STRESSES IN A NON HOMOGENEOUS COMPOSITE
SPHERICAL PRESSURE VESSEL )

YUDEISTHIR DE

Stresses have been comptled in a composite spherical pressure vessel made of two layers of

different Porsson's ratio and varying rigidity moduli and have been compared with (he

stresses when the sheli is made up of a single layer, Concentration of the stress on the
inter-face in the composile case has been-obtained.

1. Introduction, Although in the classical theory of linear elasticity the solutions of prob-
lems are numerous for materials whose elastic coefficients are same at all points within the body
in guestion, there are materials where these vary considerably from point to point.

The present paper is concerned with the determination of stresses in a closed form in a
non-homogeneous isotropic composite pressure vessel made up of two layers of different
PoissoN’s ratio. The non-homogencity is characterised by the vartation of shear medulus which
is assumed to be proportional to an arbitrary function of the radial distance from the centre
of the shell.

The solutions are obtained in terms of modificd Besser. Functions and it has been shown
that for particular values of PoissoN’s ratio the displacement as also jhe stresses can be expressed
in closed forms. Effect of non-homogeneity has been studied on the radial stress distributien
where the pressure vessel is made up of two layers or a single layer. The shell has been presented
in tabular form,

With a view towards a description of the type of non-homogeneity underlying this inves-
tigation, let (r, 0, @) denote the spherical polar co-ordinaters and let the shell under consideration
occupy the region g < r < b where g is the inner radius and & is the outer radius.

If ¢ denote the shear modulus of the material at a point, we assume that

(1.1) popye R k=0

in which we assume that & has the dimensien L—™ where # is a rational number and g, is
the value of g in the homogencous medium.

2. Governing ecquations and their solutions. The problem described in the preceding
section is characterised by a radial displacement field correspondmg with the problem of a
shell " held strained by internal pressure, With reference to Sphencal polar co- ordmates
{r, 9, ¢), we thus have

2.1 - p = 0(r), tg =uve =0

1) 1 express my heartfui gratitude o Dr, J. G. CHAKRAVORTY, Department of Apphcd Mnthematlcs
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where wu,, #;, #g are the polar components of displacement. Equations (2,[} in conjunction
with the displacement-stress relations of the linear theory of the isotropic elastic media now yield
the stresses [Love 1944]
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whereas all the remaining components of stress vanish, » ( == [/2) being the Poisson’s ratio.

The shear modulus p is for the time being, assumed to be an arbitrary continuously
differentiable function of r. The general equations of equilibrium

do,
or

| .
(2.3) —F—’_——(Z dr—ae—ef@):ﬂ,

in view of (2.2} reduce to the single equation

d*u - w1 du - kmer™ \2u
2.4) 27 + @ —kmr )—r-"'d—;—-"(l BE 1—_"%)?;—0,

The solution of this equation is obtained from

d?v b dy f (1—2nkmm 12
2.5 Y 0 —kmemy —2 S St AL QLA
@5 rra L e L PY{ — =0
where
(2.6} w=r"ty,
Setting
@mn V=¥ p(x),
x=krm,
where equation (2.5) reduces to
- dy L dy q
@8 (1 ) v =0,
in which we have assumed,
5—1
2.9) m=—{_—v, mea 3,

The solution of (2.8) is obtained in ternis of modified Besser functions T and X of the first
and second kind respectively and is '

(2.10) w=A Iyom (x[2) + By Ky g (x/2},
A, and B, being constants,
In view of (2.7) and (2.10} we have from (2.6)

2.1 u =1 e A Ly g (0/2) -+ By K g9 (2]2)],
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If 3/2m is half an integer then (2.11) or in other words the solution of (2.4) can be expressed in
a closcd form. For example if s = 1 corresponding to » = 1/3 (copper » = 378, brass » = .327)
we have [McracHLAn (1955)]

2.12) t=A@r ' —2rNek" + Blkr—!' + 217,

For m == 3/5, x corresponding to # = 2/7 (for wrought iron v = 275, for steel » — 268)
we have written / for k in (1.1}

(213)  w=C{r—2—6Lr—T55 { 12r2) el f1i3 . DTt 4 611 | 12077),

Other solutions in closed form are possible for m = 3/7, » ='5,n‘19 and so on. But these
become more complicated and futhermore the value of » becomes progressively less realistic.

3. Formulation of the problem. Henceforth, we shall call the material for which m =1,
# = 1{3 as { and the material for which m = 3/5 and » = 2/7 as JI. We consider a spherical
pressure vessel made up of two layers, the outer layer being made of material 77 and the inner
layer of material / and subjected to an internal pressure p. The common surface of the two ma-
terials is at r = ¢,

We compute the stresses by (2.2) with (2.12) for the material f and with (2.13) for the ma-
terial ff and use suffixes 1 and 2 respectively.

