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Particular lypes i»f means are defined for an entire function expressed by means of a 
Dmicni.Kr series, Reset 1(5 concerning limits of these means in connection witb the loga

rithmic and lower-logarithmic orders of tlmse functions are obtained. 

1. Introduction. Let /(.v) = ^ ane''X"' where {a„} is a sequence o f complex numbers, 

s o -|- h, Xt ^ 0 , < X„ and i im sup — H ' = - - / ) < <x> represents an entire function. 

Set M(o) = l .u.b. \f(a-\- it)\ and fi(o) = max { | an \ e "} denote the maximum term 
—a></<co « S I 

in the expansion of f(s) . We shall aiways take D = 0 . I t is well known [ ' ] , that Tor functions 

of finite RiTT-order q, 

(1.1) log M(<J) ~ log ti(o). 

The means of J\s) are defined by 

( i .2 ) V K { O ) =~T^'Jt S I A < M " * ) f * 0 < * < — 
—r 

<L3) »'0,/ ;0>) - - ^ 5 - y Fjt Cr) 

o — r 
(0 < d , /c < co). 

Similarly we define mean values o f , / V ) (s), (m ^ 1), the j»-th derivative of f(s). 

N o w let the RiTT-order o f / ( s ) be zero. We define the logarithmic order and lower-loga-

r i thimic order t 4 ] , by 

') Financial assistance for this work has been given by the Council of Scientific and Industrial 
Research, "NEW D E L H I . 
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V J m f l o g o 1 1 , 1 l o g o 

Correspondingly, wc define ihe mean values o f f(s) of zero order by (1.2) and 

' a.Ar ( f ) = J Vk (*) X b ~ l ¿ X , 1 < 3 < CO 
u 

o 7* 

( ¡ .5) = r™m~2To& / / l / C v + / / ) | * . v » - ' r f A - i / / . 
0 —T 

Similarly for / C O (s) , (m ^ 1) we define 

0 .6 ) vk (a , /CO) - l i m J - / | /<" ' ) ( 0 + ,Y) |A dt, 0 < A < co, 
7*-+QO / 

— r 

(1-7) ^s,* (<* , /<"0 ) = ^ f vk (A- , /CO) . v i > - rfv, 1 < * < co 

o 

o — r 

I n this paper wc study some properties o f 1^(0) and v§,k(o) etc. for k = 2. We shall denote 
vk(a) by K°) and v 8 ) f r ( o ) by va(<r) for — 2. The functions v (o , /CO) and t'a(<j, /CO) carry 
the same meaning fo r / ( ' "> (.v). 

2. Lemmas. 

Lemnm i . o s v(o) i's a convex fund ion of v 0 (a )o ' i >. 

Proof. We have: 

rf(06v(o)) ^ ( 0 6 K 0 ) ) 

( ° & V Í , ( O > ) 

= ~ v(o) 

, j „ t/ log v(o) = 0 -\- 0 -j . 
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Since log is a convex function o f n , [ 3 ] , i t follows that - ---- and therefore 0 * 0 i f - ^ 
aci do 

is positive increasing. Hence o 5 v(o) is a convex function o f o° i'a(o) . 

Lemma 2. vgio) increases with log o log i'&(<j) i's a convex function of log a , 
for o > 0,, . 

Proof. We have, by (he definifion o f i ' 0 ((j) , 

d log Ö i/o 
log I j V (x) . A' 6 f/.Y j - iS log 0 

0 

— <5 • 

Since o 6 v(o) is a convex function o f o ° v§(o), the r ight hand side above is a positive, 
indefinitely increasing function o f o for i > o 0 (say.) Hence 

d- log i ' 5 (o) / V ( - J ) 
—- 0 —-— 

> 0 for 0 > <i„ . 

Hence log ) ' & (T) is a convex increasing function o f log a and lemma 2 follows. 

Lemma 3. Jim •= <x>. 

Proof. Since r(°) is always a positive and increasing function o f o , we have 

0 

^ - V /" v(x)x^-'dx 
a o J 

Since i i m i S i J ^ ^ co , we have l i m M - l ^ = m a n d l c m m a 3 f 0 | i o w s . 

Next we prove : 

Theorem 1. For v(a) defined as- in 1. 

