
ON H Y P E R DARBOUX LINES IN FINSLER SUBSPACE 

U . P. SINGH AND B . N . PRASAD 

The hyper D A R H O U X lines (hyper D-lines) on a surface of a 3-dimensional Euclidean 
space have been defined and studied by PKVANOVITCLI [*] . S I N G H ["] investigated some 
properties of these curves for a Riemaunian subspace. The object of this paper is to obfain 
the differential equation of the hyper "D-lines of a TINKLER subspace and deduce some 

properties of union hyper D-liues. 

1. Fundamental .formulae. Let a subspace Fm given by the equations x' = x' (//*) 
(/ = 1...... n ; a = 1 , m ) be immersed in an n-dimensional FINSLER space F^. Consider 
any arbitrary curve C : ua ~ w° (S) (or x' = x' (s)) of the subspace. The components 

and H F T" ^ o r ^ - ^ of the unit tangent vector of C are related by x'' = B& i / ' a 

9A-' where Bl = 

The metric tensors g^ (x,xr) and gnp (11.11') of Fn und Fm are such thai 

0.1) gaPto>»')=giJ(x,x')Bi

KBi 

and the tensor 

a . 2 ) c i l k M = \^i£f!2 
1 r1 X k 

satisfies the identities 

(1.3) Cijk (*,*') x'' = CiJk (x,x') x'j = Ctjk {x,x') x'k = 0. 

There exist (n-m) vectors, called secondary normal vectors n*^ {fi = m + 1, ri), 

which satisfy the relations 

(1 -4) a) gi} (xX) Bl = K = 0, 

b) *iy<^w)"(i)B2) = 1 ' 

c) g{j (x,xr) n j j / i j j = ô<$ V' ( ! i ) (no summation on p). 
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The 5-derivative of a vector field V> of Fn along the curve C has been defined 
by R U N D ["] as 

( 1 - 5 ) -J7 = 'j7+pJ><v ~ds 

where p*£ are the connection coefficients of the embedding space. 

The ^-derivative of the metric tensor gt. (x,x') along the curve C is given by R U N D [S ] 

0.6) ± t t , (,,*') - 2CiJk ( « ' ) i £ - C-m ** 

where 

(1.7) C J A (x,x') =gij-k (x,x'). 

f Sx'1' \ ( du'a \ 
If qi ( = ——• \&o.d pa f = —-— J are -the components of the first curvature vectors of 

the curve with respect to Fn and Fm respectively, we have 

it 

where i2*(n)«p are the components of the secondary second fundamental tensors of the 
subspace. 

. ¿1x1 

2. Freiiet's formulae. After putting = and «Jj as a unit vector along q!, 

we have the following equations 

(2.1) qi = SJ&=Kv»m 

where is the first curvature of the curve. The vector is consistent with the conditions 

(2.2) gijixX)^) "(i.) = 0 a n d Sij (x,xr) «(o> = 1-

The «5 - derivative {refer (lb.5)} of the vector «Jj gives 

Decomposing this vector in the surface determined by H^-, and and orthogonal . to 
this surface we have 

(2.4) -L „ ( ' 0 = a „ ( i } + „ ( ' | } + c „ J } 

where the vector satisfies 
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(2.5) g;j (x,Xr) »{2) = 82 (P = °> J> 2>-

A simple calculation based on the equations (1.3), (1.6) (2.1)3 (2.4) and (2.5) gives 

<7 = - Kit) ; b = C y f t — n ( 1 ) nfo • 

Substituting the values of 6 in (2.4) and putting C = / i ( 3 ) (the second curvature of the 
curve) we get 

6 • 1 * dx^ i 
(2-6) = - *(D "(0) + K nfo - — Cm w « ( 0 n ( i , n ^ • 

The equations (2.1) arid (2.6) represents the first two FRENET'S formulae for a curve in 
the FINSLER space. 

3. Hyper D-Jine. Consider a congruence of curves given by the vector field A'" such 
that through each point of Fm there passes exactly one curve of the congruence. At the point 
of the subspace we have 

(3-D = 2jCM % V 

The curve C is said to be a hyper D-line of the subspace if the surface spanned by the 

vectors and ii(r) ra^ + J?(2) "(2) contains the vector A1', (ifrj) =' — j ^ - and R(2) 

are the radii of curvatures of the first and second order respectively.) From (2.1) and (2.6) 
we have 

<3-2> ¿5" "ci = ^ " ( o - ^ i i ) "co) + K & "(i — y K { 1 ) c'x d~i "w nw "<« • 

This equation gives . 

(3.3) g,j (*,-V) 4 ) (*(,) «4, + R(2) » t i , 

For the hyper D-liue, we have 

_ 1 * dxlc i j 
- Y 0* ds "0> " 

(3.4) . V^AfBwn^ + RQ)-^ « ¿ 1 + 5 „ ^ • 

Multiplying this equation by gi} (xtx') n^, gtj (x,x')n^ and gt. (x,x') ^ nfy res­

pectively and putting A(/,) = g(]. (x,x) X1 {h = 0, 1,2,) we get B =-• A(o), .4 = A(i) A(i)and 

(3-5) gi}(x,x)}.i ~ = — ~ A(i) C j f t ^ 

+ *(Q) gij ( * , * ' ) H ({,J n ( ^) • 
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which with the help of equation (3.2) gives 

(3.6) ^ * ( l ) + t f ( l ) t f ( 2 ) A ( 2 ) = 0 . 

This equation represents the equation of hyper D-line of the subspace. 

