evident that Sk satisfies our condition. 

Theorem 3.8. In a F I N S L E R space with the recurrent curvature tensor field, ifKl-kll is a recur­

rent curvature tensor field, then R'jk/l is not a recurrent curvature tensor field. 

Proof. The curvature tensor R'jkh can be expressed in terms of the curvature tensor Kjkh as 

(3-28) R)kh=Ki
jkh + CijmK7kkXr-

Differentiating it covariantly and using (3.1), we have 

(3-29) ^ = V l R U + CiJ^lK"L *'> 
which yields the result. 

Remark. I n an affinely connected FINSLER space _Rj /fi( is also a recurrent curvature ten­

sor field aiong with K'./(h and hence in this space R'jkh will satisfy all those theorems which we 

have proved for K'jk/i in a FINSLER space with the recurrent curvature tensor field. 
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O Z E T 

Rekürent eğriliği hâiz u z a y l a r H . S . R U S E A . G . W A L K E R [•*], Y , C . W O N G [ - ] , 
B . B . S I N H A ve S . P . S I N G H [ ö ] ve birçok başka y a z a r tarafından incelenmiştir. B u 
araştırmanın gayesi rekürent vektör a l a m , r e l a t i f eğrilik tensör alanı v e C A R T A N a n l a ­
mında eğrilik tensör alanı ile i lgi l i bâzı sonuçları elde e tmekt ir . L o k a l özelikler üze­

r i n d e d u r u l m a k t a ve H . R U N D ' U U E 1 ] notasyonları kullanılmaktadır. 


