Istanbul Univ. Sci. Fac. J. Math. Phys. Astr. Vol.6 (2015), 7-13. 7

ON THE DECOMPOSITION OF CURVATURE TENSOR FIELDS
IN CONFORMAL FINSLER SPACES II

JAMES K. GATOTO anD SURENDRA P. SINGH

ABSTRACT. The object of the present paper is to decompose curvature tensor fields in
conformal Finsler spaces. The authors have also studied properties of the conformal
decomposition tensor fields.

1. INTRODUCTION

The conformal geometry of generalized metric spaces was studied and developed by
M. S. Knebelman [1]. R. B. Misra [3] has obtained Bianchi identities satisfied by
curvature tensor fields in a conformal Finsler space.

The decomposition of recurrent curvature tensors in Finsler spaces was studied by B.
B. Sinha and S. P. Singh [6]. The present authors [5], C. K. Mishra and G. Lodhi [2]
have decomposed curvature tensors in recurrent conformal Finsler spaces.

In the present paper, we have decomposed curvature tensor fields in conformal Finsler
space. The properties of the conformal decomposition tensor fields will also be studied.
We consider an n-dimensional Finsler space F,, whose fundamental entities F' and g; j
satisfy the following relations with respect to the entities of the Finsler space F',, [1]:

1) (a) gij = €¥gij, (0) g7 =e"27g", (c) F(xz,&) = " F(x, )
where the factor of proportionality between them is at most a point function.
The covariant derivatives of X*(x, &) with respect to z! in the sense of Berwald are

given by [4]
2) Xy =0X" — (0mX")GP" + X"},
(3) Xipy =0 X" = (OmX" )G + X" Gy,

*1

¥ (z,4) and G! ,(x, &) are connection coefficients used by Cartan

where the functions
and Berwald, respectively. These coefficients are homogeneous of degree zero in 4*.
The respective connection coefficients of the conformal Finsler space F,, are given by

(4) G = G, — 0m0;0xB"™,
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(5) fjk = F;;c + U;kv

Uy (z, &) = 2064 — omlg"™ gjr — 2Ck ;00 B™™ + ¢' Cjgs0r B
iy 1 iy o

and o, (z) = Opo(x), BY(z,&) = §F2g” — gl

Under (1), the curvature tensors Xijk and Fi,jk are transformed to

(6) K=Kl + 20U} 1) + 2[am8'5(f‘:fj + Uﬁ[j)ak]Bsm + U U3,

)

(7) Hojp. = Hyjp + 200y O 0 B™ = 20m[00(0 B™ ) 1)
—(0 B"™)G, o) + 200m0.0:[(0; BP™) 04 0p B,

respectively which give the conformal curvature tensors in F,,.

The above conformal curvature tensors satisfy the following identities:

(8) (@ Ky = Ky (0)Ep =0,
9) () Hyjpo = ~Hyp, () Hipyyg =0,
(10) (a) Hyjpi" = Hy, () Hy, = —Hy,,
(11) H, = Hyd? = —Hyi,

similar to those in F;,.
The Bianchi identities satisfied by K.

-1

i -1
riks HTjk7 and H]k are

Kogguim + O3 Hiyy + OpU ) HEyy + (05T + Up) YO0 B™™ )i

—(8kB”m)(h)]}am + {(8'kBsm)8'h]6'sBpt — (3thm)3k]6sBpt}UmUt
+0 ) () O BP™ = Oy (1) O BP™] = 0,

(12)

Hiwy = {HRy = 00O B" + 04105 B} Gl + om [{(0 B
— (OB ()} G + {HE, + 0410506 B — 041 05 B} 0 00 B™
—O'mO't[G;T[j{(3kBSt)8h]3sBpm — (3hBSt)3k]Bpm}
—(0p0: 03 B){ (0 B"™ )y — (OnB"™ )iy 1]

(13) +0m 0t (0p0, 0 B'){ (05 B*") 0 0s BP™ — (0, B*") 0y, 0s BP™},

and

(14) Hijy = 0,

where the symbols |h and (h) denote the covariant derivatives with respect to #s for

. . =¥ -t .
the connection coefficients I';;, and G, respectively.



