‘ON EXCEPTIONAL VALUES OF ENTIRE AND MEROMORPHIC FUNCTIONS ¥

5. 8. DaraLn .

in connection with the NeEyvaNciNNA theory for cnlire and meromorphic functions, some
values are defined by:[fimiting operations and called exceptional values. Some

special
properties of these values arc obtained.

Let F(z) be a meromorphic function and T{r,F) be it’s NEVANLINNA characteristic function.
Let N{r,a) == N(r,F-a), N(r,F} = N(r,cc) have their usual meaning as in the NEVANLINNA

theory. ‘ .
Define -
Nira)
S()y=1-limsup -_*
( F o ( F)’

r->n I,

A (@) = 1-Hm inf Nr.a) .
T(r,F)
1f
d (@) > 0 then @ is an exceptional value “N” (or‘ e v. N};
Afa) > 0 then & is an exoeptidnal value “F* ‘(or e, V)

We define the proximate order g () and lower prommate order & () with respect to
T(J F) by the following conditions :

-(i } e(ryand 1 (r) are differentiable for r > r, except at isolated points at which ¢ (r — 0),
¢ (r+0) and " (r—0), A {+ + 0) exist.

iy @y >0, A(F)>dasr—o oo,
l{iii) re’ (M logr »0 and ri” () log r +‘0 as r - oo,
kiv) p T 2 () = ) for r i,
T(r) = ralm) for a sequence’ of values of r—» w,
T = r?u(") for a sequence of values of + - oo,

For the existence of such proximate orders see ['].

Now, we define

1y T wish to thank Prof 8. K. Sinon  for his kind interest and helpul eriticism and the «Councii of
Scientific and Industrial Rescarch, New Delhi, India» for awarding mc a scholarship.
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a as an exceptional value “A4” (or e. v, 4.} if lim 1nf n ('(’:;) — 0_. - r
prm :

and

« as an exceptional value “D” (or ey, D)) if hm inf %‘;‘ =0,

We derive results concerning the e.p.4, e.r.D pnd the other exceptional values,

Theorem 1
Lef F(z) be a meromorphic function of finite order 2.
(iy If a, b are e.v;E., then they are e.v.A4., also.
(iiy If a, b are le.v.N. with total defects, then they arc e.v.A4. also.
iy b, (@) < A= ais er.d.

(iv) £ (@) =1 = a is ev.D.

where
. : g : R TP o
ais an axceptional value “E” (or ey E}if lim inf —— 27 f e
’ row wi{ra)-d(r) =9, lwherc x-p(x) =
. A
and
lim inf log* + n (ra) =1, a).
Fom log » _
Theorem 2

Let ¥(z} be a meromorphic function of fmlte order ¢-and A () be Iowcr proxm]ate order ‘
with respect to T(r,F). If F(z) has two finite values as e. v. S. then,

@iy TG F) ~27T(.F).

(i) S(F, ) = A(F,) =0 and 8 (F,0) = 4 (F",0) = 1.
(iify F'(z) has 70" as e.v.L. and no other e.r.L.

where,

@ isan exceptional value “S” (ar e.p,8.) if lim "g‘st;)
roce FME

and

- n(ra)

a is an exceptional value “L” (or e L) if lim .~ =0,
: yorm J‘Q(f')

Theorem 3

Let F(z) be a meromorphic function of order p. If -
() T(F)[re L) > 1, 85 r> o,

(iiy . (rx)/re L{r) > 0, as r-» o,
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Then
n %) [9 L) > g, for all x =k x,, x.g.
where
n(r,x) = nlrx} + n(rx,)

and L(r) is continuous for all large r such tliat Licr) ~ L(r) for every fixed positive c.

CTheorem 4

If -
m Sup A n K lijm SVP A y _H-
row Infr@E — J° pem inf 1M G
‘then
1 1 K . N s N ( 1 I J)
o — S = ] £ lim s — lim inf — > __ ——— ),
G( 1% G ) P H\T %7

Py log M) rim log M) — "

Proof 6f Theerem 1
(B} Since a is e.v.E. -
i .

So

_ T > Aan(ray. ().
Hence, #2) = A (ra). @ (r) for a sequence of values of +-» o, where 1 () is lower pro-
ximate order with respect to T (r,F).

So

] (r,a)_ = A .
_ P T E (0
Thus

li .frr(r',a)_ ': .
oy e S

Hence, a is e;v.A.

