ON PSEUDO-UNION CURVES IN A HYPERSURFACE
OF A RIEMANNIAN SPACE
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The purpose of this paper is to define the pseudo-union curves on hypersurface of a

Riemannian space. The differential eguation of these curves and an expression for their

curyature is obtained. Pseudo-union curves then studied in relation to pseude-asympiotic
and pseudo-geodesic curves,

1, Tntreduction, Pseudo - geodesic curve and pseudo - geodesic curvature have been
defined by Pan [']"). The author [*] has defined and studied pseudo - asymptotic curves,
pseudo - asymptotic curvature and totally pseud. -geodesic surfaces in a hypersurface of a
Riemannian space. The purpose of the present paper is to define the pseudo~union curves in
“the hypersurface of a Riemannian space. "The differential equation of pseudo-union curves

and the expression for pseudo-union curvature is obtained. The pseudo-unign curves are-

studied in relation to pseudo - asymptotic curves and pseudo - geodesic curves.

2. Vector field in V. Let xf (i =1,...,n) be the coordinates of a point P in the
hypersurface ¥, which is embedded in a Riemannian space Vi, whose coordinates are
denoted by % (x =1,...,a+ 1)), For points in ¥, the matrix || 3y%/8xf | is of rank .
Let the metrics of ¥}, and ¥, 1,, which are supposed to be positive definite, be denoted by

dx! dx/ and aop dy® dyB respectively, The metric tensors of ¥, and V4, are related
as follows :

2.1) &ij = %ap¥hiab .
where p%; ate the covariant derivatives of the ¥* with respéct to the xf,

Let N“ be the contravarlant components of a unit vector orthogonal to t at the point

P of the curve ¢ in Fa (t bemg the unit tangent vector) Then

@2 _ “aqp NNB =1,
and ’
(2.3) _ ) aap N* (B =0,

If a vector field in ¥, has components I/® in the y’s and components #f in the x’s, then

2.9 U% =% .

1) Wumbers in square brackets refer to references at the cud.
. ®) Greek indices take the values (}, .., #-+1) and Latin indices, (1, .., #), ,
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If ¢® and p? represent the derived vectors of the unit tangent vector t of ¢ with respect
to Vo4, and V, respectively, we have ['],

- . : ' 7 . dxi dxf
G W e Wil
2.5) g% = »%,; pi 4 (Q,j 7 dv )E”‘,

where £ are the contravariant components of the unit vector normal to ¥, and where @, , ; is the
s_econd fundamental tensor for ¥, [%, 1511,
Let 1% be the contravariant components of a unit vector 4, in V,. . The totality of

—n .
these vectors 1 associated with V,, is called a 4 - congruence, which is a congruence of unit
vectors, if A% are functions of xi only, or a congruence of hypercones of unit vectors if 19

are functions of both xf and dxi. We suppose that 1 is in ¥, if and only if 2 and the
corresponding -dx? and x! are coincident with an asymptotic direction in V,. Expressing 1%
as in ['] we -have

2.6) 20 =%, f + 0§,

whete wi are the components of a contravariant vector in ¥, and o is a scalar.
Since

27 ‘ B ATAB = 1,

from (2.5), (2.7) and (2.1} we have

(2.8) ) ' gijotel + o =1,

Wlth the help of (2.8) and the fact that the contravariant components of 7 in Vory
are y%; dxi/ds we obtain

‘ ' k i
e (S =) o
NY= . il
pelxs dxk}“ﬂ

2.9)
{l—g”ghkw ﬂ} dS e

The plus sign in (2.9) is to be taken when w > 0, and the minus sign when o < 0. Thus

—~ —n :
(2.9} will reduce to N® = &%, when % is lineatly dependent on £ and £%; that is, w! = kdx/ds,
k being any constant different from unity. Eliminating ¥ from (2.5) and (2.9) we get

. dixk dxi
@.10) g =% (P K+ Koo e )

dx! dxk® ”2/
) h
+ N K, (1*'*‘511371]:“] i ds d&‘) |w|

wheré K, is the normal curvature of ¢ and where ¢! = wifw,
3. Pscudo-union corves. The totally pseudo - geodesic surface is determined by the

tangent to the curve ¢ and by the relative first curvature vector in V4., of the curve e, Let p¢
be the contravariant components in the p’s of a unit vector in the direction of the curve of the
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congruence of curves, “one curve of which passes through each point of #,. The componcnts
9, in gcncral are not normal to ¥,, and therefore may be specified by

3B.1) 7 T pt =iy, 4 N"‘,
where £ and r are parameters.

"We have .

32 : g p* b =1,
and ' -

(3.3) o agp yLi NB =10,

With the help of equations (3.1), (3.2) and (3.3) it follows that.