Theorem (3.1). If the congruence X' is along the first curvature vector of the curve 
then the necessary and sufficient condition that it be a hyper D-Une is that it be a curve of 
constant first curvature. 

Proof. The proof follows from equation (3.6), the definition of A(i) and A(2) and the 
fact that the vectors n^y and are orthogonal. 

4. Hyper D - line envolving secondary second fundamental tensors. Writing the 
3 - differential of equation (1.8) and using ['] 

we obtain 

<4-2> w »(« =l£—L ™ A W P ~dJ ~dl < W g b " A J < 

+ ZJ ds ds dx J <»> 

Substituting the values of from (4.2) and X> from (3.1) in the equation 

(3.5) we get 
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(4.3) w m - 1 w K i , . - - ^ - 2 c , « " t 3 f 
It It 

|t * 

V V ^* */ *A ^ I 1 1 V ^ & / I 

. - 1 2 J C ( V ) *00 "(v) C ft* % ) " ^ - +-2-A(1)JR(1)
 C » * ~ d i " "«> "<'> 

n 

where we have used 

and (he fact that , is orthogonal to • 

The first two FRENET'S formulae for the subspace are 

(4-6) ^ ?(o) + *<» *<;>- 1 c ^ w> % y> 

where C*yS = gpy,n, 1(b) = > and %^ are the first and second curvature vectors 

and /c(i>, k(2) are the first and second curvatures with respect to the subspace. These equations 
give 

3p« 
Substituting the value of — ;— in (4.3) and using the fact 

as 

= ft/ frX) * l = g*t t'* - j - = f ( 0 ) 

K(nhl) = Sij V* q} = gap /•* w Ci) K) 
|» 
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we obtain 

( 4 > 8 ) ^ fw + f t ( 1 ) f t ( 2 ) r m ~ ~ k m c~^s~ r0) r a ) i f 0 

E „ * 1% «• , du"- 'til? ii»V , V I if* iwU) 1 

* * *," 
c (v ) % > «<:> cu* <> -is- + 1 (*e> '«> + z v w <%) x(,)> 

where 

f ( l ) - Sap ' 5(1) '
 [(2) ~ « a 9

 1 5(2) • 

The equation (4.8) represents the hyper D-line of the subspace. The equation has been 
expressed in the secondary second fundamental tensors. 

5. Hyper D-lines and union curves. The union curves of the subspace have . been 
studied by SINGH [*]. For these curves we have 

Using (3.1), (1.8) and (5.4), we obtain 

* A da"- , „ „ * du<* dtfi 

'•"A^r+Bl"-c»=BQ^nrnr-
* A * o I * n 

f (0) =
 A

 ' f ( l ) =
 B k(l) ' f(2) = °-

Substituting these values in (4.8) we get, after some simplification, 

_ , dk(_i) , „ v i „ du$ , V ,A ^* dua duP du* 

n t 

1 </xft . t 
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Further since [ l] 

(5.2) w * & + , „ „ ) j v g , - ^ - c u „;<, si 

we have 

<»> 1 1 « 0 ^ = T E X W ^ ~ 1 Z Z < ) c « ' i i ^ 

A simple calculation based on the equations (1.1), (1.8) and (1.4) yields 

1 ^* dxk .j, 1 „* dip a ft 1 V V dxk *i *h E - * (5-4) T C ( M — </' qh - T C a p T — = y 2 2J C t 7 l / £ % ) n(wJ JC ( v ) 

M. 

With the help of equations (5.3) and (5.4), the equation (5.1) reduces to 

/ , v* n* « ^ , V tr* ^* daa du§ dtt< 

1 Y ft-*2 rfVfiO V V J T * if* r* d x k *i „*h _ n 

+ T L Afo> ~~ 2J L k M KM cm -jj %> »(v) - 0 

¡1 ( i V 

or 

(,6) + 1 
where 

(5-7) ^ = ^ " 2 ^ 5 -

Assuming 

(5-8) E E «* = ° 

and using the fact 

J r r i / • qu* di& V I _ d r v i / * dn^ du% V"] 
1 7 L 2 J V W \ Q U t o ~ds~ ~~di) J " di I L V W V " i « ) ^ ~ds~ ~~dT) J 

n ^ 

we get after integrating (5.6) 
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(5.9) 

where f( l ) = -y— and Q = 'f^yh^-jy d s 

du* du& y-} a' are the radii of geodesic 

(with respect to the subspace) and the secondary normal curvatures and is the constant of 
rr 

integration. 
We have thereby established the followiug theorems: 

Theorem (5.1). The sum of the squares of the geodesic and the secondary normal curvatures 
in the direction of a union hyper D-line is the same at ail those points where the vector M( w v)/ t 

is orthogonal to the first curvature vector qk : 

Theorem (5.2), At all those points where the vector M^k is orthogonal to qk, the sum 
of squares of the geodesic and secondary normal curvatures in the direction of the union hyper 
D-line is the same relative to every congruence X'. 
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O Z E T 
Ü ç boyutlu bir Euklid uzayında bulunan bir yüzeye ait hiper ÛATIBOUX çizgileri (hiper 
£>-çizgÜeri) P R V A N O V I Î C H tarafından tanımlanmış ve incelenmiştir [ S ] , S I N G H , bir R J E M A N N 
uzayının alt uzaylarmdaki benzer çizgilerin bâzı Özelliklerini incelemiştir [**]• Bu yazının 
gâyesi bir F I N S L E R uzayının bir alt uzayına ait hiper D-çizgilerinin diferansiyel denklemini 
elde etmek ve bundan, birleşim eğrileri olan hiper D-çizgilerinin bâzı özelliklerini bul­

maktır. 


