ON HYPER DARBOUX LINES IN FINSLER SUBSPACE

U.P. SINGH AN B. N. PrASAD

The byper Danrwoux lines (hyper D-lines) on a surface of a 3-dimensional Ewclidean

spuce -have been defined and -studied by Prvanowvitcu [2]. SiNgH [4] investigated some

properties of these curves for a Riemaunnian subspace. The object of this paper is to abiain

" the differential cquation of the hyper D-lines of a TFinster subspuce and deduce some
propertics of union hyper D-lines.

1. Fundamentafl formufac. Let a subspace F,, given by the equations xf = x?(«%)
(=1...n;x=1,...,m) be immersed in an n-dimensional FinsLER space Iy, Consider
any arbitrary curve C:u®™ =% (&) (orxi = xi{s)) of the subspace. The components

. : G - . :
x' (or 51’;—) and ' (or %%‘—) of the unit tangent vector of C are related by x"{ = B, #'®
oS .

i Bx*'
where B = e
The metric tensors 8i; (x,x"y and gop (") of F, und F,, are such that

(1.1 gap (01") = g1 (x,x') BL B}
and the tensor

1 dgy;(xx)

(12) C:'jk (X,JC)= “2— '[\x’k
satisfies the identities
(1.3) Cijr (rx) X% = Cyjp (5.%) = ji Xy xT = 0.

There exist (;-m) vectors, called secondary normal vectors tt?:;) ¢ =m 4 1, .., )
which satisfy the relations ' B

, * : * ' .
1.4y a) a g () Jg Bl = ny B, =0,
" FYRE Y]
b) &1 (o ngy niy =1,
c) £ (x,x") nz:;) n:;f) = 4% Y6 (no summation on g). |
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The d-derivative of a vector fleld Vi of F, along the curve C has been defmod
by RunDp [*]as :

Vi dyi ; dxk

where p;g are the connection coefficients of the embedding spacé.

The d-derivative of the metric tensor g; ] (x,x”) along the curve C is given by RunD]

8 , CbxE . ik
(16) 5y 8ii X)) =2C; e (o)) —m = Gy —
where
Kl Cip (0.') = g4 jue (¢ )

. dx'¢ a dn’® .
Ifgi| = Bs andp = o are the components of the first curvature vectors of

the curve with respect to K, and F, respectively, we have

duﬂ &7
(1.8) A g' = p° B + Z‘qu)aﬂ (H”) d ds J(:‘)

[

where 2%(ap are the components of the secondary second fundamental tensors of the
subspace.

. dxi ; . ,
2. Fremet's farmulae, After putting n(é) — and n(l’) as a unit vector along g¢,

ds
we have the following equations

.. J]’l- .
2.1 - ql,=—6;—m = K1) ey
where Ky1) is the first curvature of the curve. The vector n(f) is consistent with the conditions
22 . £ (6,x") mgy nihy =0 and g ; Gex) niy = 1.
The & - derivative {refer (1b.5)} of the vector ) gives
. ) X

. ] i d i -k," K dxk
(2.3) | S5 M0 = + ij iy

Docomposmg this vector in the surface defermined by "(0) and n'(o) and orthogonal to
this surface we have

g

24) 3

‘- > o " »
Ay = angy + b ngy e ng

where the vector "(12) satisfies
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(2.5) : 8i; (6x") iy mlhy =84 (0 =0, 1, ).
A simple calculation based on the equations (1.3}, (1.6) (2.1), (2.4) and (2.5) gives

' U adek
a=—Kp;b=—= Cukd ney My |

Substituting the values of a, b in (2. 4) and- putting € = Ky, (the second curvature of the
curve) we pet
: S ; i1 e dk
2.6) . v "(!1) =—Kw n(:)) + K "(12) 5y Cry = 11(1) n(l)n (1)

The equations (2.1) and (2.6) represents the first two FrENET’s formulae for a curve in
the FINSLER space.

3. Hyper Ddine. Consider a congruence of curves given by the wvector field A7 such
that through each point of F, there passes exactly one curve of the congruence, At the point
of the subspace we have

. { * #g
ERY) M=yt B, + E Ciy My -

i

The curve € is said to be a hyper D-line of the subspace if the surface spanned by the

; ( _— R 1 )
vectors n([;) and R ”(;) + R @L’ n(zf} contains the vector M. (Rt = ——~— and R =——

ds Ky K2
are the radii of curvatures of the first and second order respectively.) From (2,1) and (2.6)
we have

i ! aK 5N « dik oy 1
6D gt~ g b K "(0)+K<1) Kay ngy ~~—5 Ky Cp " 1y nedy ey

This equation gives

n(& i i ¢ dRty 1 e oddb
(_3.3) iy (0x") (a: 11(6)) (R(l) nly + R@ ngp, el Bkl Ciir " n({) .
For the hyper D-live, we have
(3.4) li—=4A Rln +de +Bugd,
o = Wy + R 5= 1oy @

