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S . S . D A L A L 

In connection wrtli (he NEVANLINNA theory for entire and meromorphic functions, some 
special values are deFined by • limiting operations and called exceptional values. Some 

properties of these values are obtained. 

Let F(z) be ameromorphic function and T(r,F) be it's N E V A N L I N N A characteristic function. 
Let iVOy?) N(/-,F-a), N(r,F) =- N(r,co) have their usual meaning as in the N E V A N L I N N A 
theory. 

Define ' 

0 ( ( / ) = ] - l i m sup — 
T(r:.F) 

/ l ( a ) = l - H m i D f * M 
r-** T(r,F) 

I f 

.5 (a) > 0 then a is an exceptional value "N" (or e. v, N) ; 

A (a) > 0 then a is an exceptional value " K " (or e. v. V). 

We define the proximate order Q ( r ) and lower proximate order I (r) w i th respect to 
T(r,F) by the fo l lowing conditions : 

•(if e ('') and X {/-) are differentiable for r ^ /•„ except at isolated points at which Q' (r — 0 ) , 
-Q' (/• + 0 ) and V (r — 0 ) , r ( r + 0 ) exist. 

i'i) 6 0') - v Q, & ('') ->- A as r oo. 

</'//) r e' ( r ) log r 7>- 0 and r i.' (>•) log r 0 as /' co. 

<fv) i- ?- ( r ) T ^ ( r ) ^ » e { r ) for r ^ r 0 . 

T ( r ) - / •e ( r ) for i i sequence o f values o f r r a , 

• 3"(c) = r ^ 1 - * for a sequence of values o f /• co. 

For the existence o f such proximate orders see ( ' ] . 

N o w , we define 

') T wish to thank Prof S. K . SiNGH for his kind interest and helpul criticism and the «Council of 
Scientific and Industrial Research, New Delhi, lndia» for awarding mc a scholarship. 
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a as an exceptional value "A" (or e. v. A.) i f lEm i n f = Q 
r^co r M r ) 

and 

u as an exceptional value "£>" (or e. v. D.) i f l i m i n f " ^f ' gi- = o 
, .<ti r^C) 

We derive results concerning the e.v.A, c.v.D ;>nd (he other exceptional values. 

Theorem 1 

Let F(z) be a meromorphic function o f f ini te order Q. 

(i) I f a, b are e.v.E., then they are e.v.A., also. 

(ii) I f a, b are e.v.N. w i t h total defects, then they are e.v.A. also. 

( i i i ) Xl(d) < X => a is e.v.A. 

(iv) A (a) = 1 =>• 0 is 

where 

o is an ax 

and 

Theorem 2 

ceptional value "E" (ox e.v.E.) i f l i m i n f — T('<F} > Q w h e r e / — 
r->™ n(rta)-<P(r) ' . J x-

tlx 

0{x) 
A 

l im i n f I o e +

[

+ " ^ = A | ( f f ) . 
r->» log »' 

Let F(z) be a meromorphic function o f f ini te order Q and X (r) be lower proximate order 
wi th respect to T(r,F). I f F(z) has two finite values as e. v. S. then, 

(i) T(r,F') ~ 2T(r,F). 

(ii) d (F', oo) = A (F,VJ) - 0 and 8 ( F ' , 0 ) - d ( f 0 ) — I . 

( i i i ) F'(z) has " 0 " as e.v.L, and no other e . r .L. 

where, 

a is an exceptional value "5" ' (or e.v./SV) i f l i m 'J^jiH = Q 

and 

a is an exceptional value "L" (or e . i \L.) i f l i m _ n 

Theorem 3 

Let F(z) be a meromorphic function o f order £>. I f 

(i) r ( r , F ) / f - e . £ ( r ) - > 1, as r - * GO. 

( i i ) nL(r,x) I rQ.L(r)->-0, as ) • - > ( » . 
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T h e n 

" 0',A-) / i e . L(r) e, for all x 

where 

n (;-,.Y) = n (r,x,) + n (r,x.2) 

and L(r) is continuous for a l l large r such that L(cr) ~ L(r) for every fixed positive c. 

'Theorem 4 

I f 

H m sup «00_ = K J i m S u p / i O i ^ / i 
r - » i n f r C W / ' in f i -MO G ' 

then 

G ( _ L _ _ L JL)^ h m sup _ l i m inf ^ ̂  f J L _ i J L V 

P r o o f of Theorem 1 

(i) Since a is e.v.E. 

l i m i n f -M-— > o. 
r-™ n (r,o) . 0 (c ) . 

So 

TOO > ^.n(f,i/).*(rj. 

Hence, j ' * - ( r ) > A.n (r,a). <f>(r) for a sequence o f values o f /*->-«>, where 2 (r) is lower p r o 
ximate order w i t h respect to T(r,F). 

So 

Thus 

n (r,a) ^ 
rMr) ^ # ( r ) 

h m m f — - - = 0 

Hence, a is e.v.A, 

•(ii) W = I - H m sup ^ 1 = l 

T(r,F) 

Hence 

but 

N ( C , Ö ) < s T ( r ,F) for r ^ r 0 

f o r a sequence of values o f c -> co and 

N(2r,a}> ÏÎ (c,o) . l og 2. 
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So 

/fOyj) . l o g 2 <N(2r,a) 

<E- T(2r,F) 

n(r,a), log 2 < e (2r)^2r) 

for a sequence o f values o f r->- co and 

ffOv0.log 2 <s,-^r) '27.. 

hence 

l i m i u f i i M . « 0 . 

