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] r this paper a definition of a «Generuliscd norma) con g; uence" has been given and 
necessary and sufficient conditions that a congruence be generalised normal have been 
obtained. The conditions determining the ((Ultimate Hypers urfaccs» of such a congrucuce 

have also been derived. 

1 . Introduction. Congruences o f curves i n a Riemannian space imbedded in V„, (m > n) 
have been studied by U P A D H Y A Y I s ] , [ a ] ' ) and others. I n the present, work we shall define 
Generalised normal congruences and Ultimate Hypersurfacex and obtain the conditions 
determining them. 

Let the fundamental forms of V„ and Vm be positive definite and be given by g{j dx' dx1 

and ti f t p dya d) P respectively. Then we have '-') 

(1.1) ff,7 - J? ,>f ; , (i,jj<,... = i,2,:..,n), (* , /* = 1,2, . . . , ; » ) 

where a semi colon (;) followed by a La t i n index denotes tensor derivative w i t h respect to the x*s. 

We consider a set o f m -n congruences o f curves i n V„„ such that one curve o f each 
congruence passes through each point o f the subspace V„. Let s^t(r- = n -\- \, ...,m) be the 
length of a curve o f a congruence measured from the point P {x') at which the curve intersects 
V„ to another point Q on the curve. Vn is known as the subspace o f reference. 

2. Generalised normal congruence. A normal congruence in a Riemannian space is 
one whose curves intersect orthogonally a family of hypcrsurfaces. Wc define a Generalised 
normal congruence i n Vm as the congruence whose curves intersect orthogonally a family o f 
subspaces o f the type Vn given by the relation 

(2.1) <£> = <&(x',x*, ...x") = Constant. 

When a congruence is normal to a family o f subspaces, the gradient o f <I> at each point is 

parallel to the vector (t) j>* /<).v X | ) , where are the coordinates o f a point on the curve 

of the congruence, % being fixed. 

Let (3 .yl^/d A ' -ei). be the covariant components o f the vector (d y* / 3 i ' T | ) . Then f rom 

the definit ion given above, the condi t ion for the congruence to be normal is 

') The numbers in square brackets denote the corresponding references at the end of the paper. 

a ) Latin letters k, ... lake values from 1 to n ; early Greek letters a, p, y, n, ... have the range 
from 1 to in and later letters [/, v, T , ... range from n + l to in. 

[27] 
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( 2 . 2 ) - T - ^ — - v ^ V = • • • - T ^ V = <P,Tl 

9, T , ] i 

where F is the point function and comma (,) followed by an index denotes covariant deri
vative o f ' f wi th respect to x f , say. Thus (2.2) is equivalent to the expression 

*' = r ( & ) ( . 
The condit ion that such a function <P may exist is given by L E V I - C I V I T A [ 1 ] 

(2.4) + 

(K) ) 9 K - ± K 
[to* 

(<) { 3 (< ) 3 (<) 
> o V { 'às-tt ji 

w>) \ 
ds* LI dxA 9 ^ , ) dx' \ ) j 

or 

(2.5) 

9 / 

//c 

7Vi/«', (2.5) is the necessary and sufficient condition that the congruence -X^ be genera

lised normal. 

3. Particular case. When m = n + 1, the congruence is such that its curves intersect 
orthogonally a family o f hypersurfaces given by the relation 

(3.1) x\...,x") = Constant. 

The condit ion that the congruence be normal takes the fol lowing fo rm 

> t e ) i \ \ t e j j . k Và s Jk,jf 
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9s Ik I V 3s )i<j \ 9* 

Thus (3.2) /'s the necessary and sufficient condition that the single congruence of curves with' 
one curve through each point of Vn, be normal. 

4. Ultimate hypersurfaces. Let M and M' be adjacent curves o f the congruence - XT( 

and let the contravariant components o f their posit ion vectors be y^ and j>* + • { dx* + 

9 V „ 3y* / a y 
. -• Tt.. ds\\ respectively. Let the unit tangents at M and M' be (By /Bsxi) and — ^ - + — 

i /x 1 + — l i dsx\ respectively. Since MM is perpendicular to the tangent at M, we have 
dsxf 

%ya f „ 9 / \ 

U P A D H Y A Y [ a ] has obtained the fol lowing 

(4.1) ' dsvl. = — p%];dx* 

where 

(4.2) P x \ ; — « a p - - ^ y; 

The contravariant components o f the vector along MM' is 

9v* 
Ait** + / ^ ^ i 

which by virtue o f (4.1) takes the form 

9 V a def" 

(4.3) y« ; rfx* - j»„ i fS- = • 

The moment o f the vector whose contravariant components (7* is given by the determinant 

(4-4) \ E x l i j d x t d x t - l ^ l ^ VI J ; ] . 

where 



30 M . D . U P A D H Y A Y 

( 4 . 4 ) can be writ ten as 

where 

( 4 . 5 ) a 

( 4 . 5 ) b 
def _ 

B T l í / = D e i . 

def 
C \ H Det . ( 4 . 5 ) c 

I f J t i M ' be o f zero moment, we have 

a y 3 v a 

/»•el; 

( 4 . 6 ) E x l í J dx> dx' I - 0 

I n analogy with the definit ion o f ultimate surfaces in a Euclidean space of three dimensions 

W E A T H E R B U R N [ 4 , 2 2 5 ] ultimate hypersurfaces are defined as the hypersurfaces for which 

all the directions determined by the ratio dx1 : dxs (i j) i n ( 4 . 6 ) are coincident. Thus ultimate 

hypersurfaces w i l l be determined by 

( 4 . 7 ) Det. I E v U ; \ = 0 . 

I ' ] L E V I C I V I T A T . 

[*] U P A D H Y A Y M . D . 

[ « ] U P A D H Y A Y M . D . 
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Ö Z E T 

Bu araştırmada m-boyullu bir Riemann uzayında «genelleştirilmiş normal kangıüans» 
ların tanımı verilmiş ve bir kongrüansın genelleştirilmiş normal bir kongrüans olması 
için gerek ve yeter şart elde edilmiştir. Ayrıca, üç boyutiu Etıclİd uzayında göz Önüne 
alınan kongrüansların «son yüzey» kavramı genelleştirüerek, «son hİpcryüzeyöleri belit

ten şartlar elde edilmiştir. 


