
O N T H E ZEROS O F E N T I R E F U N C T I O N S ') 

S H A K T I B A L A - M A N J I T S I N G H 

L e t / be a n entire function a n d a{r,f) the number o f zeros of / in D = \z£C : \ z j < r)> 
where n{r,f) is assumed n o n zero . T h e convergence exponent a. and the lower convergence 
exponent ¡3 o f / are def ined as tl ie upper a n d lower l imits o f the ratio log n { r , / ) / l og r 
when r tends to in f in i ty . T h e object of this pape r is to establish re lat ionships between 
convergence exponents a n d lower convergence exponents o f two or more entire functions 

a n d then a result about entire funct ions o f infinite order. 

1. Let E be the set o f mapp ings/ : C C (C is the complex field) such that the image 

u n d e r / o f an element z e C is /(z) = >, ( 7 „ z" with l i m inf | an\~'Jn = + oo; A/is the set o f 

natural numbers 0, 1, 2, ... ; {an:neN} is a sequence i n C and z = x + iy ; x, y e R (R is 
the field of reals). Since l i m in f [ an \ ~ = + 2 0 , i.e. the power series defining / converges 

for each complex z , / is an entire function. 

I f / e E is an entire function such that i t has at least one zero i n the disc 
O = [z e C : | z | ^ r } , and i f n(r, /) is the number o f zeros of / i n D, then the convergence 
exponent o f the zeros o f / or briefly the convergence exponent a and lower convergence 
exponent /? of / are defined as 

0 1) lim s u p iog*(r./> = « . 
r - ^ + o o i n f log r $ 

I n this paper we first establish relationships between convergence exponents and lower 
convergence exponents of two or more entire functions and then a result about entire functions 
o f infinite order. 

Theorem 1. Let f, fx ,f9eEbe three entire functions, each having at least one zero in D, 

of convergence exponents cc, %t , a a and lower convergence exponents fi, ft, , fi3 . If »(/,/), 

«(A./V)i «(f>/s) denote, respectively, the number of zeros of f,fL ,f2 in D, and if, as r-*~ + <», 

(1.2) log n irj) ~ (log n(r, /,) log n (r, f2))' '*< 

then 

(1.3) ( * 1 / i s ) " , ^ 0 ^ a ^ ( * i *J'f\ 

and 

(1.4) g l l ' 4 * % -

0) T h e authors express their gratitude to D r . J . S . G U P T A for h is help a n d guidance in ihis paper. 
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Proof. Mak ing use of (1.1) f o r/ , a n d / L we get, for any e > 0 and sufficiently large r 

0.5) tfl_.)<!5^AL<(ll + . ) i 

and 

o-6) (*,_.) < ! s ^ » < ( 3 t f + .). 

Mul t ip l y ing (1.5) and (1.6) we get, for any s > 0 and sufficiently large /•, 

a .w/ i ^ ^ logn(r ,/ t ) l ogn(/- ,/ 8 ) ^ , 

i n view o f condit ion (1.2). On proceeding to l imits and making use of ( l . l ) for / we, 
therefore, get 

Thus (1 . 3) is established. 

I n order to prove (1.4) we make use o f the well known fact that i f < x„ > and < y„ > 

are two sequences i n S* (R* is the set o f extended reals), then 

l im in f xn • l im sup yn 

(1.7) l im wfn(xa . yn) ^ ^ l i m sup (JC„ . yn). 

l i m i n f y„. l i m sup* , , 

Here for large values o f r, the sequences 

f l o g / ^ A ) ) f l o g ^ r , / , ) \ 
\ log r / \ log r / 

satisfy the conditions for (1.7) and so 

^ l i m Jnf ^ "(i-,/,) . U r n s u p l og iKr ,/ , ) 
r ^ + r a l og i " r-*+oo l o g r 

l i m i n f f l o g " f r . / i ) . togn(r,/a)\ 
r _ » + c o V, log r log r / 

l i m i n f ^ " ( ^ / J , i i m „ T p tog»(r,/,) 
r-+ + oo l o g r . i—f + TO l o gC 

E need not be the same at each occurence. 
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^ I im sup ( log njr,/,) log n{r,f2) 

\ log r f og r 

l i m i n f f tog"^/j\3^/'i « • 
' - + + C O \ log /• / /»* a, 

l i m sup / log »(>•,/) y 

V log ' - / 

i n view of (1.1) for /, and/a , and condit ion (1.2). N o w using (1.1) for / we get 

which proves (1.4). 

