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T h i s paper introduces a series which unifies var ious aspects o f Hie iwo theories « f 
entire functions defined by T A Y L O R series a n d D I R I C H L E T series, wh i ch have so far been 
treated separately by different workers in the two fields. App l i ca t ions g iven at the end 

o f each theorem are intended to emphasize this fact 

1. Consider Ihe function 

(1.1) F(x) - ^ an • eU- ¥(*> 

« = 1 

where 

(1.2) Jim sup njin -- n < co, 

XN+L >Xn, A ( ^ 0 , l im A„ = co ; {a„} (n = 1, 2, 3 ...) is a sequence of real numbers 
n-*<a 

and ' s an increasing continuous function of the real variable x , defined either for all x on 
the real line or for all x i n the interval >] < .v < oo where — oo < t] < -f- co, satisfying the 
fol lowing conditions : 

(i) v' (•*) tends to in f in i ty as x -x> , 

(ii) v M assumes every value f rom — ^ to + co, 

(i i i ) y>(x) has an inverse, that is, i f y = y (JC), (hen there exists a function such 
that y> - 1 (y) = x, 

(iv) y> (x) = y> (x — /c) = # (JC) = 0 (1) for every fixed k > 0. 

' ) T h e resea rch w o r k o f the au tho r h a s been supported by a Pos t -Docto ra l Fe l l owsh ip o f the 
Un ive r s i t y G r w n l C o m m i s s i o n , I i i d b . 
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Let A"c and xa be the abscissa of ^-convergence and the abscissa of absolute '/^-convergence 
respectively. I f xc = oa and x„ — -x>, then the series i n (1,1) is convergent for all values o f 
-v > i ; and the sum function F(x) is defined and continuous for all values of x > J/. 

2. i f , in the series (1.1), we put ^ a, we get a D I R I C H L E T series viz., 

to 

F{o) - a'< • e ' K " ' a (0 < o < oo ) 
i, = l 

i n the real variable a. 

If, in the series (1.1). we substitute *p(r) — log J- and XN — n, one may get a T A Y L O R 
series, viz., 

F(r)= £ a „ • r" (0 < r < <*>) 

i n the real variable r. 

I f , ln and y (x) are respectively replaced by n and A*, the series lakes the form of a 
TAYLOR -D-ser ies , 

F(x) = ffn • e 1" 

I n this paper we have attempted to unify various aspects of the two theories of entire fun­
ctions defined by T A Y L O R series and D I R I C H L E T series which have so far been treated sepa­
rately by different workers in the two fields. Applications given at the end of each theorem are 
intended to emphasize this fact. 

3. Let 

(3.1) Mm T ' f ' ° e I ° m W - t • « > ^ « < » » 

We shall refer to the constants Q and X as defined i n (3.1) by y-order [', 18] and lower 
V'-order [', 18] respectively o f the funct ion F(x), which shall be said to be o f regular y -growth 
when Q = X. Justification for this lies in the fact that Q and X depend on the function ij> (A) . 
Aga in let 

(3.2) l im S « P i£|4M = T , ( 0 ^ T < » ) 
x-*<o i n f eQy(x) t 

where Q (0 < g < °o) is the y-order of the function f(x). We define 7" to be the y- type [ l, 21] 
and t the lower y- type E1, 21] o f the funct ion F(x) o f v'-order Q, and in the case when the l imi t in 
(3.2) exists i.e. 7* = t ( < co) and X = Q, we say that F(x) is o f perfectly regular y -g rowth . 

I n a previous paper [', 15-26] we have obtained an expression for the i/'-type i n terms of 
the coefficients. Now, we obtain the same for the lower y-type. 
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Theorem 1. Let 

be a function of y-order Q(0 < Q < •*>) such that 

Ifh, + \ ~ i „ , then 

(3.3) 

- ? log F (A') 
l i m tnf • , , / = I. 

, ^ Hm inf ( o „ ) ' - ' ^ 

and further, if lo§ ^"/q"+^ / o r m j a non-decreasing function of n for n > /;„ then 

(3-4) 

Proof. Let 

/ = l im in f —n (o je ' * - » . 

l im in f — 2 - ( « j e u » ^ 0 . 