(2.1) U m f f J 5 * £ ! i M = ? . 
CT^OT lOg fj £ 
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Proof. We have 

I 
v(o) = l im _ L /" + H) 

T-<ai 2T J 1 

dt 

^ ( M ( 0 ) } 2 

log v(u) d~ 2 log 

log log v(a) ^ ^ _^ log log M (a) 
log o log o 

Therefore 

o 2 ) l i m i ? 8 j £ S v C 0 ^ [ i m « . P j o g l o g M f r ) § 
K } , r , f l o g * — , n f l o g o j 

Again , proceeding as i n [ 3 ] , it can be seen very easily that 

(2.3) ! • ( « ) = J K P ^ " 
2 0 I. 

for all o co . Since the series on (he r ight hand side is o f positive terms, 

• 5 0 J. 
v(o) ^ | a„ \- e ", II ^ 1 , a < co. 

Hence, for all a < co 

or 

l o g l o g v f o ) ^ ^ ( log log ^ ( 0 ) 

(2.4) Hm ' J 

log o log a 

,. S l l p log log v(a) , . Sup log log ¡1 (?) Jim ; „ r _ ^ ^ mrj i n f : = 
log o ~ Q J [ p 1 1 1 1 log a 2, 

Combining (2.2) and (2.4) wc get (2.1). 

Theorem 2. If f(s) is of logarithmic order y and lower logarithmic order 1 ( I ^ A, y ^ co) 
then 

(2 .5 ) Iimf n» fP l 0 e ' 0 g v ( q ) = A 
co log O 2 
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Proof. Since i'(o) is an increasing function of a, 

29 

2 D 

Hence log i < i ) + 0 (1) ^ log v 8 (2a) 

or 

log log <o) + ^ log log v a ( 2ö ) log 2 i 
log Ö log (2o) log Ö 

(2 6) Um s 7 i Q g l Q g v ( q > ^ I im ?u

f

p l o g I o g v » ' q ) 

c-.-o " log a ~~ a^a> log (I 

Conversely we have 

1-60) = 0(1) + ^ j v(x) . x 6 - 1 dx, a > o L 

0(1) 

¿ 0 

^ 0 ( 1 ) -h ^ - [ ( 2 ) 0 - 0 ( 1 ) ] . 

Proceeding as above we get 

(2 7) l im l 0 g i ° g " 5 ^ - -£ l i m !»P J ^ J ^ . 
1

 a - . « , , n f l o g o — CT.,W

 i n f l o g o 

Combining (2.1), (2.6) and (2.7) we get (2.5). 

Theorem 3. / / f(s) is an entire function of logarithmic order y and lower logarithmic order 

A (1 ^ A , ° ° ) then 

(2.8) l i m - ? ^mhMlJ. 
Jog a i 

Proof. Let 

l i m SUP L O G m i n i * ) ) . = 

Let 1 ^ X < co . Then, given e > 0 

sup ° 1 ^ o w ' = L . 
o-.to log 0 
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.(2.9) < o ^ for all a>a0.') 

N o w 

log {/& v 5 ( / ) } - log | y K.r) J C B - ' i / x j 

0 

Differentiating on both sides 

o 

Integrating from <T0 fo i on both sides 

(2-10) log {«& v 6 (o) } = log {o 0 8 „ & ( < I ) 5 + / J ^ . ^ 

Hence using (2.9) 

l o g { o - 5 v 5 ( a ) } < 0 ( 1 ) + - ~ -
L , -\- 8 

or, by icmma 3, 

log v f i(o) {1 + 0(1)} < 0(1) + , a > o„ 

or 

log log v 5 (o) 
log a 

( L •[- «) (1 -\- 0 ( 1 ) ] , tf> 0 U 

(2.11) Jim sup tog togvtW 
o-c/j log o 

which obviously holds i f L ~- <x> . 

Again we have by (2.10) 

log { (2 0 )& v»(2o) } - log { (o 0 5 v 6 ( o 0 ) } + ^ ~ 

> 0 (1) -[ 
v(x) dx f vix) 

') OQ need not be the same at each, occurence. 
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Since is an increasing function o f x 
"»00 

log { 0 ) S vb(2o) } > 0(1) + - ^ 1 log 2 

> 0{1) i *> Jog2 

for a sequence of values o f a tending to inf ini ty , or 

(2 12) l i m sup l o g l o g V M 
„•>«> log a 

I f L ^ rsj, then by taking an arbitrary large number in place o f ( L — a) wc get 

c log log v&(o) Imi sup . — 5 — & .»>••/. 
O-TO log a 

Hence combining (2.11) and (2.12) we get 

l i m sup I o g * ° g " » < « ) ^ r , - ^ L 
a log a 

l i m sup i o g M " ) / v b W ) ^ - . 
( T - . 0 0 log a 

Similarly we can show that 

l i m i n f l o e M<0/y00} = j 
o->n> logo 

and thus the proof o f Theorem 3 is completed. 

