A PROBLEM IN CONGRUENCES OF CURVES IN A RIEMANNIAN SPACE

M. D. UpaDHYAY

In this paper a definition of a «Generalised normal) congruence» has been given and

necessary and sufficient ¢onditions that a congruencc be generalised normal have been

obtained, The condilions determining the «bliimale Hypersurfacesy of soch a congrucuce
have also been derived.

L. Introduction.  Congruences of curves in a Riemannian space imbedded in ¥, (m > n) }
have been studied by Uerabayay [?], [‘]1') and others. In the present. work we shall define I
Generalised normal  congruences and Ultimate Hypersurfaces and obtain the conditions :
determining them.

Let the fundamental forms of ¥, and V,, be pos:tlvc defmltc and be given by g,l vt dx!
and cr“g dy® oy B respectlvely Then we have®)

(L.1) g!'j = o y?i}'?j » U hy k, =12, n), (I, ﬁ =112, --l-; m)

where a semi colon (;) followed by a Latin index denotes tensor derivative with respect to the x's.

We consider a set of m-# congruences of curves .in V,,, such that one curve of each
congruence passes through each point of the subspace V,. Let s, (x =n+ 1,...,m) be the .
length of a curve of a congruence measured from the point £ {x%) at which the curve intersects :
¥, to another point £ on the curve. ¥, is known as the subspace of reference.

2. Generalised normal congruence, A normal congruence in a Riemannian space is £
one whose curves intersect orthogonally a family of hypcrsurfaces. Wc define a Generalised L
normal congruence in ¥, as the congruence whose curves intersect orthogonally a family of £
subspaces of the type F, given by the relation

2.0 & = & (x', x%, ... x*) = Constant.

~ When a congruence is normal to'a family of subspaces, the gradient of @ at each point is
parallel to the vector (3 yi‘l/i}s.,,), where y:I are -the coordinates of a point on the curve
of the congruence, @ being fixed. '

Let (B y“T‘I/as,!)!, be the coyariant components of the vector (Z} nyBsT, ) Then from
the definition given above, the condition for the congruence to be normal is

1} ‘The numbers in squarc brackels denole the corresponding refercnces at the end of the paper,

2) Latin letters 7, f, &, ... lake values from 1 to »; early Greek letters «, @, v, § .. have the runge
from | to m and later letiers u, v, =, ... range from a+1 fo .
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where I" is the point function and comma (,) followed by an index denotes covariant deri-
vative of @ with respect to x%, say. Thus (22) is equivalent to the expression

2.3 By = P(ayé' )
i

ds<, Jq.

The condition that such a function @ may exist is given by Levi - CiviTa[']
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Thus, (2.5) is the necessary and sufficient condition that the congruence - Ay be genera-
lised normal,

3. Particular case. When st = r 4 1, the congruence is such that its curves intersect
orthogonally a family of hypersurfaces given by the relation

3.0 & (x', x*, ..., x") = Constant.

The condition that the congruence be normal takes the following form
(25 {(2y (2
a5 /; as ok T\ds )k'j

(3.2) + (%)J{ (a':—:)k.s - (%)k }
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M), ),

Thus (3.2) is the necessary and. sufficient condition that the single congruence of curves with'
one curve through each point of Vo, be normal. ’

4, Ultimate hypersurfaces, Let A/ and M’ be adjacent curves of the congruence - 1
and let the contravariant components of their position vectors be ¥, and yfl + yi‘l B

iy . ' ) u 9 at
L. dyq Tespectively. Let the unit tangents at M and M” be (937 /ds;) and =" !
dsgt ) ' 955 et ),

32 o - N . ' .
dxi + Y ds. respectively. Since MM’ is perpendicular to the tangent at .M, we have
b I ]

o
Tl

a5, o oo
— ., dxt 2 dsgy f= 0.
daf 35l Vo i dx + i, 55

UPADHYAY '[2] has obtained the following

@n - sy = — P dxt
where
’ . def Hy'f
4.2) Pl 3 == daB b Vi
dS-n S

The contravariant components of the vector along MM’ is

8 o
X = e T .
W dxt 831; dsg)
which by virtue of (4.1) takes the form
ay* def
o 7 T 7 & N
@ B e ks

The momerit of the vector whose contravariant components Ufi is given by the determinant

' ' o def .
4.4) | Baj dxi dx) | == | U2 VE 77, ]

where
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(44) can be written' as

[Uﬁl VE TY ] = {-B-l.-il'j + C"""'f] dxt dxj

" “where
@5 a Evij = Boij= Cuij»
. . o ] def P ot e .
@5 b . By = Det. y‘:', ) ( a7 _ i ,
LY} \C)Sﬂ o J d.i‘ﬂ
: del o oy
(4.5) C C“ﬂ!’j _—,ii Det o y‘r]‘ _}Lq pﬂj

AL ‘T‘;'? Bs.,;

If ATM’ be of zero moment, we have
(4.6) | Eqyjdride/ | =0

In analogy with the definition of ultimate surfaces in a Euci]déan spécc of three dimensions
WEATHERBURN [*, 225] ultimate hypersurfaces are defined as the hypersurfaces for which

all the directions determined by the ratio dxt : dx/ (i 5= j) in (4.6) are coincident. Thus ultimate’
hypersurfaces will be determined by

@n - Det. | Egiz;| = 0.
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OZET

Bu arastirmada m-boyulia bir Riemann uzayinda «genelleglirilmiy normal kangriians»

larin tamm verilmiz ve bir kongrﬁansm‘gelic]}c;;tirilmis normal bir keongriians olmast

icin perek ve ycter sart elde edilmislirl. Ayrica, iig‘boyuﬂu Euclid uzayinda géz dniine

aliman kongriianslarin «son yiizey» kavram genellestirilerck, «son hiperyiizey»ieri belit-
ten gartlar elde edilmigtiv.