Suppose first 0 < « < <», then, for any * > 0, n > N = /V (e), we have 

i B ( 0 « ' ^ >(fl-«)ifi. 

We know that 

F(x) > an c l » • for ail x > .v() . 

Therefore 

That is 

Let 

log F{x) ^ log (</„) + ln • y (A-) 

> 

logF (A- ) ^ 1 l „ y W + ^ - l o g ( f l — e)ey— Y logA„ 

(A«/e*fl)' ' « ^ < (A«+i/tf-o)"« -

Then 

log F i x ) a y 

^ a log 

^ l o g (1/a a) -h — log {(a — a) e e}-|- 0 (1 ) 
. 0 e 

Hence t ^ a, which obviously holds when « = 0 . I f a = <x>, the above argument w i th a 
arbitrary large number k i n place of (a — *) gives t = » and hence (3.3). 
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I f n(x, F) denotes the maximum term of F(x), then 

log (i (x, F) 1 

for 

log (*.-./*„) < y j i x ) < 

log fl„ -I - X„ • lj>(x) 

A„ — Xn— 1 Xn -j-1 — Xn 

Suppose first / < oo , then 

(3.5) log an + ^ (t — e)-eQ • 

for all A- > ,T,I and for all // such that 

log ( i i „_ i ja^_ ^ ^ log ( « „ / « » + 0 

Let 

then for ;/ > n,. 

X„— Xn— 1 Xn+1—Xn 

j r = A „ ( 0 n ) « / x „ 

I o g A - > l o g A „ h - f - [ ( i - O e ' - W - V v U ) ] 

— e 6 . v(.v) 

since ^ ex, for a l l values of x > 0. 

Further, i f 

!og(a n/an+>) 

' e . Q ( t — S).eQ • V(xi 

i ( " ) = | , j 

we obtain f rom (3.5) 

Therefore 

(3.6) 

g(n — l ) = ... = f f ( „ _ m ) and i f I ^ p ^ /», (n — m) > «u 

Urn in f i s . ( o „ ) ca „ ^. , 

which on the same arguments shows that i f t = «>, then a = oo . Hence (3.4) follows f rom 
(3.3) and (3.6). 

Application. 

( 0 Let f(z) = ^ o„ z" , (z = x + i » , 6e o/i function of order e and lower order 

X(0< X ^ Q < <x>). Then 



and further if log 

n > w„, then [\ 26] 
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t ^ ! im in f — I a„ ft1" (0 ^ f « . ) 

consequently \a„ja„~\-i \ forms a nondecreusing function of n for 
O/l H- I 

/ = l im in f — 
„-*«> eg 

(/7) I n the case of D I R I C H L E T series the result [J, 29-31] is the same as i n (3.3) and in 
(3.4) under the conditions mentioned in the theorem. 

Theorem 2. Let F(x) = ^ a„ • e'*"- 1 be the function of y-order y and lower 

i —l 

y-order X(0 ^ X < t> < Then 

(3 7) (/) Hm inf L ° ^ M = l im in f „ 0 

i.e. /Af /o iw y-type of the function F(x) of irregular y-growth and of finite y-order is zero. 

Proof. F r om (3.1) we obtain 

(3.8) logF( .v ) > e U - 8 > • »<*>, for any e > 0 and x > x0 = x u ( « ) and 

(3.9) logFCx) < e U + a > • W*) for a sequence of values of 

D iv id ing (3.8) and (3.9) by ' Vix) and then proceeding to l imits, the argument shows that 

l im in f l^£M = o 

Since log F(x).-^ log jt« (JC, F), for # < c o , hence the result in (3.7). 

Also, it is known a] that 

Hm in f lSlh^ii> = a. 
*-.*> y ( j i) 

Therefore proceeding on the same lines as above, we obtain the second part o f the theorem. 