ON THE DECOMPOSITION OF CURVATURE TENSOR FIELDS 9
2. DECOMPOSITION OF THE CURVATURE TENSOR FIELD Fijk

Let us assume the decomposition of the curvature tensor ﬁ;j % in the form
p— i
(15) Hrjk = xl/Brjk’
where BTj & is a non-zero conformal decomposition tensor field which is homogeneous
of degree —1 in &*.
Transvection of (15) by 4 and using (10), we get

where

(17) Brind” = B

Commuting the indices j, k in (15) and applying (9), we find
(18) Erjk: = _Brk:j'

In the view of (10) and (16), we have

(19) Bk = —Bu-

Now considering transvection of (16) by #/ and noting (15), we obtain
(20) o, = i'B,

where

Applying the decomposition (15) in the identity (9), it yields to
(22) B[rjk] =0.

Transvection of the identity (22) by #" and using (18), we find
In the view of (21), the equation (23) yields to

Thus we state the following theorem.

Theorem 2.1. In a conformal Finsler space F,,, the conformal decomposition tensor
fields Brjkvgjlw and B, satisfy the following identities

(EL) ﬂrjk = 757%]’7

(b) Bjk = _Bkj;
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(©) Bl =0,
(d) Bjk = QB[kj]ritTf

(e) By = QB[kj]r:tjir'

Applying the decomposition (15) in the Bianchi identity (13), it takes the form

B, uny = Hhy — 0y Ok BY + 0410 BPYGYy e + 0 [{ (9 BP™) 1)
_(8[kBpm)(j)}G;L]pT + {H[Z;.k + Jq[(j)akqu _ Uq[(k)aijq}ah}aparBzm]
—UmO't[G;T[j{(a.kBSt)gh]ésBpm — <5hBSt)8k]Bpm}
— (00,0 B0k BP™ )y — (OnBP™) (51}

(25) +0m0't(({.91737«8.”‘Biq){(a.kBst)a.h]asBpm — (5hBSt)3k]3sBpm}.
Transvection of (25) by " and noting (17) and the homogeneity property of Gijk(x, z)
and B (x, 1), we get
(26) Bl = 0
which gives the Bianchi identity of the conformal decomposition tensor Bj k-

Further transvection of (26) by @/ yields to

(27) Bry = Bugiy + Brnyd® =0
by the help of (19) and (21).

Hence we state the following theorem.

Theorem 2.2. In a conformal Finsler space F,,, the conformal decomposition tensor
fields Brjk,ﬁjk and B,, satisfy the identities (25), (26), and (27), respectively.

In a conformal Finsler space F',, if the conformal curvature tensor ﬁij i Satisfies the
relation

(28) H, vy = opH
then F,, defines recurrent conformal Finsler space, which we denote by Fi The non-

zero vector Uy, is called recurrent conformal vector.

Differentiating (15) with respect to 2" in the sense of Berwald and using (28), we get
(29) Brjkﬁ = Ehgrjka

since #' is covariant constant. Transvection of (29) by #" and @’ successively and
using (17) and (21), we obtain

(30) Bjk% = @hgjka
and

(31) By = TnbBe-
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So we state the following theorem.

Theorem 2.3. In a recurrent conformal Finsler space F;, the conformal decompo-

sition tensor fields Brjk;ﬂ Bjk; and B}, also behave like recurrent tensor fields.

-1
3. DECOMPOSITION OF THE CURVATURE TENSOR FIELD K,

In a conformal Finsler space F,,, we consider the decomposition of the curvature
tensor in the form

(32) K =10,

where ﬁ,.jk is the conformal decomposition tensor field and Zi = %Z
By using the equations (8) and (32), we get

(33) Qrjk = — Q.

