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The object qf. the present paper is to csiabiish two FOURIER series expansions for 
Fox's if-functions. 

1 . The object of the present paper is to establish the f o l l o w i n g two F O U R I E R series 

expansions for Fox's //-functions ; 
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The //-function introduced by Fox V , 4 0 8 ] w i l l be represented and defined in the f o l 
l o w i n g manner : 
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where z is n o t equal to zero and an empty product is interpreted as having the value unity ; mr 

n, p and q are integers satisfying l ^ m ^ q , 0 ^ n é=. P. ; «;(/' = L--,p), fijij = l,»-q) 
are positive numbers and aj (j=l,...,p), bj (j — \,...,q) are complex numbers such that no pole 
of r{bj — fijs), j = \,...,m coincides w i t h any pole of T ( l — aj + otjs), j , = 1 , . . . , n. The poles 
of the integrand must be simple and those of r(bj — fijs), j = l,...,m lie on one side of the 
contour L and those of r(l — aj + ce/s), j — i,...,n must lie o n the other side, 

T o prove ( 1 . 1 ) and ( 1 . 2 ) whose conditions o f val idity are given i n section 2 , we require 
the f o l l o w i n g F O U R I E R series established by M A C R O B E R T [*, 7 9 ] and [ 9

; 1431 . 
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Using ( 1 . 3 ) , the expression o n the left side of ( 1 . 1 ) can be wri t ten as 
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Here the contour L runs f r o m a— i w to o + i c©, The conditions 
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ensure that a l l the poles of r ^ - y — s^j and r(bj — {Sjs), j~lt...tm lie to the right of X and 

those of r(r + s) and r ( l — fly + otjs), j = 1 , . . . , n lie to the left of L, as required for the 
p q 

def ini t ion of the //-function on the left side of ( 1 . 1 ) . The integral converges i f ^Ta/—^/J/^O, 
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O n changing the order of integration and summation which is easily seen to be just i f ied, the abo
ve expression becomes 
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and o n using the relation (1.4), it takes the f o r m 
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which is just the expression on the right side o f (1.1). ( l . l ) is the F O U R I E R sine series for the H¬
functions. , 

The F O U R I E R cosine series (1.2) is proved i n an analogous manner by using (1.3) and (1.5). 
The conditions o f validity of (1.2) are 
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2. As the //-function is a very general funct ion, we get, o n specializing the parameters, 
many cases, some o f which are k n o w n and others are believed to be new. Some interesting 
cases are given below : 

(i) Using the relat ion [ 4 , 199] 

m, n 
H 

P, q z 
(öl, ai),....(dp, œ p ) ' 

(¿1 , 0q). 

i n (1.1) and (1.2), we get 

= Z-ii H Z 
+ «!>,...,(ap +v.ap, ap) 

2 
r=0 

If rn + 1, n+i 
p + 2, q + 2 

(1—H-n. l ) , + ai),...,(ap +u<ip, ap), (2-hr + it, 1 ) 

s i n ( 2 j - + 1)9 

(2.1) 

and 

"J it m, n 
2 PJ <Z 

z , 



5 6 H . N , N l G A M 

H 
oi + l , n 

P+UQ+i 

(2.2) 

Z 

{«i + nœi, a|),...,(«p +(jœp, «p), (1 + u , 1) 

y + U . l ) . (6i + y P i . 2 i ) , - + n i î < i » S i ) 

Z j p + 2 , g + 2 
r = 0 

/ . 6 V f * „ ' « . » 
= V « I sin - T - ) « 

2 / P. 9 

(1—r + ji, 1), (fii + [i«i, «i),.. . ,(«p + n « p , «p), (1 + r + n, O 

(g-+U. l ) , (i>i + u@i, p,) (feq+uefl, jî f l ) , ( l + (i, 1) 

{ a i + !*«!, ai),..„(ojj -!-uap,«p)" 

( 6 l + H e i , Pi)„..,(&r/+n!ïij", &<•/)_ 

COS /-0 

(i i) Using another relation [ 4 , 199] 

