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I n ihis article the rcîationships between nuclearity and strong nuclearity of smooth 
sequence spaces have been examined. I t has also been shown that a strongly nuclear 
sequence space is co-nuclear. Further, a theorem on the structure of a strongly nuclear 

sequence space has been proved. 

1 — T e r m i n o l o g y 

L e t P b e a set o f s e q u e n c e s o f n o n - n e g a t i v e r e a l n u m b e r s w i t h the f o l l o w i n g p r o p e r t i e s : 

(/) f o r every integer m there exists a sequence a = (an) i n P with a m ~> 0. 

(//) f o r every f inite c o l l e c t i o n o f sequences a 1 , . . . , a& f r o m P, there exists a s e q u e n c e a i n 

P w i t h an ^ m a x { a„ , . . . , Û „ } f ° r every posit ive integer n. P is t h e n cal led a system o f steps 

a n d the space o f a l l sequences o f c o m p l e x n u m b e r s (%„) w h i c h satisfy 

(1) Pa (U = ^ U » 1 ° » < ° ° 

for every a = (an) i n P is c a l l e d t h e sequence space generated by P. W e denote it b y X (P). 

X (P) b e c o m e s a c o m p l e t e l o c a l l y c o n v e x space u n d e r t h e t o p o l o g y generated by the s e m i - n o r m s 

def ined b y (1). A s e q u e n c e s p a c e X (P) is n u c l e a r i f a n d o n l y i f for every a i n P there exists 

b i n P w i t h 

(2) ^ a j b n < « > 

n = l 

w h e r e w e use the c o n v e n t i o n that an / b„ = 0 i f bn = 0. (2) is c a l l e d t h e G R O T H E N D I E C K -

P I E T S C H c o n d i t i o n . S i m i l a r l y , X (P) is strongly n u c l e a r i f a n d o n l y i f for every a i n P there 

exists b i n P s u c h that the sequence (an / b„) is r a p i d l y d e c r e a s i n g ; i.e (nk an ( b„) is b o u n d e d 

for e a c h k ~ 1,2, 3 . . . (See [ 2 ] ) . S t r o n g l y n u c l e a r spaces w e r e first defined a n d e x a m i n e d b y 

B R U D O V S K I I i n [ ' ] . 

L e t P b e a s y s t e m o f steps w i t h the a d d i t i o n a l c o n d i t i o n s : 

(///) e a c h a i n P is i n c r e a s i n g a n d strictly posit ive. 

(z'v) for e a c h a i n P there exists b i n P w i t h ( o „ ) a ^ bn for every n. 

T h e n X (P) is c a l l e d a s m o o t h sequence s p a c e o f infinite type, a n d w e u s e the a b b r e v i a t i o n 

- space. S i m i l a r l y , i f Q is a s y s t e m o f steps w i t h 

(¡77)' e a c h q i n Q is d e c r e a s i n g a n d str ict ly posit ive 

(z'v)' for e a c h q i n Q there exists Q i n Q w i t h \fqn ^ Q„ f o r every n, t h e n I (Q) is 

c a l l e d a s m o o t h s e q u e n c e s p a c e o f f inite type a n d w e write a G j - space. 
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F o r a n i n c r e a s i n g s e q u e n c e (8„) o f non-negative r e a l n u m b e r s w e denote b y (/?„) t h e 

sequence s p a c e generated b y the s y s t e m o f steps { C e 0 » ) : 0 < Q } a n d b y Xl(6n)the sequence 

space generated by { : 0 < q < 1 }. X„ (Sn) is c a l l e d a p o w e r series s p a c e o f infinite type 

a n d A t ( # „ ) a p o w e r series space o f finite type. E v e r y p o w e r series space o f infinite respectively 

o f f inite type is a G „ - respectively a Gl - space. T h e p o w e r series space A „ ( l o g n) is the space 

o f all r a p i d l y d e c r e a s i n g sequences a n d it is denoted by s. T h i s space c a n b e generated also b y 

t h e ' s y s t e m { (nk) : k — 1, 2 , . . . } . 

2 — S m o o t h sequence spaces 

I t is k n o w n that a s m o o t h sequence space X ( P ) o f infinite type is n u c l e a r i f a n d o n l y i f P 

c o n t a i n s a s e q u e n c e a = (an) w i t h 

C O 

» - 1 

(See ["]) W e s h o w that a s i m i l a r c o n d i t i o n is necessary a n d sufficient for s t r o n g n u c l e a r i t y . 

(1) A (?„ - space X (P) is strongly nuclear if and only If there exists a sequence a in P with 

(1 / a„) rapidly decreasing. 

P r o o f . I f X ( P ) is strongly n u c l e a r , t h e n for every b i n P there exists a i n P w i t h (bn / an) 

r a p i d l y decreasing. S i n c e b0 J an ^ b n \ an w e h a v e t h a t (1 / an) is also r a p i d l y decreasing. 

