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LINEAR FUNCTIONALS IN SOME SPACES OF ENTIRE
FUNCTIONS OF FINITE ORDER

KONSTANTIN G. MALYUTIN AnD TAISIYA I. MALYUTINA

ABSTRACT. We consider the the linear topology space of entire functions of a proximate
order and normal type with respect to the proximate order. We obtain the form of
continuous linear functional on this space.

1. INTRODUCTION

We introduce the necessary definitions. A function p(r), defined on the ray (0, 00)
and satisfying the Lipschitz condition on any segment [a,b] C (0,00), that satisfies
the conditions

Tli)IIC}O p(r)=p >0, and TILH;O rpl (r)Inr =0
is called a proximate order.

A detailed exposition of the properties of proximate order can be found in [1, 2].
In this paper we use the notation V(r) = 7?("). We will assume that V(r) is an

increasing function on (0, c0) and hI},—lO V(r)=0.
r—

We now formulate some simple property of proximate order that we shall need fre-
quently [1, (2), p.33].
Forr — 00 and 0 < a <k <b < oo asymptotic inequality

(1) (1 - kPV(r) < V(kr) < (1 +)kPV ()

holds uniformly in k.
Let My(r) = max|f(z)|. If for the entire function f(2) the quantity

|2l

log M
of = h,.Hi,Sip Ogv(rf)(r)

is different from zero and infinity, then p(r) is called a prozimate order of the given
entire function f(z) and oy is called the type of the function f(z) with respect to the
prozimate order p(r).

Let p(r) be a proximate order, lim, o, p(r) = p > 0. A single valued function f(z)
of the complex variable z is said to belong to the space [p(r), p] if f(z) has the order
less than p(r) or equal p(r) but in this case type less than or equal p.
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A sequence of functions { f,,(z)} from [p(r), p|] converges in the sense of [p(r), p] if (i) it
converges uniformly on compacts, (ii) for all € > 0 there exists 7 (g) does not depend
on n such that

[fn(2)] <expl(p+)V(I2))], [2]>70(e) (n21).

For a suitable C(g), which does not depend on n, for all z

(2) [fn(2)l < Cle)expl(p+e)V([2])] (n=1).

The space [p(r), p] is the linear topology space with sequence topology.

We introduce the function ¢(t) defined to be the unique solution of the equation
t=V(r). So

®3) V() =t.

Theorem 1.1. ([1, Theorem 2°, p.42]) The type o of the entire function f(z) =

> e 2™ with the proxzimate order p(r) (p > 0) is given by the equation
n=0

(4) limsup (1) /Jen| = (eap)'/?

n—oo

Set ,
n/p
(epp)™” >1,dy=1.

(i "7

For a function f(z) = Z cn2™ € [p(r), p], we associate the function

d, =

Cn

(5) F(z) = Zobz b= (0 20).
It is regular, in any case in the circle |z| < 1. Indeed, by (4) we have

lim sup (n) m < (epﬂ)l/p7
n— o0

from this ¢(n) ¥/|cn| < (ep1p)'/?, p1 > p, n > ng, and

n/p
bl < (p> .
p

Since p; is any more p then
limsup {/]b,| <1

n— oo

and the series (5) converges in the circle |z| < 1. Conversely, for any analytical
function F(z) in the disk |z| < 1, the function f(z) from [p(r), p] corresponds.
Mapping function f(z) of [p(r),p] to the function F(z) as indicated above will be
celebrating a record

f(z) ~ F(z).

t

It is obvious that if F(z) € [p(r), D] hen f(Az) ~ F(\z) in the sense of [p(r), \?p],
)

where X is a parameter, and if f,,(z) ~ F,,(2) (n =1,2,...,m) then

Zanfn NzanFn

In the present paper we prove two theorems.
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Theorem 1.2. In order to be a sequence {f,(2)} of functions from [p(r),p] to con-
verge in the sense of [p(r),p], necessary and sufficient condition is that the sequence
{F.(2)} (fu(2) ~ F,(2)) converges uniformly inside the disk |z| < 1.