- . . oo P o
Multiplying this equation by 8ij (x,x") n(f,) ) Bij (x,x") n({) and g; ; (x,x") e n{é) res-
pectively and putting Ag = gy; (x,x") A n(;:) (h=D0,1,2)we gel B— Loy, A — A1) Kyand

PRI L | 1 s dxk {
(1.5 gij(xa") A 5 iy = — 5 dy Ky Cry, T " iy

. 5% .
+ L 1 ; (6% 1y, (ggi ”«’:))'
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which with the help of equation (3.2) gives

dKi
(3.6) _dsg_) Ay + Ky Kepy ey = 0.

This equation represents the equation of hyper D-line of the subspace,

Theorem (3.1). If the congruence s along the first curvature vector of the curve

then the necessary and sufficient condition that it be a hyper D-line is that it be a curve of
constant first curvature.,

Proof, The proof follows from equation {3.6), the definition of Ay and Az) and the
fact that the vectors n(i” and n(;) are orthogonal.

4. Hyper D-line ecnovolving secondary second fendamental tensors. Writing the
8 - differential of equation (1.8) and using [']

Towmp : ¥ £ ok R *j
(4.1} "(;:);'r = — ) B, g8 Qe R Cnie & B‘rc n(u') + 2 NE:))Y nd)
iy
we obtain
3 ap% * dut dub « ap Y
_ [ P F = = [ i t
.(4‘2) 357 O [ds "—Z 0 L¢,)0 ds ds Luyer & ds_ll B,

“

* dub « du® dub du?
. aut - du’
+ 2 [3 Q(H)qu s + ‘Q(u)ﬁﬂ.?‘r ds ds  ds

3

o du® B oy AT
+ Z Loyes g a5 N g 3
A

Y
* - ] ] du
Cuee8” By iy

2 *  du® dub
[(NEL:S de oy
©

2

ot
ds?

Substituting the values of n((;-) from (4.2) and 4 from (3.1) in the équation

(3.5) we get
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i % dxk

!qu - * - dub ‘ * *
(4.3) &ap (w,1") T R E P K’(u) Sq0ae 1t s 2 K(u) Cyy 17 B, 0w ds

1]

¥ " q dub . du™ duB du¥ oy du¥
+ 2 ¥ {3 Qs g v Qe 5 i dr X Koy N, s W
- A
* # *i * ’ #, dxk dx 3
T 2 2 Cor Koy ") Cime "y ~7 T o 7‘(1) KU) Ci'}k 7 ndy 7 (1)

— 0[5 [5G — Tver k3] <o

W

where we have used

. " du diee
“a Koy = Qs g5 a5

and the fact that rz(f]) , is orthogonat to r::L) .

The first two FreNer’s formulae for the subspace are

' 8 (du®
a. [} = &
(@5) e (B) =k e,
& E(T) ) ) 1 e dud
@.6) 5 =k 3@ TR0 G 5 Cawgr i B th

: du® .
where C;ys = gpvid» Ea,) = E 5 and 'gé) are the first and. second curvature vectors

and k¢n), k) are the first and second curvatures with respect to the subspace. These equations

give

8 p® 1 dud
5 = K Eo ot E(n d Lk ke B — -5 ko Co o By &) E(l) .

@7

" 8 . .
Substituting the value of gu in (4.3} and using the fact

- . N Cdub ‘
oy = ey e xD gy = gug 172 -~ =ty

Ky Moy = g¢; (ex) ¥ g' = gap 1> pB + Z Wi C(*u) K(:‘)

)
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we obtain
’ dk(i) » £ l dut
4.8 s Iy + kaykey foy— 2 g1y Cgays a5 iy E{I) E’Fi)
s % dtrﬁ ; _wp dxk
— D Y60 Ky B 1 Z Ky Cie 1 B2 mj 7= 3
w oo .
. * dus . dut duB duy¥ n du¥
o I
+ 2 Yy S [3 Qs P Y me iy Ty Ta ds 2 03 N ds ] o
o A Z
* *h dxk
—ZZ ) Kl 7 Cink Moy g5 +— Gy 1ty + ) ¥y Clor K-
. g
u o dxle J « ®2 :
Cix g~ "0 "y + foy ) Yoo Koy = O
: "
where

& * * ' *, .
fy = 8. P OB b Loy = Eap T UED)-

The equation {4.8) represents the hyper D-line of the subspace. The equation has been
expressed in the secondary second fundamental tensors,

5. Hyper D-lines and union cwrves. The union curves of the subspace have been
studied by SinGH [*]. For these curves we have