Z 

i n ( i . i ) and (1.2), we get 

n + l , » i + I 

(ai, a,),...,(i!p, a p ) 

(i>l, SI),...,(6.Î, p.;) 

n, m 
1 

q,p 
(1— bu pi),...,(t— 

;(t—o,, « i ) , . . .^ !—«p, <*.p)_ 

(2.3) 

and 

(2.4) 

Y / r 
£~i .5 + 2 .P + 2 

r = 0 

( - • | - , l ) , l - i i . P ^ - ^ l - i f l . P f l ) . ^ 0 

(r, J), ( 1 — a 1 ( aP, «p>, (—\~r, 1) 
sin (2/- -\- 1)0 

V i t 
— — - sin 0 . H 

2 i. P ~~~Z 

(l—bu 0i),...,(l—bq, 

(1— ai, «i),...,G—ip> «p)_ 

7 7 
n, H I + 1 

g + l , p + l 
( I — « i , a i ) , . . . - 0 — " p . K p ) , (0,1) 

+ 2 V i î " + 1 ' ' " + 1 

Zj i + 2 , p + 2 
r = 0 

(l-.i.J.d-i-,, efiX... ,(i-é 9 , p,) , <o, o 

(i-, I ) , 0 — " . . « 0 ( 1 — f l p . ^ X i - r , ! ) _ 

cos fO 

r—• " 
= V 31 H 

sur ( — 6 1 , 3iX.--,<l—b„, p , ) 

( l — « i . « t ) t — t ( l — «;>. «p) 

( i i i ) A g a i n , using the relation 199] 

H  Z 
m, n 

ZE 

P, 'I 

(«i, c Ki),...,(ap, c «p) 
, c > 0 

i n (1 . 1) and (1.2) , we get 

r = 0 

H I + l , 7 I + l l ,., 

p + 2, q+2 

r, c ) (m, c a i ) , . . . , ( i i p , c Hp), (2+r ,e) 

sin(2r + 1)6 

(2.5) 

and 

— — - sin 0 . H 
2 P< o. L (sm 

(«ii c ai),-.(ap, c ffip)' 

( ¿ 1 . 3i),....(6<). c p,) . 



F O U R I E R SERIES FOR FOX'S H - P U N C T I O N S 5 7 

H 
m + 1 , n 

( 2 . 6 ) 

|(U|, cti|),. , . ,(ri P ! c ap), ( I , c) 

(11 + 1, H + 1 

+ 

7 ^ 
/> + 2, 5 + 2 

- sin 

( I — i', c), (o t , c «!>,...,(«/), f ( H - r , c) 

( ^ - . c ) , ( , ' i ' c 3 i ) . - . C i ' i . c 3 ? ) . ( ' . ^ 

(ai , <? «i),...,(rtp, c a/j )" 

(i>i, ßi> (öq , c p,,). 

I f we make use o f the relation I1,199). 

H 
m, n 

P. <I 

Cm, 0,...,(«Pl 0 Ill, II 

z P. Q 

the formulae ( 1 . 1 ) and ( 1 . 2 ) reduce to the F O U R I E R series for MEI- JER'S G-functions obtained by 
K E S A R W A N I I S , 1 4 9 ] . 

Further, on using the relation ( 4 , 1 9 9 ) 

,P> ' H' 
( « „ 1 ) , . . . , ( « P . 0 

= E(ait...,a ; bL,...,bq ; z), 

where £ ( . ) denotes M A C R O B E R T ' S /^-function [ " , 2033 , the formulae ( 1 . 1 ) and ( 1 . 2 ) reduce 
to the F O U R I E R series for ^-functions obtained by M A C R O B E R T [ B , 7 9 , equs. ( 1 ) and ( 2 ) ] . 

3. F r o m ( 1 . 1 ) and ( 1 . 2 ) , we easily deduce the integrals 
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Ö Z E T 

Bu araştırmanın gayesi Fox tarafından [ ¡ ] tanımlanan Ji-fonksiyonları için iki FOURIER 
serisi açılımını bulmaktır. Elde cdiîen ifadeler (1.1) vc (1.2) de gösterilmiştir, 


