
STRESSES I N A N O N H O M O G E N E O U S C O M P O S I T E 

S P H E R I C A L PRESSURE VESSEL ' ) 

Y U D H I S T I B R D E 

Stresses have been computet! in a composite spherical pressure vessel made of two layers oF 
different POISSON'S ratio and varying rigidity moduli and have been compared with the 
stresses when the shell is made up of a single layer. Concenlralion of the stress on (he 

inter-face in the composite case has been obtained. 

1. l i i i ioduciio!). A l though in l i ie classical theory o f linear elasticity the solutions o f prob­
lems are numerous for materials whose elastic coefficients are same at all points wi th in the body 
in question, there are materials where these vary considerably f rom point to point . 

The present paper is concerned wi th the determination o f stresses i n a closed form in a 
non-homogeneous isotropic composite pressure vessel made up o f two layers o f different 
P O I S S O N ' S rat io. The n on-homogeneity is characterised by the variation o f shear modulus which 
is assumed to be proportional to an arbitrary function o f Hie radial distance f rom the centre 
of the shell. 

The solutions are obtained in terms o f modified B S S S E L Functions and it has been shown, 
that for particular values of P O I S S O N ' S ratio the displacement as also the stresses can be expressed 
in closed forms. Effect o f non-homogeneity has been studied on the radial stress distr ibution 
where the pressure vessel is made up o f two layers or a single layer. The shell has been presented 
in tabular form. 

W i t h a view towards a description o f the type o f non-homogeneity underlying this inves­
tigation, let (r, 0, <p) denote the spherical polar co-ordinaters and let the shell under consideration 
occupy the region a < r <• b where a is the inner radius and b is the outer radius. 

I f ¡1 denote the shear modulus o f the material at a point, we assume that 

( i . l ) i i - / t 0 e-^ r '" , / t = £ 0 

in which we assume that k has the dimension L ~ m where m is a rat ional number and / t d is 
the value o f /* i n the homogeneous medium, 

2 . Governing equations and their solutions. The problem described i n the preceding 
section is characterised by a radial displacement f ie ld corresponding w i t h the problem o f a 
shell held strained by internal pressure. W i t h reference to spherical polar co-ordinates 
{r, 8, <p), we thus have 

(2.1) tif = it ( r ) , tia = K 9 = " 0 , 

J ) I express my heartiut gratitude to Dr . J . G . C H A K R A V O R T Y , Department of Applied Mathematics, 
Science College, Calcutta, for his helpful guidance in preparing this paper. 
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where uT, % , i/cp are the polar components o f displacement. Equations (2,1) i n conjunction 
w i t h the displacement-stress relations o f the linear theory o f the isotropic elastic media now yield 
the stresses [ L O V E 1944] 

2(1 — v)fi du 4 fir u 
On 

I — 2v dr 1 — 2v r 
(2.2) 

2 fi-v du 2 fi u 
T 1 — 2v dr \ — 2v r 

whereas all the remaining components o f stress vanish, v ( 1 ¡2) being the P O I S S O N ' S ratio. 

The shear modulus ft is for the time being, assumed to be an arbitrary continuously 
differentiable function o f r. The general equations o f equi l ibr ium 

(2.3) . ^ + - i _ ( 2 r t r — — tfcp) = 0 , 

in view o f (2,2) reduce to the single equation 

d-u 1 du ( kmvr"1 \ 2 u 

(2.4) — + (2 - k m r » ) — ^ - 1 I n ^ r - J ^ = 0 ' 
The solution o f this equation is obtained f rom 

_ _ f ( 1 _ * m , m J _ _ _ | f f / 4 _ _ _ _ J _ r S s a ( ) ( (2.5) I (1 - * /» /-"•) — — - { ql4 

where 

(2.6) „ = f - ' i i v . 

Setting 

(2.7) F = e*>/>(*), 

x = k /•' 

where equation (2.5) reduces to 

in which we have assumed,. 

(2.9) m = ~ , m 3 . 
1 — v 

The solution o f (2.8) is obtained in terms o f modified B E S S E L functions / and K o f the f i r s t 
and second k i n d respectively and is 

(2-10) v = A, / 8 , s m <*/2) -(- ^ i T 8 ( f „ (JT /2) , 

and being constants. 

I n view of (2.7) and (2.10) we have from (2.6) 

(2-11) u = r — f ' e * " [AL / s i a m (xl2) + Bl K a l t m (* /2)] . 
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I f 3/2m is hal f an integer then ( 2 . 1 1 ) or i n other words the solution o f (2.4) can be expressed in 
a closed form. For example i f m = 1 corresponding to v — 1 /3 (copper v = .378, brass r = .327) 
we have [ M C L A C H L A N ( 1 9 5 5 ) ] 

( 2 . 1 2 ) u = A{k !- • 2 r - ' ) e k r + B{ki—' +21—'1). 

F o r m 3/5, x corresponding to )' = 2/7 (for wrought i ron v = .275, for steel r — .268) 
we have writ ten / for k i n (1.1) 

(2.13) u = C(l'r-*'6 — 6lr~"s + i2r~*)el r 3 " ' i DH'r'*16 H 6 / r - " B i 1 2 / - * ) . 

Other solutions in closed fo rm are possible for m = 3/7, v = 5/19 and so on. But these 
become more complicated and futhermore the value o f v becomes progressively less realistic. 

3. Formulation of the problem. Henceforth, we shall call the material for which m = 1, 
v = 1/3 as / and the material for which m = 3/5 and v =-• 2/7 as ¿7. We consider a spherical 
pressure vessel made up o f two layers, the outer layer being made o f material II and the inner 
layer o f material / and subjected to an internal pressure p. The common surface o f the two ma­
terials is at r = c. 