Application. The lower type of entire functions represented by D I R I C H L E T series and 

T A Y L O R series of irregular growth of finite order, is zero ; and the values of 

Urn in f i l i e L and l im i n f ^ 
„-.«> e2° r-»» >•<* 
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vanish in the two series respectively. [', 250], [", 345]. 

4, The fact that 

l i m in f J ° g ^ = 0 when (0 ^ X < Q < oo) 

opens the question o f comparing the function log F(x) w i th the function ^ • MK*) when 
(0 < ' < g < O Ù ) . Evidently, since X < Q, 

l im s u p - l e ^ f l - co 
x>«. el • ¥(*> 

log F(x) 
yet l im in f -~——'—- may sti l l be a f inite constant. We shall refer to this constant as y-A-typc 

of the funct ion F(x) and denote this by t^. Thus, for function F(x) o f y-order y and lower 
y-order X, such that (0 < X < y < 'x>), we define the y-A-type t% by 

(4 1) l im i n f *°g f <*> ^ / . 

Application. F r o m (4.1), we obtain the definitions for A-type in case of D I R I C H L L T 
series and T A Y L O R series respectively as obtained by R . S . L . SR IVASTAVA and P . S I N G H 
I " , 250] and ['\ 345] viz., 

B - > » e * ° 

<„) l im inf ^ S r L = t i . 

Here we f ind ti in terms o f coefficients. 

Theorem 3. Let 

F < - x ) = E a " ' e U ' n x ) 

be a function of lower y-order I (0 < X < ro) swcA that 

l im in f ! 2 8 _ f W ^ 

(4.2) a ^ l im inf * £ ( f l ) m „ 

and further, if log fln/an+ ,)/(•*„+ , — X n ) forms a non-decreasing function of u for n > « „ , i/itr/f 

(4.3) /X - l im inf i ? ( a n ) ; ' U • 
I I - X D e A 
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The above theorem can be proved on the same lines as theorem I , hence we omit the proof. 

Theorem 4. Let F{x) = be a function of ip-order Q, lower y-ordcr 

X, (0 < X < f_t < -o) « W fojtw y-X-type f%. if 

l im A n / „ = D, D > 0. 
; | - K O 

(4.4) l im inf ln(a„+ila„)UD ^ eltXt 

»-m> 

(4.5) l im in f i„ (a„ + i 'a^'D - , 0. 
n-»m 

Proof. Let l i m i n f X„(.a„+\la„) *-'D — c, (0 < c < w ) , then, for any e > 0 
II ><*> 

(4.6) it„ ( i 7 „ + , /a*) i-'D > c — « for n > /;„ = » „ (B) . 

Substituting n.t, ntl —• 1, . . . , ( «— 1) in (4.6) and then mult iplying all the (n — tij inequ­

alities, we have 

(Xn)>—»». (ajar,,,) * ID > (c — « 0 * - M O , 

since ?,jt + i > ^ „ . Tak ing (/;—• /!„) th root o f both sides and then proceeding to l imits, we get 
e^h ^ c, which is also true when c = 0. o f c = oo, then fx. = oo. I f , i n (4.6) we take e i n 
place o f X and proceed on the same lines as above, we obtain (4.5), in view of (3.7). 

5 . Let F(x) = ^ a,, •*?*•«• f<*> be the function o f y-order <?(0 < 0 < ^ ) , y~type J 

and lower y-type t, then we have 

( 5 X ) l im S U P l Q g f < * > = l i m S U P <*• F > = T
 ( 0 <L , < r < « ) 

V •* J C - O O i n f ee-<K*> ^co in f e « - W i ' v ' * 

We now define y - g r ow th number ? and lower y -growth number <> for the function 

F(x) as 

I n the next theorem we obtain a number o f results involving 3, T, t, and Q etc. 

Theorem 5. the symbols have the meanings, as defined in (5.1) and (5.2) then 

(5.3) (/) v ^ p T ^ e r ^ S 

vebiv 
(ii) y^oT~ 

e 

(HI ) v^.S(\ +iogvl$)^Qt 

(i'v) y + i ^ e f l i 1 

(v) Equality cannot hold simultaneously in (/V) and 3 ̂  Q T, 
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Proof. F r o m (5.2), we have 

i* * , F > > (d — «). eQ • VW 

for any e > 0 and x > xa. 