Corollary 1. Let fke E [k = \,2, m) be m entire functions, each having at hast one 

zero in D, of convergence exponents a,k and lower convergence exponents /?& , and let, for each 

k = .1, 2, ..., m, «(/•, fk) denote the number of zeros of fk in D. Also let fe E be some other 

entire function, having at least one zero in D, of convergence exponent x and lower convergence 

exponent fi. If n(r,f) denote the number of zeros of f in D, and if,, as r -> + co, 

log «(,-,/) ~ (log n{r,A) ... log n{r,fm))'"", 

then 

0t - ßmV'm ¿ ^ « ¿ ^ 1 . . . * M ) L / M -

This is an immediate generalization o f (1.3). 

Corollary 2. Under the hypothesis of Corollary 1, // each of the entire functions be of 

regular growth and nonintegral order, then, 

e ^ f e L eJlm, 

where f>£ is the order of fa for each k — 1, 2, ...,m, and Q is the order of f 

This follows f rom Corol lary 1, since for an entire function o f regular growth and noninteg­
ral order the convergence exponent equals the order 24]. 

Theorem 2. Let / , / , , / j e E be three entire functions, each having at least one zero in D, 

of convergence _ exponents a, « ! , < * , , and lower convergence exponents (I, /?t , /7S . //n ( t ; f ) , 
M ( ' ' j fi)> "0") A) denote, respectively, the number of zeros off, fx s / a in D and if,asr~>- + <x>, 

(1-8) 

then 

(1.9) 

log n(r,f) <~ log (n(rj\) . n(r,ft)), 



106 S . B A L A - M . S I N G H 

The result i n (1.9) follows f rom (1.8) and the well known fact that i f { x n } and 
{y„} are two sequences in R*, then 

Hm inf xn + l im sup yn 

n - > + c o rt-»-¡-°o 

l i m in f (x„ + y„)^ ^ l i m sup (x„ + yn). 

l i m in f y„ - f l i m sup x„ 

n-* + oo / ( - » - ] -OQ 

Theorem 3. Let ft ,f2eE be two entire functions, each having at least one zero in D, of 

convergence exponents «¡, a2 and lower convergence exponents /í,, fi2, and let n(r, f¿), ?i(r, f t ) 

denote, respectively, the number of zeros of ft, ft in D, Also let 

w/tere %(r ; fl,f2) = n(r,fi)—• n(r, /2), and c, de R*. Ifc and d are finite, then « i = « , , and 

Pi = fia • Futhermore if the limit in (1.10) exists then 

r 

0.11) / xdt= 0(/), r > /•„(«,/, ,/,) > 0, 

ru 

as r + oo, 

Proof. I f c and i / are f inite, (1.10) implies that 

rtr,f¿ — = 0(1) 

when r ->- + co, and so, as (•-»- + co, 

(1-12) ti(,r,fj~ n(r, Q. 

From (1.12) i t follows that 

«i = | i m sup log » ( r ,/ t ) = I i m sup log n(r, f 2 ) = a 2 

/?( r-v + oo in f log r r -+- t -co in f log/ - /ía ' 

which proves the first par t o f the theorem. 

Now, i f the l im i t i n (1.10) exists, then c = d, and so, for any e > 0 and r > r0(e, /, ,f2), 

we have, 

c — B < j;(r ; /, , f2)< c + s. 

Hence 
c 

( C - s) (1 0(1)) < i - f z(x;flt fj dx < (c + *) ( l - 0(1)). 

Taking l i m i t as r + co, we get 

l i m -1 / X(x;fl,f2)dx = c, 

whence 
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I™ (*(>•;/,,/,)-4" /" xdixíx if,,/,)}) 

But lim #(/• ;/< = c< hence (f .11) holds. This completes ihe proof o f the theorem. 