O n t h e oth e r h a n d , i f there exists a i n P w i t h (1 / an) r a p i d l y decreasing, t h e n f o r a n y b 

i n P w e c h o o s e d f r o m P w i t h dn ^ m a x (bn , « „ ) a n d a n o t h e r sequence c i n P w i t h cn ^ 4? . 

T h e n (1 / d„) is r a p i d l y decreasing a n d h e n c e f r o m t h e i n e q u a l i t y 

b n l c n ^ b n l d l ^ l l d n 

w e h a v e t h a t (bn / cn) is r a p i d l y decreasing, w h i c h s h o w s that X ( P ) is strongly n u c l e a r . 

A n i m m e d i a t e c o n s e q u e n c e o f (1) is 

(2) A power series space Xm(f}n)is strongly nuclear if and only if (q$n) is rapidly decreasing 

for some q0 with 0 < q0 < 1. 

F o r s m o o t h sequence spaces o f f inite type w e get a result w h i c h is stronger t h a n (1). F i r s t 

w e n e e d a s i m p l e L e m m a . 

L e m m a . A decreasing sequence (qn) of positive real numbers is rapidly decreasing if and 

only if 
C O 

« = 1 

for every real number X ~> 0. 

P r o o f . I f (qn) is r a p i d l y d e c r e a s i n g , for a given X > 0 w e c h o o s e a n integer k w i t h Xk > 2. 

S i n c e nk qn ^ M for s o m e M > 0 w e h a v e q* ^ a n d so 2 g*< oo. 

I f o n the other h a n d 2 q* < <» f o r every XX) , then for a given integer k w e c h o o s e 

X — ~ . S i n c e (qn) is a d e c r e a s i n g s e q u e n c e , the i n e q u a l i t y 
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"^n — ^ " 2 j Ci"< ~ ^ ^ ° ° 

»i = l " ) « = = ! 

h o l d s a n d s o w e h a v e nk qn ^ Mk for every n . 

(3) .For a GL - j / w c e A ( 0 rTie following conditions are equivalent : 

(a) £ ( 0 is strongly nuclear 

{b) X ( 0 is nuclear 

(ci Q C l 1 

(d) Q Q s 

P r o o f . T h e p a t t e r n o f t h e p r o o f is ( a ) = ^ > (à) = > ( c ) = = > (rf) ( a ) . O f these, the 

first i m p l i c a t i o n is t r i v i a l . 

( È ) (c) : B y G R O T H E N D I E C K - P I E T S C H c o n d i t i o n for every sequence q i n Q, there exist 

sequences q' i n Q a n d ( £ „ ) i n / ' with qn ^ % n q ' n . S i n c e q' is decreasing, w e h a v e qn ^ %n q^ 

a n d s o q is i n / ' . 

( c ) r = ï > (d) : L e t q be a sequence f r o m Q a n d 2 > 0. W e c h o o s e k ^ 1 w i t h 2~~ f c ̂  A a n d 

q' f r o m Q w i t h ^ (<?„) 2—& . T h e n f r o m t h e i n e q u a l i t y 

it fo l lows that 

s ince A 2& ^ 1 a n d 

2> 

- « < TO 

by a s s u m p t i o n . H e n c e b y o u r L e m m a q belongs to 5 . 

(d) ^ («) : F o r a n y q i n Q w e c h o o s e q' f r o m Q w i t h \Jqn ^ ^ ' . T h e n f r o m ^ ^ 

w e h a v e that X ( 0 is s t r o n g l y n u c l e a r , s ince by a s s u m p t i o n the sequence (q') is r a p i d l y dec

r e a s i n g . 

N e x t w e a p p l y o u r results to p o w e r series spaces. 

(4) For an increasing sequence (8n) of non-negative real numbers the following conditions 

are equivalent ; 

(a) Xm (8n) is strongly nuclear 

(73) Xl(/}n) is nuclear 

(c) Xl(Sn) is strongly nuclear 

P r o o f , (b) (c) is a n i m m e d i a t e c o n s e q u e n c e o f (3) a n d (c) = > (a) fo l lows f r o m (3), 

(d) a n d (2) . I t r e m a i n s to p r o v e («) z i £ > (/>). B y (2) w e c a n f i n d a n u m b e r q0 , 0 < qti < 1 w i t h 

(?o«) r a p i d l y decreasing. F o r a n u m b e r q, 0 < # < 1 , w e c h o o s e X>0 w i t h q ^ ^ q . 

T h e n ($J)^ ^ q®* a n d f r o m t h e L e m m a w e h a v e t h e n 
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< t » . 

I t fol lows f r o m (3) , (e) that XL (/ï„) is n u c l e a r . . 

N u c l e a r i t y a n d strongly n u c l e a r i t y o f G „ - spaces are not e q u i v a l e n t ; f o r s is a n u c l e a r p o w e r 

series space o f infinite type w h i c h is not strongly n u c l e a r . 

3 — Structure of strongly nuclear spaces. 