5
A= 4 ”(0) + B — ”{0}

Using (3.1), (1.8) and (5.4), we obtain

da ® dut  dud
s +Bp \ C() B‘Q(u}m e

e =

foy= A iy = By, 1 = 0.
Si}bstituting these values in (4.8) we get, after some simplification,

aﬂ P du® dubf du¥
R "‘(” 2 Z wie) Ky Yue P s 2 Y Koy Qoomesr 7 @y as

©
:,\) d[{ *;
* Z Zw“) w (*r) New g5 2 (0 Cie P° B "(t:) ds

* *® % & %7 dxk 1 * dil's i
= Z 2 Koo Koo 0y Cine "W gy T3 G Y pP
TR
1 _+ dxk

+5 2 ka ds q.q =0.
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Further since [']-

N® Hv,v(u) & — “ gk
€]

. ¥ *
(.2) Wi N, + wio NG, 3t %~ Cne ") ")

we have

k

- Pk dlp(u) 1 o o x o dxk
(5.3 Z ZK@ o ¥ N(m m =5 E @ — h 2 Ko Koy Cinte 7> "oy g

A

A simple calculation based on the equations (1.1), (1.8) and (1.4) yields

: 1+ dxk 1« dyt c ik *
GA 5 Cgy 14" g oy 5 P ZZ i ds‘ " 165 Ko K&

* I/
+ 2 K(u) i d B , PP n{n)

With the help of equations (5.3) and (5.4), the equation (5.1) reduces to

dku) E dul du¥
5.3) gy =3 T2 2 e Kiy Dap 2° d - 2 vw K(u) Q(M)MB.T e
7] 23
K dwm) dxk w -
=z 2 (i) E ZK@ K(v) i s "(u) nyy =0
(TR
or
dkq) 14 du® duf” W
SRR e T [ Z Pi1) (chm T ) ] —2 2 2 Ky Ky Mg gk =0
I W
whgre
*3 *I
(C)] Mepr = Cipe g oy
Assuming
* *
8 N Y Ky Koy Miaic 7% =0
[T '

and using the fact

) * que dub \*¥ d * dux  dup \?
73;[2'*’@(%% & ds ) }:fd?[zm (“cnw & s )]
- ‘

n

we get after integrating (5.6)

|
f
i
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1 i 1
(5.9) Rt
L
o1 _ * . du® dub \*17 % are the radii of geodesic
where 1y = and g = [ 2 Y (“(u)ms 7}}“73) ]

N

_ ‘ : 1
(with respect to the subspace) and the secondary normal curvatures and i is the constant of

integration.

We have thereby established the followiug theorems:

Theorem (5.1). The sum of the squares of the geodesic and the secondary normal curvatures
_in the direction of a union hyper D-line is the same at all those points- where the vector M)«
is orthogonal to the first curvature vector g :

Theorem (5.2), At all those points where the vector M)« is orthogonal to g%, the sum
‘of squares of the geodesic and setondary normal curvatures in the direction of the union hyper
D-line is the same relative to every congruence Af,

REFERENCES
[1] Euiorouros, H. A, : Subspaces of a generalised metric space, Can. J. Math, 11, (1959), 235- 255,
[2]- PRYANOYVITCH, M. i Hyper Duarboux ljnes on a surface in three dimensional Ewclidean space, Bull. Cal.

Math. Soc., 47 (1955), 55-60.
{¥] Rumnp, H. ’ : The differential geometry of the Finsler space, S'.l"RINGER Vencac (1959).

{4} SingH, U, P. . On union curves ond psewdogeadesics in Finsler  spaces, Revistn Uniy, Nac,
: Tucuman {Argentina} Ser. A, 18 (1968), 35-41,

[%] SingH, U, P. . On hyper Darboux lines in Riemann subspace, Tensor (N.5.), 20 (1969), 14,

DEPARTMENT OF MATHEMATICS
UNIVERSITY oF GORAKHPUR (Manuscript received. September 30, 1969)
GoRaKHPUR (INDIA) : N ’

OZET
¢ boyutiu bir Buklid uzayinda bulunan bir yiizeyc ait hiper Dampoux ¢izgileri (hiper
D-gizgileri) PRyanoviTen tarafindun (animlammis ve incelenmiglir [2]. Singu, bir RIBMANN
vzaymun alé uzaylarmdaki benzer gizgilerin bzt dzelliklerini incelemistic [3]. Bu yazinin
gayesl bir FinsLer uzayimin bir alt uzayma ait hiper D-gizgilerinin diferansiyel denkiemini
elde etmek ve bundan, birlegim egrileri olan hiper D-gizgilerinin bize &zelliklerini bul-
makiir.




