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T h e logar i thmic prox imate orders o f an entire funct iou / ( ? ) = ^ aa z" are def ined 

= l im sun l c J E l o B M (r> — nm sup —^_— _ i „ , try „ | l m s t m 

n = 0 

log / U ( r ) 

r > » ( log r f e W 

where JV/ (>•) = l .n .b . | / ( - ) | . S o m e results concerning these quanti les are optnineti. 

J . Let f(z) — V anz" be an entire function. Let M (r) — I.u.b. | f ( z ) | and 

it (r) = max { | o„ | /•" } be the maximum term in the T A Y L O R expansion o f / 0 ) . I t is well known 
II'SL 1 

that for functions of finite order, [ ' , 31] 

(1.1) log M(r) ~ log ft {>•). 

Let the order Q off{z) be zero. We define the logarithmic order g [*], by 

(1.2) l im sup « g , ! ^ g ^ « , . 
r •» log log r 

Let 1 < y < co . A real valued function g ( r ) is said to be a logarithmic proximate 
order P] of f{z) if, 

(1.3) g 0 ' ) is continuous, piecewise different!able for )*>/•„, 

(1.4) y (;•) - * - g a s r -> -<» , 

(1.5) Q' 0 ) r (log;-) (loglog/*)->- 0 as <x> , where g' (r) is either the left or right hand 
side derivative ai points where they are different, 

(1.6) l im sup i ^ M O O = L 

(log r)Hb'> 

Although g(r) satisfies (1.6), it will be more convenient, in order to compare log MOO 
with g (/•) etc., to take 

(1.7) l i m S L lP l o g . M i ~ ' } = a,, 0 < af < co . 
(log r)eM f f 

' ) T h e a u t h o r is t h a n k f u l to Professor R . S . L . S R I V A S T A V A for his k i n d guidance, 
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We shall call Of the logarithmic type of f(z) with respect to t> (r). In this note we 
obtain a formula for dj in terms of the coefficients {a„}. 

2. To formulate our result more precisely, we define the function <p (?) as the unique 
solution of the equation 

(2.1) / = ( l o g r ) ^ ^ 1 . 

Next we prove : 

Lemma. For the function <p (?) defined as above, we have 

(2.2) 

and 

(2.3) 

d(log log <p (0) 1 Iim 
/-.co i/(log t) « — 1 

i i m l o g ^ o ^ i / ( 5 - i ) K > 0 

log ^ (/) 

Proof. From (2.1) we have 

log t = [y (c) — 1] log log r. 

Differentiating with respect to log log/-', we get, 

rf(log log r) 

Hence, in view of (1.4) and (1.5) 

(Q O') — 1) H" ë ' ('") '"(log r) (log log r) . 

This is equivalent to 
,^co i/(loglog)-) 

H y d o g l o g y M ) 
rf(]ogr) 1 1 ( S } 

and (2.2) follows. Hence we have the asymptotic inequality ' 

~ a ) * / ( I ° 8 0 < </(log log T C ^ i y z T i " + E ) rf0og0. B > 0. 

Integrating from C to JD1, we get 

^ — l o g J i < l o g 
log y (70)" 

_ log y ( 0 _ < ê - 1 
+ » ) log 

lira i o g y = jj-l/Ce-D 
/->«. log y (f) 

This proves the lemma. 

Theorem. For the logarithmic type defined by (1.7), ire have 

Iim sup 
l o g K 
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Proof. For any a > oy, we have 

log MO) < 0 (log /•) , r > r0 (t). 

Since, by C A U C H Y ' S inequality, \ a„ \ '"" < M(r) for all n and r, we have 

log | a,, | + n log r < a (log r) 

log I an I < o (log /•) e w — R log 

Let 

Then 

£; o (log r) ew—i 

log I an \ < log r 

e — l 

L e 

<P («) 

J n <j? (n / e o)< log I ( 7 „ I 1 

1 \ 

or, by (2.3) 

Hence 

log I an I 
< t> —- 1 / y (»/ö") 

Iim sup 

log \aB\~eh \ e—1 

log Iff„re/rt 

and, since <s is arbitrary, 

9(") l im sup „ — 1 \ B f e ) m ~ l ) 

Conversely, let 

(pin) lim sup __ 
log|ö„| e / B Vy — 1 

5 \ / _ , i / ( 0 — I ) 

Let d 2 be any number, o, < o 2 < °^ • Then we have 

log \an 

f'(n) f 1 \ -,\/(Q—i) F „ 

or, 

or, 

log \an\ + n log r < „ log r - ( ) " * 
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or, 

log \a„\ + n log r < H log r — / i (/f/öä y ) (1 — c), e > 0 . 

The above inequality holds for all r and all large values of n. Hence 

log ft (r) < max [u log • ë — i 
n tp ( / J / Ö 2 fj) (1 - — E ) 1 . 

Using (2.2) it can be seen that for large values of u, the maxima on the right hand side of 
the above inequality is attained for n — [y<J 2 (log /•)«(»')—' J. Hence we have 

log f* (/•) < o.2 y (log ;•) 

or, 
log p (/-) 

Gog r) A tHr) 

Tn view of (1.1), this gives, 

lim sup log M(j ) 

( l o g r ) ^ 

This is a contradiction to (1.7). Hence we have 

l im sup 
//-•to 

y 0 0 - — « ^ i — ( ë S ^ 

l o g k J " ^ 

This completes the proof of the Theorem. 

Remark. Taking $ (;-) = y in the theorem, we get the following interesting result : 

• •— I J ' 
l im sup 

where is the logarithmic type of j\z) given by 

lim sup l o g M ( , , ) = g / ( 0 < « r / < 
(log r) 1 
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Ö Z E T 

f{z) = ^ a » z n ş e k l i n d e veri len b ir t a m f o n k s i y o n i ç i n iogar i tmik y a k l a ş ı m dereceleri 

ı ı = 0 

p = l im S U p l o g A / f r ) , ~ { { m % ^ loş M (r) 

r - « i o g l o g r ^ ( i o g r ) î f » 

ş e k l i n d e t a n ı m l a n ı r . B u r a d a M ( r ) «= sup dir . B u a r a ş t ı r m a d a , b u dereceleri i lg i -
z—r 

lendircn bâzı teoremler ispat e d i l m i ş t i r . 