: - o N(Ra)
Y 3 =1—1H gl =
(i) {a) Hm sup o, .5 1
‘30
tim Y g
row T(r,F)
Hence ’
N(a) < eT(F) for r=ur,
but ’

T (r,F) = A
for a sequence of values of r - co and

N@ra) > nira). log 2.
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So
a{ra) log2 << N(Q2ra)

<8+ TQrF)
wy,a). log 2 < e (2r)rer)

for a sequence of values of > o and

n(r,a). log2 < erhlrd. 2.

hence
-lim uf M =0
rsw phir) 0

So ais ev. A,

(iii}y #{ra) << r\a}+ 3 for a sequence of values of r— co. Then

n(r.a) @y 1
'yh(r) yalr} o f'l(l‘)'—h(ﬂ')—E
S0 . . 3
lim inf 258 g
yalr)
Hence a is ev.d.
(iv) : ‘ ) Afa) =1
50
t— lim inf 2200 _
. row T F)
Then .
lim inf N{ra) =0
r2m T, F)
i.e., '

N’ (1) < 6. T, F)

for a sequence of values of r— o0, But

T Fy< D forp=r,

50

s W N(ra) U X))
lim inf- 222 lim inf 20020 o
i o R e O

Therefore a is e.v.D..

Proof of Theorem 2

() Letaand? be ev.S. Then
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7 {ra) 0 N{(ra)

Fey = T 0
~and
n{r,b) Nrb)
rhlr) O = T 0.
But
. N(r,a) : Nira) rdr}
lim sup 720 < im sup 200 Him osup -t o
row P T(J) r o P pAlr r-w P T(r)
because
E. r)\(r)
im sup < @
p+0 g .
So
. N(ra)
lim sup 21390
i oy R
ie
d{a) = 1.
Similarly - -
d(b)y = 1.

But from the second fundamental theorem we get

T(r) < N (na) + N (nb) + N (r,9) + 0 (fog ).

S0
1< lims :_(_"’G) + lim su i('ibj + i inf N(",N)_
e O R R N R ()
and
fim mf_N (r,») I,
row rnF) —
But
N (r,0)
Bt
lim sup ToF) = 1,
50
N (r,0) ~ T(r,F),as r - oo,
Now

T(rF) . NEF) NEF) A+ N(I’,F)’

TGF) ~ TP T(r,F)




64 . ’ S. 8. DALAL

S0
hm inf _——T(’.’F’) = 2.
e T(r,F) —
But
. T(r,F") )
lim sup 222 <4 —~2__ _
S G FY g (00) — 3 ()
hence

i) =8 () =0

and
tim L&)
row T(F)
(i) 1t is known {* that )
@
’ . TOLF
A(F.0). Tim inf %ﬂl = ,;1 3 (ag) -
80 :
A, 0= 1.
Again
® i
AGF, 02— 8 (00) — p ()} 2 {1+ (F, 00— 8 (F,00} Y, 8 (@)
=1
s0
2=>{2—§(F,0).2,
S0
122 — 3 (F, 0.
Hence
S(F',0) = 1, X
Hence from [¥1” 0> ise. v.L, of F'(z).
Again .
N@FY  NGF) - NF) - NGF)
T Fy . 2T(1',E) 2T, F)
but . .
]v_(l'_.FjN T, F),asr— w0
50 - )
" lim iaf M 1.
‘ ren T{r,F'Yy —
But
Lim sup __N(r,F’) =1 ‘ ‘ 4
rom T F)
S0
NeFY

m
P T (J‘,F’)
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Hence,

d(F',00) =0=4(F,w)
so e ” is not an e.r.L. of F'(z). We shall show that x (x 3= 0) is not e.».L.

It is known . ['] that

~N&R N{ag) NOYF —b) .
T F) ta 2 T(J Z TRy

NGIUFY  NELUF
{(q—l) TEf(r{F)l'J_ (T'(/F))}Jro(u.

Setting p =2 , g =1,

2 NePH Ne@  N@LbH  NGUF - - T0F) Joa
T T F) T, F) TG, Fy T F) T(r,F) )
50
2 = lim mf_NME___'_x)_ . lim sup T ) 4 lm sup Niﬂii)
row T(I F) P T(J F) poreo T(f,F)
N@a) N{nd)
li 1i NN
+ sup T I o
50
22{l—AF,D}24+1400-0
50

A(F, x) £ 1/2.
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But if x were an en.L for F'(z), 4 (F',x) = 1. Hence x (== 0) can not be e.v.L. This shows

that F’(z) can have only *0” as e.v.L. and has no other e.v.l..

Proof of Theorem 3

n, (#,x)

N, (%) e
]I 0T Ry e

MNow,

T(Fy . N(x) - N(rx) + NOyx,) + 0 (logr)
Ly r@ L(r)

50

TGF) _ N
e L(r) re L(r)
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Hence,

as +— 080,

S. 5. DaLAL

T(rF)y~ Ninx)
N {r,x,) 7 {r,xy) )
I‘QL(x) —> 1 = ;—“—QL(J') P, as r— o,

We omit the proof of Theorem 4.
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OZET

Tam ve meromorf fonksiyoniarm NevANLINNA teorisi ilo ilgili olarak, limit iglemi sdye-
sinde bize oze! degerler tammlanmakiadir. Tekil deger plarak adlandimlan bu degerler

ile ilgili bizi sonuglar elde ecdilmigtir.