K O T H E s h o w e d i n [ l ] that a n u c l e a r sequence space J . ( P ) i s c o - n u c l c a r i f a n d o n l y if 

the posit ive sequences i n I ( P ) satisfy the G R O T H E N D I E C K - P I E T S C H c o n d i t i o n . H e also a s k e d the 

q u e s t i o n w h e t h e r every n u c l e a r sequence s p a c e is c o - n u c l e a r . W e s h o w that this is t r u e f o r 

s t r o n g l y n u c l e a r s p a c e s . 

(1) If a sequence space X ( P ) is strongly nuclear, then it is also co-nuclear. 

Proof. L e t (%n) b e a sequence i n X (P) w i t h %n ^ 0. F o r any a i n P w e c h o o s e b f r o m 

P w i t h (an j bn) r a p i d l y decreasing. H e n c e w e c a n f i n d M > 0 with n3 a n ^ M bn. S o f r o m 

the i n e q u a l i t y 

it follows that (n21„) is i n A ( P ) . I f j / n = n2 %n, t h e n § „ ̂  — >}„ a u d s o X ( P ) is c o - n u c l e a r . 

T h i s r e s u l t is n o t t r u e i n g e n e r a l ; for a>j is strongly n u c l e a r as a topological p r o d u c t 

o f strongly n u c l e a r spaces, b u t its s t r o n g d u a l <pd is n o t n u c l e a r for d > x0 . T h e c o n v e r s e 

o f (1) is a l s o false, s' is n u c l e a r ( i n fact strongly n u c l e a r ) b u t * is n o t strongly n u c l e a r . T h i s 

e x a m p l e a l s o s h o w s that the duality between n u c l e a r F- a n d DF- spaces b r e a k s d o w n i n the 

m o r e restrictive c a s e o f strongly n u c l e a r spaces. 

W e n o w start to p r o v e a t h e o r e m o n the structures o f strongly n u c l e a r sequence spaces 

w h i c h is s i m i l a r to t h e t h e o r e m o n the structures o f n u c l e a r sequence spaces i n [ 4 ] , 

L e t X ( P ) b e a sequence space. I f w e a d d to P all sequences X a , a i n P a n d X > 0 , 

a n d a l l posit ive sequences b w i t h b n ^ a n for s o m e a i n P , the locally c o n v e x space X ( P ) 

r e m a i n s the s a m e . L e t u s a s s u m e then that a system o f steps P satisfies the fol lowing a d d i t i o n a l 

properties : 

(Hi) i f a £ P , t h e n X a £ P for every X > 0 . -

(;'v) i f a Ç P , t h e n b £ P for every sequence b w i t h 0 ^ b„ ^ an for every n. 

T h e d u a l X' o f X ( P ) is then the n o r m a l h u l l o f P . 

(2) If X ( P ) is strongly nuclear, then for each a in P, the vectors (np o „ ) , p = 1, 2 , . . . , 
are also in P . 

P r o o f . B y a s s u m p t i o n there exists b i n P w i t h (an / b„) r a p i d l y decreasing. H e n c e for 

e v e r y p = I, 2, . . . we c a n f i n d Xp > 0 w i t h np a n ^ X p b n for every n. 

I f a is a strictly posit ive vector i n P , then w e denote by X' (a) the n o r m a l h u l l o f t h e set 

{ (np an) :p ~ \, 2,...}. B y (2) X' (a) is a s u b s p a c e o f X a n d it is e q u a l to s' u p to the d i a g o n a l 

t r a n s f o r m a t i o n w h i c h sends a to the vector ( 1 , 1 , 1, . . . ) . I f a f r o m P is n o t strictly posit ive, 

then w e define M (a) = { n : an > 0 } a n d N(a) = { n : a„ = 0 }. I f M (a) is finite, w e set 

X' (a) — <fi ; i f infinite w e apply o u r p r e v i o u s c o n s i d e r a t i o n to sequences w h i c h h a v e indices 

o n l y i n M(a) a n d thus get a s p a c e l M (a) w h i c h is i d e n t i c a l w i t h s r u p to a d i a g o n a l t r a n s f o r -
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m a t i o n . O n N (a) w e denote b y q> (a) the space o f a l l sequences w i t h o n l y a finite n u m b e r 

o f n o n - z e r o c o o r d i n a t e s a n d w i t h indices i n N (a) only . I n this c a s e w e denote b y X' (a) t h e s u m 

X ' M (a) © <? (a). S i n c e I ' = (X (P))' is t h e n o r m a l h u l l o f P, w e h a v e X' — \J X' (a). B y 
p 

talcing t h e <x - d u a l o f X w e get. 

(3) Every strongly nuclear space X (P) is the intersection D X (a) where X (a) is equal to 
p 

<o or to XM (a) (J) co (a) where XM (a) is isomorphic to s by a diagonal transformation and 

at (a) is the space of all sequences with indices in N(a). 
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Ö Z E T 

Bu çalışmada düzgün dizi uzaylarının nükleer ve kuvvetli nükleer halleri araştırılmıştır. 
Kuvvetli nükleer dizi uzaylarının ko-nüklcer oldukları gösterilmiş ve bu gibi uzayların 

yapısi hakkında bir teorem ispat edilmiştir. 