Transvection of the equation (32) by 1", we have

(34) Ko =1 Qoji,

where

(35) Koju = Kenl

and

(36) Qoji = Qojil -

Interchanging the indices j and k in the equation (34) , we obtain
(37) Qojk = —Qox;,

since K, is skew-symmetric in the last two covariant indices .
Applying the decomposition (32) in the identity (8), we get

(38) Qpju = 0.

Transvection of the equation (37) by [ and using (33) and (36), we have
(39) Qojr = 2Qp5, 1"

Hence we state the following theorem.

Theorem 3.1. In a conformal Finsler space F,,, the decomposition tensor fields ﬁrjk
and Qo satisfy the following identities:

(a) ﬁrjk = _ﬁTkja
(b) Qojr = —Qok;js

(C) ﬁ[’r‘]k] = 07
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(d) Qojr = 2Qp, 1"
Applying the decomposition (32) in the Bianchi identity (1.12) satisfied by Fijk we
get
l_iﬁr[jkm] + (9 :fj)Hlfh] + (8PUTi[j)H]€h] +[0p( :fj + Ui[j)“(athm)(k)]
(BB ) Jom & (BB DB — (B ™) B, B o
(40) —|—O"m|(k)3h]3pm — O’|m|(h)3k]Bpm] =0.
Transvection of the equation (40) by I” and using (35), we obtain
Qo + (aprifj)Hﬁh]F + (3pr[j)Hfh]F + DTty + Ul ) [{(OnB™™) (1)
(O BP™) (1)1 Y0 + {(Ox B*™)Op)0s BP" — (0. B*™) 0405 BP' }01, 0t + Oy (k) On) BP™
—U‘m‘(h)ngpm][r =0.
(41)
Accordingly, we state the following theorem.

Theorem 3.2. In a conformal Finsler space the conformal decomposition tensor fields
Q.1 and Qo1 satisfy the Bianchi identities (40) and (41), respectively.

. - —i .
In a recurrent conformal Finsler space F',,, Cartans curvature tensor K, ;; also satisfies
the recurrent relation

(42) Krjkm = Tjhf

when the space is non-flat.
Differentiating (32) covariantly with respect to #* in the sense of Cartan and using
(41), we obtain

(43) erk”} = @herk
since I’ is covariant constant.

Transvection of the equation (42) by I° and noting (35), we find
(44) ﬁojku} = 17h§0jk
Thus we have

Theorem 3.3. In a recurrent conformal Finsler space F;, the conformal tensor fields

ﬁrjk and ﬁo;‘k also behave like recurrence tensor fields.

REFERENCES

[1] Knebelman M.S., Conformal geometry of generalized metric spaces, Proc. Nat. Academy. Sci.
USA., 15 (1929), 376-379.

[2] Mishra C.K., Lodhi G., On decomposability of the curvature tensor in recurrent Finsler spaces,
Differential Geometry-Dynamical Systems, 10 (2008), 235-242.

[3] Misra R.B., The Bianchi identities satisfied by curvature tensors in a conformal Finsler space,
Tensor, N.S., 18 (1967), 187-190.

[4] Rund H.,The differential Geometry of Finsler spaces Springer-Verlag, (1959).



ON THE DECOMPOSITION OF CURVATURE TENSOR FIELDS 13

[5] Singh S.P., Gatoto J.K., On the decomposition of curvature tensors in recurrent conformal
Finsler space, Istanbul Univ.Fac. Mat. Dergisi, 60 (2001), 73-83.

[6] Sinha B.B., Singh S.P., On decomposition of recurrent curvature tensor fields in Finsler spaces,
Bull. Calc. Math. Soc., 62 (1972), 91-96.

JAMES K. GATOTO, Department of Mathematics, Kenyatta University, P.O.Box 43844-00100,
Nairobi, Kenya, e-mail: drgatoto@yahoo.com

SURENDRA P. SINGH, Department of Mathematics, Kenyatta University, P.O.Box 43844-00100,
Nairobi, Kenya, e-mail: profspskenyab51@gmail.com



