A NOTE ON LOGARITHMIC PROXIMATE ORDERS ')
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The logarithmic proximate orders of an entire functiou f (2} = Z ay " are defined as

n=0
? = lim sup Iug.[og M () ' ;f = lim svq _Iog 'M__(L)__
Feoo log log » rom oz ) 0
whece M () = Lub. [F(z)|. Some results coucerning lhese quantiles are optained.
==y
w
1. Let f(z) = Z anz" be an entire function. Tet M () = Lu.b. |F(z)| and
lei=#

=0

# (r) = max { | ap | ¥} be the maximum term in the TAyLor expansion of f(z). It is well known
=1

H=

that for functions of finite order, [', 31]
(1.1) log M() ~ log p ().

Let the order g of f{z) be zero. We define the logarithmic order g [*], by

(1.2) lim sup M

=P, L oo
Forco loglogr L l=as=e

Tet 1 << g« oo. A real valued function g{r) is said to be a logarithmic proximate
order |?] of f{z) if,

{1.3) p (r) is continuous, piecewise differentiable for r > r,
(1.4) gir)-»g asr—> o,
(1.5) g () r(logr)(loglog #) -~ Qasr—> oo, where g’ () is either the left or right hand
side derivative at points where they are different,
(1.6 lim sup M =
row (log l‘)E("]
Although @ (r) satisfies (1.6), it will be more convenient, in order to compare log M (r)

with 8(r) etc., to fake

1.n lim sup ___logM(}‘)

— =0z, 0<C oy < co.
oo (log ,.)g(r) f f=

1) The guthor is thankful to Professor R. 5. L. Srivasrava for his kind guidance,
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We shall call 6f the logarithmic type of f(z) with respect to 8 (+). In this note we
obtain a formula for oy in terms of the coefficients {a,} .

2. To formulate our result more precisely, we define the function ¢ (¢} as the unigue
solution of the equation

2.D t = (log r) g1

Next we prove :

Lemma. For the function ¢ () defined as above, we have

. dilog log @ (/)) 1
Hm =
2.2 1o d(log ¢) g—1
and
2.3) tim g @ (K1) 1@ L K>0.

o log ¢ (D)
Proof. From (2.1) we have
logt=[g () —1] log logr.
‘Differentiating with respeclt to log lqg r’, we get,

d{log 1)

“ddozlosry @y —1) 4 ¢" () log ) (log logr).

Hence, in view of (1.4) and (1.5)

d(log t) e}
- dloglogry
This is eguivalent to

lim d(log log ¢ (£))

i~m  d{log#) =1/(@—1)

and (2.2) follows. Hence we have the asymptotic inequality -

1 p 1
—_— g )d 1) < d (logl N — -)dl f),e> 0.
(éﬁl s) (tog 1) < d (log og«p()(e_ + &) d{ogn), e
Integrating from ¢ to Kr, we get
1 , log ¢ (K) 1
(E)—l ﬁg) 10ng<log[log¢m <|l5— +s)logK

or

lim 108 @ (KO) _ 1i@—n )
o log ¢ (f)
This proves the lemma. .

Theorem. For the logarithnic type 3 defined by (1.7, we have

—gin p—1

R

2.4) Hm sup @ () _ ( 1 ) (5f ) I/(@—I)-

logla,|
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Proof. For any o > éf, we have

log M(ry < o {log} %, r = ry ().

Since, by CavcnY’s inequality, {au | ™ << M(r) for all # and r, we have

log| an| + nlogr < 6 (logr o

or
logan| < o (log#) & log
Fet
n= [é o (log ) Q(r)_li| .
Then
7
log|a,|<logr [? in]
ar
g—1 _
Z ng{n ooy <<log|a,|™
or
¥ (1) ( 1 ) @ (1}
— _
log ] an| O/n g—1 @ (nfpay
or, by (2.3)
hd (ﬂ)_k. (, ! ) (o5) e=n Y B T
log |a, |78/ e—1
Hence
lim sup ‘?(’1)7"‘ - (_ 1 ) (05) 1/(2—1) L op <,
R log |a,| —8/" g—1

and, since ¢ is arbitrary,

. 1 i 17(8—1
lim sup @ (#) 4( ) g, g) e
Haw loglanl—é.fn —\p—1 ( fQ)

Coanversely, let

. 1 L HE—1N ~
lim sup ¢ {n) =( )(a & o, < E,.
R Iog Eanl_éhl Q—l t t f

Let o, be any number, ¢, << gy << dg. Then we have

1 D—
log ‘!;;(T)“@fn = (@— 1) (o, 97V, foralin > n,
n
or,
o—1 _Le—1
tog fao| < — (451 )90 @,
ar,

log {a,| -+ nlogr < nlog r— (ng_l) # ¢ ()

(g, B)LKE—1)

8t
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or,

log la,) +nlogr << nlogr— (@_Ej) ag {njo, @ {1 —¢), e >0,

The above inequality holds for all r and all large values of #». Hence

log g (r} < max [#logr— (f—’__é:_.l) e (nfe, ) (1 —e)l

n=ny

Using (2.2) it can be seen that for large values of i, the maxima on the right hand side of

the above inequality is attained for n = [ga, (log #)2)>—! ], Hence we have

i r 771 77 .
log e () < 0,8 (log ) " — (i-gw) (—5 (og ) ™o, 5

~ o, Qogr) 11 + s (e — 11

or,
_AoBr () e DL .
(og r) )
In view of (1.1), this gives,
lim sup M “Z gy gy
r@ {log r) 8(r)

This is a contradiction to (1.7). Hence we have

lim sup a (im) _ _ ( _ 1 : ) @) 141

H3m

This completes the proof of the Theorem.

Remark. Taking 5 (r) = g in the theorem, we get the following interesting result :

1/(@—1) -
lim sup n . _ ( _ i ) @dp 1/e—1)
nron Iog l n | —Uin p—1I

where 4, is the logarithmic type of f(z) given by

. log M(r .
lim sup _g_Q =iy, 0<Gf<m,
)
P {log ) ¥
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GzZET

o
fiay = E a, z" gcklindz verilen bir tam fonksiyon igin logaritmik yaklagim dereceleri

n=0
b =lim sup loglog M) 7f — lim sup —-2% Mﬂ(r)
r+e log log r roo Gog 1) alr)
seklinde tamumlanir. Burada M (r} = sup | f(z) | dir. Bu arastirmada, bo dereceleri ilgi-
Z=r
lendiren biizi teoremler ispai edilmigtir,