Theorem 1.3. Continuous linear functional I on the space [p(r),p] has the form

(6> l(f) = Z ApCn,s f(Z) = Z cn 2" )
n=0 n=0
where the quantities a,, satisfy
(7) limsup ™" (n) {/]an| < (epp) /7.
n—oo

The case p(r) = p > 0 was considered by A.F Leont’ev [3, Theorem 1.1.7, Theorem
1.1.9].

2. THE SPACE OF ENTIRE FUNCTIONS [p(r), p]

We now prove the Theorem 1.2. Let

fe(z) = ch“)z", Frp(z) = Z b2 (k> 1),
n=0 n=0

and let the sequence {fx(z)} converge in the sense of [p(r),p]. By Cauchy inequality
and the condition (2), we have

el + V()

P < , r>0.
n Tn
Inserting r = ( @(;ll/p , p1 = p+ ¢ into the above inequality, by (1) and (3) we obtain
p1p
o) < A {plv ( eln) )} < QOB sy,
(p(n))™ (p1p)t/? (p(n))"

From (2) for z =0
7] < Ci(e) (k>1).

Based on these estimates

(k) p1\ /P
(k)] _ I6n | pie
by | = . <Cﬂd<p@ (n>0,k>1).
) eP 1/p
Take r < < p1> , p1 = p+ €. Due to this choice of ¢, r may be taken arbitrarily
p1€

close to unity. We have

s . 0 prePt n/p
|Fin(2) = Fr(2)] < D [b™ = b |r™ 4 201 (e) Z( ) .

ep
n=1 n=s+1 p

The series standing on the right converges. By £; choose s so that the second term is
less than e;.
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Uniform convergence of {fi(z)} on compacts follows that for each fixed n the coef-

ficient CEﬁ) has a limit if & — oco. Then b%k) also has a limit if & — oo. That is

why
Z |b£Lm) — bglk)|r” < e
n=1

if m and k are large. Therefore |F,,(2) — Fi(2)| < 2ey, |z| <r. O
To prove the second part of the Theorem, let the sequence {Fj(z)} converge uniformly

in the disk |z| < 1. Then for fixed n the coefficient b7 has a limit if & — co and
|Fr(z)| < M, |z| <r < 1. Thus

M

|b§L’“>|<T—n (n>0,k>1).

From this estimation, we have

pep)"’?

®)| = 1p*)|q MEEE
|Cn | | n | n < (T(p(n))”

(n>0,k>1),
and
> ep)n/P
@ <MY m| (k> 1).
n=0

Note that the right side does not depend k.

o pep)™ .
By Theorem 1.1 the function Z ——————2" is entire function of the order p and the
2 (rp(m)”
type %. This type is close to p when r is close to 1. Therefore the condition (2) is
r
true.

Since the coefficient c;k) has a limit if & — oo for each fixed n it is possible to prove
similarly that the sequence {fx(z)} converges uniformly on compact sets. So this
sequence converges in the sense of [p(r), p].

Note that if the sequence { fx(z)} converges to f(z) in the sense of [p(r), p] and {Fy(z)}
converges to F(z) then f(z) ~ F(z).

Remark. If the sequence { f;(z)} converges in the sense of [p(r), p1] then the sequence

{F(2)} converges uniformly in the disk |z| < L) The converse is true. One can
b1

verify this by tracing the previous calculations.
3. FUNCTIONAL FORM

By Theorem 1.2 it can be argued that the space [p(r),p] of functions f(z) with
convergence in the sense of [p(r), p] is converted into a space of functions F'(z) that are
analytic in the disk |z| < 1 with the convergence in the sense of uniform convergence
on compacts. We use this fact to derive the form of a continuous linear functional on

the space [p(r), p].
Let I(f) be a continuous linear functional on the space [p(r),p]. Set I(z") = a,

(n >0). Let f(z) = >_ cyp2™ be a function in [p(r), p]. Since the series converges in

n=0
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the sense of [p(r), p] then, by continuity of the functional,

If) = chl(z”) = chan.
n=0 n=0

Hence
(8) If = Zancn7 f(z)= chz".
n=0 n=0

Now consider the linear functional L(F) on the space of functions F(z) that are
analytic in the disk |z| < 1 by specifying its equalities:

(epp)"/*
(o(n))"
We do not yet know that it is a continuous functional.