Corrolary. I f .ft?) is o f finite logarithmic order y , 

(2.13) log v(o) ~ log v & (c) ~ 2 log M(*) 

we have from (2.8) 

0. — e) log a < log v(o) — log ra(o) < (u> -+ K) log a , o > <!„ 

(I — s) log d , j < *°g v(<0 (iJ + *;) tog q

 + i 

log va'.o) ~ log v & (o) log i ' &(o) 

Taking limits as a oo we get the result i n view o f Lemma 3 and Theorem 1. 

3. I n this section we shall investigate the relationship between the means o f f(s) and 
its derivatives / C O (s). W e prove : 
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Theorem 4. if v§(cr) and r&(o , denote the mean values of f(s) and its first derivative 

then we have for a > <ru , 

(3.1) r 6 ( o - , / ( ' ) ) ^ y s ( o - ) J log Vb(o) y 
\ la log a f 

Proof. We have 

*.f I 

>'&(« , / * ' ) ) = 7 | i m - - ^ - y j j / ( 0 (A- + (V) I s rfx i . K i 

lim f f I iim ! m t\x + lt)—f(x — ex + it) 
x 5 ~ ' dx . dt 

v 6 ( 0 , / ( ' ) ) = i im Urn 
y-ioo E->o 2Te / / { ; 

/ ( x + / / ) — / ( * — « : I - / / ) 

<7 — T 

xt-^dxdt 

V 1 - 8 - ' dx dt. 

N o w by MINKOWSKI'S inequality 

/ ( x — wr + /V) dt 

i 1 

— 7 ' —r 

hence 

0 — T 

T 
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Again, by MINKOWSKI'S inequality 

33 

(T I 

-6(o ,/<'>) ^ iim I im [ { / / l ' < * + ' ' ' ' I 8 ^ ' 
(i — r 

= i im 
£'0 

0 —7* 

\ i 
{ v & ( o ) } 2 — { v s ( o — fid)! 2 

Let us set g(a) -°f . Then, since by iemma 2 log 1^(0) is a convex increasing func-
log 0 

t ion o f log o for o > o u , it follows that g(o) is a positive increasing function o f a for a > o u . 
Therefore 

)'s(<J, /'*'>) ^ lira 

l i m 

2 o 

, f log i ' 6 (o) ) 3 

Hence Theorem 4 follows. 

We give some applications o f Theorem 4. 

(/) if 1 < < y < then 

(3.2) v a ( o ) < v 8 ( d , / ( ' ) ) < , / l a > ) < . . . 

for sufficiently large values o f a . 

F r o m (3.1) we have 

log {V5(T , / ( ' ) ) / vs(o) p ^ log log v a (o ) — log (2a) — log log 0. 

Hence 

l i m s u p l o g •/*'>)/"&00 P  
i n f l o g o 

y - 1 

X — 1 

Therefore for any e < 0 and all large a , 
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Since I > 1 and a can be taken arbitrari ly small we get 

r 6 0 , / ( ' > ) > v s (o ) . 

Wr i t ing this inequality for /('>(,?) and combining we get (3.2). 

(/'/) For < A ^ [) < CO , 

(3.3) hm SUP L O G M<*. / " ' " ' ' / ' ' s W F ^ ~ ' ' 
a >co i n l " log O i . 1 

Wri t ing (3.1) for the function /<"—') (s) we have 

V 6 ( < T , / t m > ) ^ ( log V 5 (o) \ 3 m 

l'&Co) — \ 2a log 0 J 

W r i t i n g this for m = ! , 2, 3, nj and mul t ip lying the resulting inequalities, we get 

vj><a, /<"')) ^ f logvs(o) Y'" 
v&(o) -~ \ 2a logo / 

since 1.3(0) < cj,(o , / £ ' ) ) < ,> 6 ( i , / ( a > ) < . . . , for I > 1. 

Hence we have 

l i m «"? ' 0 8 M a , / P " ) ) / v s W ) ^ ^ g ~ T 

O ^ C D im" log a ~ 1 — 1 

and (3.3) follows. 
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Ö Z E T 

Biı- D I R I C H L E T s;risi üe verilen bir tam fonksiyon için bâz! ortalamalar tanımlanmakta 
ve bu ortalamalara bağlı bâzı ifadelerin alt ve üst ümitlerinin, fonksiyonun logaritmik 

ve all-logarifmik derecesi denen bâzı büyüklüklerle ilgileri araştırılmaktadır. 