A b =a.p (11 y%; + r N (tfyﬁ + ¢ NB)
1=t f + r
Hence we have '

(3.4) ' oty =1—

If the pseudo - geodesic in ¥, 1., in the direction of the curve of the congruence with
contravariant components u#® is to be a pseudo-geodesic of the totally pseudo - geodesic
surface, then it is necessary that p® be a linear combination of y®,; dxi/ds and g%, therefore

dx?
3.5 et =ay%; o T b g

From (3.1) and (3.5) we have

(3.6) : Y%+ rNT=ay®, % +bg"
From (2.10) and (3.6) we obtain
- N a AT g a, AXE F NS @, =;
3.7 ty% 4 N =ayS, —= + 6 (Ko N+ y% i)
whcre _
4 wd! ey 1z
(3.8) Koo (1 =gy mnicwioh % ) /1o,
and
. , dxk dxi
39 P =K g K e

Multiplying (3.7) by aqp yﬁ,j and summing with respect to and using (2.1) and (3.3) we get

- s dxt .
(3.10) gfjt’=ag.-jﬁ+bg,-jp‘.

Multiplying (3.7) by aqp N_ﬁ; summing on « and using (2.2) and (3.3) we get
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(3.1 r=bK,.
From equation (3.9) we obtain

_dxt
(3.12) ‘ & P"dT =0,

where we have used L 1

Multiplying equation (3.10) by dx/ /ds and using (3.12) we gét

dxt
@13) 7 a =gy

Putting for o and b from (3:13) and (3.11) respectively in (3.10) we have

. dxf I dx”‘ ) r .
(3-14). 8.';1":Efj—d?(3imf p ) + E&’i;i"-.

Multiplication of (3.12) by g/% and summation with respect to j and the replacement

.of tk}r by [% leads to

. Ak_—_- e p, 7T
G1H P K,,(! fim 1 <

(3.15) represents the differential equation of the pseudo-union curves.

" In the next section we shall discuss some properties of the pseudo-union curves,

4. Some propertics. TFor a congruehce specified by the parameters /%, the solutions

of the # equations (3.15) determine the pseudo - union curves in ¥, relative to that congruence.

The parameter r can not vanish under the assumption that the direction ¢® is not in V,. We
denote the left hand members of (3.15) by #* and call it the contravariant components
of the pseudo -union curvature vector.

A psendo - union crve of V,, with respect to ¢ congruence defermined by the parameters [k
may therefore be defined as a carve along which the pseudo - union curvature vector is a mujl vector,

Equation (3.15) can be written in the form . '
@D e = pk — K vk =0,
where

@ vhom gy O (e Sy

dx"( dx/ ,@)
ds ds. ] .

For a pseudo-union curve #* =0, and for a pseudo-asymptotic curve K, =0,

therefore from (4.1) if follows that p* = 0, i.¢., the curve is 2 pseudo - geodesic. Hence we have:

Theorem (4,1). If the cuive ¢ has any two of the following properties it alse has the third:

T T R N e e S
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(7} it is g psendo - union curve,
(iy it is a pseudo - asymptotic cirve,

(i) it is a psewdo - geodesic cnrve,

provided, that v% gre not the components of a null vector.

The megnitude K, of the vector #k is given by £,* = g,-j-fij‘i 7/, From (3.1} it follows that
angle between the vectors p® and N® in ¥ is given by cos® =r, and by virtue of the :
refation #&/r = Ik and the equation (3.4) we obtain g; j {i I/ = tan*®, The angle « between i

co : . dxF
the tangent vector to ¢ and the vector f& is given by cos o = gy I TJ;— In terms of ¢ and

« the magnitue K, of the pseudo-union curvature vector. is given by

(@.3) Ku=~K,— K,tan g sina.

In (43)if § =0, ora =0, or K, =0, we have K, = Eg. Hence we have

Theorem (4.2). The necessary and sufficient condition for a psewdo - union curve to be
psetido - geodesic is one of the following : i

(i} it is a psendo-asympltotic ciirve,

(i) the congrnence consists of the normals,

(iiY  the divection of the tangent vector to ¢ coincides with that of the vector k. "
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OZET

Bu yazinin ghyesi bir RIEMANN uzayma ait bir hiperyiizeyin tizerine ¢izilmig psddo-birlegik ‘
egrileci tanimlamakt:r, Bo efirilerin diferansiyel denklemi ve epriliklerinin bir ifadesi elde
edildikien sonra, bu egrilerin dzellikleri, psédo-asemptotik ve psddo-geedezik efcilerle ir

baglt olarak incelenmektedir i
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