So a is e.v.A. 

(iii) n(j;a) < i ^ ' < a ) + v f o r a sequence of values o f r-> oo. Then 

yUx) yX(r) rx(r)—X\(,a) —g 

l im in f — V V ^ = 0 

Hence a h e.v.A. 

( iv) / I (a) = 1 

so 

Then 

1 - l i m inf J ^ a ) = 1 . 
T{r,F) 

l i m i n f * = 0 

r-«o T(r,F) 

i.e., 

for a sequence o f values o f / - ->-co .But 

l i m i n f = o => l im i n f i l l « 

Therefore is e.v.D.-

Proof of Theorem 2 

(i) Let a and 6 be e.v.S. Then 
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and 

But 

because 

So 

Similarly 

» 0 , « ) . L n N(r,a) 
Tw^T —*• 0

 =* ~7W) * 0 

n (I'M N(r,b) 

Mm sup ^ f l 2 ^ Urn sup *lù*L l i m sup _ . r ^ L . „ 0 

r-«> T(r) r f « / -Ifr) r-<° J f r ) 

l im sup < co. 
TO') 

l im sup ^ l = o 
r-* T0;F) 

ô(a) ^ I . 

5 ( 6 ) = 1. 

But f rom the second fundamental theorem we get 

T(r) < N (l\a) + N (r,b) + TV (r,co) -f- 0 (log »•). 

So 

1 ^ l i m sup + Um sup * M + l im inf A ^ î ï \ 
T(t) r ^ T(r) T(l) 

and 

But 

l i m i n f J V O ^ L ^ j , 
r->«a. T(r,F) 

v N{r,<o) _ 

/V* 0",̂ >) ~ T(r,F), as r -> ro. 

N o w 

T(r,F) ^ T(r,F) T(r,F) ' 
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But 

hence 

and 

h m m f — I ^ 2 
T(r,F) -

l i m sup -TJ:';F2 ^ 2 — ^ ( 0 0 ) — 3 ( o o ) 

ft {to) = <3 (GO) =- 0 

(i i ) I t is known [ 2 ] that 

l i m I M l _ _ 2 . 
R-.«. TO-,F) 

zi (F ' ,0) . l i m i n f ^ X 3 * 
r-"» i ('',-r) 

/ I ( F ' , 0 ) ^ 1. 

Again 

/ ! ( F ' , 0 ) { 2 — 5 ( c o ) ~ ^ ( m ) j ^ { l -h ( F ' , 0 ) —<5(F,0)} ^ * <<*i) 
1 

but 

2 ^ { 2 — 3 ( F ' , 0 ) } . 2, • 

1 ^ 2 — «-5 ( F ' , 0). 

Hence 

<5(F',0) = 1. 

Hence f rom ["] " 0 " is e. . v X , of F ' ( z ) . 

Aga in 

N~(r,F') N(r,F') = JV(r,F) + N (r,F) 
T(r,F') ~ 2T(r,F) 2T(r,F) 

N ( r . F ) ~ T(r,F), as r-»- GO 

T ( r , F ' ) -

But 

L i m sup — — — - ^ 1 

l i m ^ M l = 1 . 
^ ™ r ( i - , F ' > 
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Hence, 

<) ( F ' , co) = 0 - / 1 ( F ' , co) 

so " co " is not an e.v.L. o f F ' (z). We shall show that x\x =j*= 0) is not e.v.L. 

I t is k n o w n . [ l ] that 

P Q <

N M > + (J V JV0V7,) V N(r,UF' — bi) 
T(r,F) ' £ J F ( r , F ) F ( r , F ) 

„ , N(i;llF') N(rMF") \ 

Setting /> — 2 , <r/ 1, 

J2_ ^ A ^ - , F ) AT(r,a) 7 V ( r , 6 ) N(r,l/F' — x) T_(rf') 
J F ( r , F ) T(i;F) T(r, F) 1 F ( r , F ' ) T(r,F) 1 U ' 

2 ^ l i m i n f W / . r - ^ # , j m s rO^FO 

+ l i m s u p * ^ + l i m sup " M . 
r»«, T(r,F) r -« . T(r,F) 

2^{l—A(Fr,x)} 2 + 1 + 0 - 1 - 0 

/ I f F ' , * ) ^ i / 2 . 

Bu t i f x were an e.v.L for F ' (z ) , J ( F ' , x ) = 1. Kence x(^=0) can not be e.v.L. This shows 
that F ' ( z ) can have only " 0 " as e.v.L. and has no other e.v.L. 

Proof o f Theorem 3 

>U „ JVt (r,x) n 

/*« £(/•) L ( r ) 

N o w , 

7"(r,F) ^ WOW,) -|- N(r,Xi) + N(r,xj + 0 (log r ) 

r(r ,F) < N(r,xa) 
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Hence, 

as r ~*~ co so, 

T{r,F)~ N(r,x3) 

N(r,xa) _ , u (r,x.d) 
• r-6 L(x) 

We omit the p roo f of Theorem 4. 

1 
>*L(r) 

t> , as v —>- GO . 
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Ö Z E T 

Tanı ve nıeromorf fonksiyonların N K V A N L I N N A teorisi ile ilgili olacak, limit işlemi saye
sinde bâzı özel değerler tanımlanmaktadır. Tcki i değer olarak adlandırılan bu değerler 

üe ilgili bâzı sonuçlar elde edilmiştir. 