Also, from (1.3) [', 16] for x > x0, and constant yik) > 0, we have, 

x y-<{y(x) - I - y(k)} 

\ogf*[y>-<{y (X) +(fc)},F] = 0 ( 1 ) + [ / + / Uj,F)-v'{t)dt 

X 

^ o (i) + o» — *) f i J e" * w • v' (') * + *v(v) • v (*) 

= 0(1 ) + <S * [c« •*(*) — « « • * ( * « ) ] + * v < * , 0 • V (*)• 

Therefore, 

log /* [y - ' {'/' W + V ^ 0 ( 1 ) +
 a ~ « . g g • + iyix.Fi • y (k) 

Hence, on proceeding tp l imits we obtain 

( 5 . 4 ) T5= ' + and , ^ ' U + e • V ( « ) 

•r e b l v 

The right hand side of the first inequality in (5.4) attains its maximum value when 
ee 

v —• o 
w (k) — ——— .hence 

v Q 

v ebiv 

(5.5) . £ > r ^ — -

Similari ly, the right hand side o f the second inequality in (5.4) is maximum, when 
y (A) = 0. Thus 

(5.6) Qt^<). 

Again, as before, we have 

log fi [y [y (x) y (k)),F] ^ 0 (1) + [ e H W _ e M ( ' u ) ] f . ; v t r l t W ^ w l P ) - ^ . 

Therefore 

log/* E y - ' {y(x) + y(k)}, F] ^ Q / ^ + v + * • , { * ( * ) + * i i ) } . H v ( * ) 

Hence, on proceeding to l imits , we have 

http://iyix.Fi
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<->./) i < • 7^,1 i.\ d i a ^ r 

The right hand side of the first inequality in (5.7) is min imum when y (it) 0, hence 

(5.8) QT^r. 

Similari ly, the r ight hand side o f the second inequality in (5.7) attains its min imum value 

b' 1 v 

— ( I H- l og v "> ) when y (&) — log — . Thus 
e e ° 

(5.9) e / ^ ^ i + log-J-) • 

Now, the first part o f the theorem follows f r om (5.6) and (5.8). 

The second and th i rd parts of the theorem are the direct consequences of the first part, for 

^ - and ^ l + l o g T j ^ T 

The fourth part o f the theorem follows f rom (5.5), because 

8T ^ — e 8 , v 

e 

( * 

and hence the result. 

To prove the f i f th part o f the theorem, let <S = g 7", then from (5.4), we have 

oT+vo-yj(k) 

1 — Q . eQ-V(k) 

o r 

r w - v w - 1 ) . 
ir : ; , 

V'(k) 

P u t y (A) = 1 In • log (1 + ?/) where ->- 0. So 

- i? + 0 ( V ) -

Also, <S ̂  hence )' = oT. 

So 

+ a. = 2 y r < f f > r . 

Next suppose that 

j' + J — e QT. 
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then <1 w i l l be less than o T, for i f it were equal to c T, then by the above r + '<) wi l l have to 
be less than e QT, 

Application. The results proved in the case of T A Y L O R series by SHAH [A, 2 2 0 ] , S . K . S I N G H 
[ ;, 6 ] and others and in the case of D I R I C H L E T series by K . N . SRIVASTAVA ['\ 1 3 4 - 1 4 6 ] , 

P. K . K A M T H A N [R, 28 ] and others, fol low f rom the theorem proved above. 
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O Z E T 

T a m fonksiyonların T A Y L O R veya D I R I C H L E T serileri ile lanımlanmalarına göre elde edi len 
ik i teoriyi birleştiren bir seri ele alınarak aynı k o n u n u n birçok y a z a r tarafından ayrı ayrı 
yapılan incelemeler ini birleştirmek mümkün olmuştur. Teo remle r in s o n u n d a yapılan uygu ­

lamalar bu d u r u m u kesiti b i r şekilde teyid edecek mahiyettedir . 