For material f:
3.1 (o), =dp,r {4 —2kr + 1307 ;—ZBe*k"},
(3.2 (00), = (6q), =2p0 2 {Akr*—2) +2B1 + kr)e "L
For material {/:

(6,); = 2, [C (P p—5i5 — 6 [1,=998 4 (B [r—1215 2 244~ %)
(33) — D (6 h._wlﬂl:‘s + 24 '.—-5) e—f:’ﬁl;?)] s

(06), = (og)y = 2/5 jt, [CQR P e =80 312y =015 _ 8] =125 | 60r—+)
(3.4) : 4 D915 4 42 ] p 12 60Ty =TT,

Boundary conditions :

Case 1. When we consider a composite pressure vessel

@ (@h=—p on r=a; @ @)=0 on r=b;
i (e, = (e}, on r=c; G W, =@, on r=c
These give
A= g [4E e 1 8 e 2] ]
2¢% f* ? 1 ?
. 2
G- B =i [ 50 -4 G ek,

C=AINGe ™5 | D=1M@p),
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where

2= — 2’; — ke [45: (f@ eck —f@) ety

T 8l ke +2) fia)— 2 (ke — Dete-an) |,
E, = M) N(b) e= " b¥/° LM (B) N(c)e— /%,
B, = Je) N(B) el c¥/® — b33 |- M (b)) H(c),
M{x)y = I8 "6 — 61* x%/5 4 181 x%5 — 24 |
N(x) = 61 x55 + 24,
H{c) = Pe®% - 61 c*® 12,
Je) = P et 6leti® 412,
X —2—2 A,\ + £* &%,

" Case 2. 'When we consider the pressure vessel to be made vp ofa singfe layer of matena. 1,
the boundary conditions are :

D )=—p on r=a; () @)=0 on r=b
These give
4o e [aa) =8k fip) ek |
B - — 220, [f(a) etk — ) ek |

where f(x) is as defined in (3.6)

Case 3. When we consider the pressure vessel to be made up of a single layer of
material 7/, the boundary conditions are:

() (o), ——pon r=a; () (o), =0o0n r=b
These give - ' o

c=— N(B) e—1pore,

2p,9

pat
- 2’% " M(b)l

where
" = M@) NGy e 6Y5 — M(B) Na) e a1

and other expressions défine(_i'as in (3.6).

4. Mumerical discussion, We assume blu =12 and cla = 1 §. Furthermore for numerical
evaluation of stresses we assuriie: -

cka=n=1[a"=1, .
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In table I we give the values of P == — ¢,/ P for different values of & (= rfa). P, , P, and P,
are the values of P in the thr:e different cases viz, the composite shell, the single layer shell of
material I and the single layer shell of material I7, It is observed from the table that the magni-
tude of stresses at every point in the shell of material I is less than its corresponding values in
the shell of material If and the composite shell. The magnitude of the stress remains greater in
material II than its corresponding values in the composite case up to § = 1.4 and then the

situation becomes just the opposite,

Table I

(Radial stress distribution in the three different cases).

1.0

1.1

1.2

1.3

14

1.5 1.6

1.7

1.8

1.9

20

1.00000

0.67414

0.46459

0.32576

0.23145

0.16596; 0.11218

0.07196

0.04151

0.01810

0.00000

1.00000

0.66201

0.44494

0.30137

0.20406

0.13674 | 0.08935

0.05550

0.03103

0.C1316

0.00000

1.00000

0.68858

0.47913

0.33825

0.23752

0.16486 | 0,11142

0.07148

6.04123

0.01799

0.00000

In table II we give the values of Q = {(0p); — (v5),}/,, for different values of » and ob-
serve that Q increases together with s

Table II

(Shear stress concentration on the interface)

{l] Love, A.E, H,

[?] MCcLACHLAKN, 4. W,

n i l 2 3 4" l 5
Q ,057888 l 116719 .155063 172395 ( .181952
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Farkli Poisson orantan ve degisen rigidlik modalferini hdiz iki tabakadan olugan basing
alunda bulunan karma bir kiiresel cisimdeki gerilimler hesaplanmig elde edilen sonug-
ar tck bir tabakadan olugan Eir cisim igin  bulunan delerlerte karslagteitimg ve ki
tabakayi ayiran yuzey Uzerindeki gerilim durumlan bulunmugtar,