Let F(z) = > b,2z™ be regular in |z| < 1. Then
n=0

L(z")=and, (n>0); d,=

TLZLd():].

f(Z) = chzn € [p(T),p], Cp = bpdy .
n=0

We have
L (Z bnz"> = Z b L(z") = Z CpGn, -
n=0 n=0 n=0

By (8) the right hand side has a limit if m — co. Set

(9) L(F)= i AnCr, = i Andpby, .
n=0 n=0

Thus
(10) U(f)=L(F), f(z)~F(2).

Since I(f) is the continuous linear functional it follows that L(F') is the continuous
linear functional.

A continuous linear functional on the space of analytic functions in the unit disk is
given by the formula

L(F) = pubn, F(2) =) buz",
n=0 n=0
where limsup {/|p,| < 1. Due to this and (9) we obtain limsup {/|a,|d, <1 or

n—oo n— oo

y ‘ ‘

(11) lim sup o) < (pep)

n—oo

-1/p

So a continuous linear functional I(f) on the space [p(r),p] has the form (8) where
values a,, satisfy the condition (11). Converse is also true: if the condition (11) is
true then the functional (8) is a continuous linear functional I(f) on the space [p(r), p]
since by this condition the functional (9) is continuous linear functional.

Theorem 1.3 is proved. [



6 KONSTANTIN G. MALYUTIN anDp TAISIYA I. MALYUTINA

The space of analytic functions in the unit disk D = {z : |z| < 1} with convergence
in the sense of uniform convergence on compacts, is denoted by A(D). We note the
following known facts:

1) Let F,(z) € A(D) (n > 1). In order to function Fy(z) € A(D) to be approxi-
mated with arbitrary accuracy by linear combinations of functions Fy,(z) (uniformly
on compact sets of D), the necessary and sufficient condition is that

(12) L(F)=0 (n>1),

where L(F') is a continuous linear functional on A(D) and L(Fp) = 0. In particular,
for the system of the functions {F,(z)} to be complete in A(D), the necessary and
sufficient condition is that the equalities (12) should yield L(F) = 0 for any function
F(z) € A(D).

2) Let M be a closed set in A(D) which does not coincide with A(D) and the func-
tion Fy(z) € A(D) does not belong to M. Then there exists a functional L(F') with
property: L(F) =0 for all F(z) € M but L(Fp) # 0.

Note that a closed set M in A(D), by the relation f(z) ~ F(z), corresponds to a
closed set in the space [p(r), p].
On the basis of the noted facts and also taking into account the equality (10), we
obtain the following statements:

1) Let fn(2) € [p(r),p] (n > 1). In order to function fy(z) € [p(r),p|] to be approxi-
mated with arbitrary accuracy by linear combinations of functions f,,(z) (in the sense
of [p(r),p]), the necessary and sufficient condition is that

(13) I(fn) =0 (n2>1),
where [(f) is a continuous linear functional on [p(r), p], and I(fy) = 0. In particular,

for the system of the functions {f,,(z)} to be complete in [p(r), p], the necessary and
sufficient is that equalities (13) should yield I(f) = 0 for any function f(z) € [p(r), p]-

2) Let N be a closed set in [p(r), p] which does not coincide with [p(r),p] and the
function fo(z) € [p(r),p] does not belong to N. Then there exists a functional I(f)
with the property: I(f) =0 for all (z) € N but I(fy) # 0.
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