We compute the stresses by (2.2) wi th (2.12) for the material / and wi th (2.13) for the ma­
terial If and use suffixes 1 and 2 respectively. 

For material / : 

(3.1) ( t f r ) , - 4 fta r~a {A (2 — 2 k r + Ir r1) — 2Be~kT), 

(3.2) ( « 0 ) , = ( ( f ( p ) i =2liJr-s{A(kr*— 2) + 2 B ( 1 + k r) e~r}. 

For material / / : 

(3.3) 

(*,)., =-- 2 i i u [ C ( / , » ~ f i / 5 — 6 l 3 r - B I 5 + 1 8 / r - - " ' 6 — 2 4 * - " ) 

— D{6lr~12,5 -!- 24r-')e-lMi'6], 

fo)„ = (ffip). = 2/5 / t u [ C ( 2 i 3 r - ° ' ; — 3 / V - 3 > ° — 1 8 / r - ' " 6 -!• 6 0 r - 1 ) 

(3.4) + J>(9 /* f—° ' ° + 4 2 / r - , ! ' 3 + 6 0 r " 8 ) e - ' r 3 / ' ] . 

Boundary conditions : 

Case 1. When we consider a composite pressure vessel 

( 0 ( e r ) i = ~P o n r = ° ; ( " ) (er)« = 0 

( '») ( e r ) i = (t»r) 2 on /- = c ; 
These give 

( , » (a)! = (u)t 

on r — b ; 

on /• = c. 

<3.5) 
5 = 

2c 8 k 

I 

4lte~ek + lt ( A i + 2 ) 

[ 2 I , / ( « : ) - ? , ( A c - 2 ) e < * , 
2c s k" 

C = X N(b) erlbti* , D = X M(b), 
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X - — d1 kA c* [ 4 § 2 { f(a) e-ck —f(c) e - » * } 

- I - %,{ (kc + 2) f(a) — 2 (kc— 2 ) ^ - « ) / . ; 

%l = M(c)N(b)e-lb*i6—LM(B)N(c)e-tctfs, 

l 2 = / ( c ) 7v~(6) e 1 c ' /« — & 3 / 3 - i - A f (6) iT(c) , 

M(x) = I 3 x?/s — 612 * • / • + 18/ xs!" — 2 4 , 

JV(x) = 6/ x 1 1 / 5 + 24 , 

]f(c) = Pc0'" -\- 61c1'" -f- 12 , 

j(c) = i- c c — 6lcJ ' s + 12 , 

f(x) = 2 — 2kx + k2 x2 . 

Case 2 . When we consider the pressure vessel to be made up o f a single layer o f materia: / , 
the boundary conditions are : 

(0 O v ) i=— P o n r = a\ (it) ( c r ) L = 0 on r = b. 

These give 

pa*e~bk 
A = — 

B 

where /( .v) is as defined i n (3.6) 

Case 3. When we consider the pressure vessel to be made up o f a single layer o f 
ma te r i a l / / , the boundary conditions are: 

(0 (ar)i = — P o n r = a ; (it) (o7\ — 0 on r ~ b. 

These give 

P"* * r „ A C = — 
2 /*o n 

pa3 

2 V 
M(b), 

where 

?/ - M(a) N(b) e~l h"!* — M(b) N(a) e~l a3'5 

and other expressions defined as i n (3.6). 

4. Numerical discussion. We assume b\a ~ 2 and cja = 1.5. Furthermore for numerical 
evaluation o f stresses we assume-

ka = n= / a 3 / 5 = 1. • 
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I n table I we give the values o f P = — <sr(P for different values o f 8 ( = rja). Pl , P.t and PB 

are the values o f P i n the i h r ; e different cases viz. the composite shell, the single layer shell o f 
material / and the single layer shell o f material II. I t is observed f rom the table that the magni­
tude o f stresses at every point in the shell o f material / is less than its corresponding values in 
the shell o f material / / a n d the composite shell. The magnitude o f the stress remains greater in 
material / / than its corresponding values in the composite case up to 3 = 1.4 and then the 
situation becomes just the opposite. 

T a b l e I 

(Radial stress distribution in the three different cases). 

1.0 1.1 1.2 1.3 İ .4 1.5 1.6 1.7 1.8 1.9 2.0 

/ \ 1.00000 0.67414 0.46459 0.32576 0.23145 0.16596 0.11218 0.07196 0.04151 0.01810 0.00000 

Pi 1.00000 0.66201 0.44494 0.30137 0.20406 0.13674 0.08935 0.05550 0.03103 0X1316 0.00000 

1.00000 0.68858 0.47913 0.33825 0.23752 0.16486 0.11142 0.07148 0.04123 0.01799 0.00000 

In table I I we give the values o f Q = { (a0)3 — ({to),}lp for different values o f n and ob­
serve that Q increases together wi th //. 

T a b l e n 

(Shear stress concentration on the interface) 

n 1 2 3 4 ' 5 

Q .057888 .116719 .155063 .172395 .181952 
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Ö Z E T 

Parklı POISSON oranlan ve değişen rigidlik modüllerini hâiz iki tabakadan oluşan basınç 
altında bulunan karma bir küresel cisimdeki gerilimler hesaplanmış elde edilen sonuç­
lar tek bir tabakadan oluşan t ir cisim içîn bulunan delerlerle karsılaştırılmış ve iki 

tabakayı ayıran yüzey üzerindeki gerilim durumları bulunmuştur. 