2. I n the end we give a result regarding entire functions of inf ini te order. Let feE be an 
entire function o f order Q(0 ^ £> ^ + <») and lower order n{r>f) be the max imum term, 
for [ z | = r, in the power series defining /, and v(r,f) be the rank o f f.t(r,f). I t is known [ ? ,80] 
that 

(2 1) lim i n f l 2 S K i l Z _ ) ^ l ^ l ^ j i m s u p loSJ^'Jl . 
)-(>•, /) 9 I /•-+•+<» r(rj). 

I t follows f rom (2.1) that i f / is of inf inite order, then 

(2.2, hm i n f t o g ^ / ) ^ Q 

, . - • + 0 0 y ) 

Since for every entire function ft(r,f)^M(r,f), where M(r,f)= SUD |/'(re"'s) |, a result 
0<6<2TU 

better than (2.2) viz., 

(2.3) l im i n f i ^ ^ Z L = 0, 

for every entire function of infinite order, has been proved by S H A H 112]. We show 

that (2.3) ho ld w i th Mt(rJ) i n place o f M ( r , / ) , where M9{r,f) = ^ |/(rei0) |2 rfe)''' 
o 

is the second root o f the quadratic mean o f / 

Theorem 4 . If feE is an entire function of infinite order, then 

#•-»+,» K^/) 

Proof. We know 13] that 

MQ(r,f)^M(rJ)^(j~^J/2 . M,(R,f), 0 < r < R. 

Putt ing R = kr, (/c > 1) and taking logarithms, we get 

log M^rJ) ^ log M(r,f) ^ log M2(kr,f) + * log ( - | ~ y ) • 

Hence 

l i m in f j ° 6 ^ » / ) ^ l i m in f J ^ i ^ l 

r -v + oo Kf./) Í - * + C O V Í / , / ) 
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l im in f 
log M2{kr,f) + I log v ( k r J ) 

v{r,f) 

i im i n f > e M a ( r , / ) f 

and the result follows f rom this i n view of (2.3). 

It is known [5, 215] that 

Hence 

log M&J) < k log 2 + log plrj) -I log v(r,f). 

Div id ing throughout by v(r,f) and taking inferior l imits o f both sides we get (2.4) in view of (2.2). 

[ |J B O A S S , R . P . 

I'] S H A H , S . M . 

[»1 S H A H , S . M . 

[ * ] C A U T W R I G H T , M . L . 

[•'•] S R L E N I V A S U L U , V . 

R E F E R E N G E S 

Ent i r e functions, A C A D E M I C P H L S S , N E W Y O R K , ( 1 9 5 4 ) . 

The maximum term of an entire series, M a t h . Student, 1 0 , 8 0 - 8 2 , ( 1 9 4 2 ) . 

The maximum term of an entire series, IV, Quart . J . Math . , O X F O R D Series, 1 , 
1 ( 2 - 1 1 6 ( 1 9 5 0 ) . 

: Integral functions, C A M E I R I D O E U N I V E R S I T Y P R E S S , C A M B R I D G E , ( 1 9 5 6 ) . 

: The maximum term and the rank of an entire function. M a t h . Student, 36 
2 1 5 - 2 1 7 , ( 1 9 6 8 ) . 

T H E U N I V E R S I T Y OF JAMMU 

JAMMU, INDIA . 

(Manuscript received October 14, 1970) 

O Z E T 

/ b ir t am f onks i yon ve ııi.r,f) bu fonks iyonun D = {z$C '. \ s \ < r ) d isk indeki sıfırlarının 
sayış o lsun. n{r,f) sıfırdan farklı farzcdi lmektedir . / fonks iyonunun yalanmaktık üssü ve 
alt yakınsaklık ilssil log / )/log r kes r in in , r n ln sonsuza gitmesi ha l indeki üst ve alt 
l imiti o l a r a k tanım lan mışlır. B u araştırmanın gayesi İKİ v e y a ' d a h a fazia t am fonks iyonun 
yakınsaklık ve alt yakınsaklık üsleri arasında bağıntılar elde etmek ve sonsuz mertebeden 

bir t am fonks iyon hakkında bir sonuç ispat etmektir . 


