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INTUITIONISTIC FUZZY HEAT-LIKE EQUATIONS
AHARIR, S. MELLIANI, AND L.S.CHADLI

RESUME. In this paper, the variational iteration method (VIM) is used for finding exact intuitionistic fuzzy
solution of the intuitionistic fuzzy heat-like equations with variable coefficients in one and two dimensions.
Several examples are given to show the new theorem of the solution. The results obtained in all cases show the

reliability and the efficiency of this methods.

1. INTRODUCTION

The theory of fuzzy sets proposed by Zadeh [12] has showed successful applications in various fields. In fuzzy
set theory, the membership of an element to a fuzzy set is a single value between zero and one. But in reality,
it may not always be certain that the degree of nonmembership of an element in a fuzzy set is just equal to 1
minus the degree of membership. That is to say, there may be some hesitation degree. So, as a generalization of
fuzzy sets, the concept of intuitionistic fuzzy sets was introduced by Atanassov [I].

In this work, our idea is solving heat-like equations with intuitionistic fuzzy parameters via the same strategy
as a-cuts using Variational Iteration Method VIM.

The VIM proposed by He in [7], is a method of solving linear or nonlinear problems [I1] and gives rapidly
convergent successive approximations of the exact solution if that last exists.

In comparison with the paper [5l [6], we investigate problems with intuitionistic fuzzy initial value and intui-
tionistic fuzzy forcing functions, we propose a new theorem for finding the exact intuitionistic fuzzy solutions,

witch extended to the solution for the proposed models.

2. BASIC CONCEPT OF INTUITIONISTIC FUZZY SETS
Let aset X be fixed. An intuitionistic fuzzy set A’ in X is an object having the form A? = {<ac, A (x) WV i (m) > },

where 14, (z) : X — [0,1] and v4(x) : X — [0,1] define the degree of memberschip and degree of non-
membership respectively, of the element 2 € X to the set A%, which is subset of X, for every element of z € X,
0 g,uji(:v) +1/,:1¢(£C) <1l.Let X =R
Definition 2.1. Let IF = {fil\fll : R — [0,1]2, satisfies (1) — (5)} :
An intuitionistic fuzzy number A? is

(1) normal i.e there is any xo,z1 € R such that p z (xg) =1 and vy, (xl) =1

(2) convex for the membership function 5 (z) i.e
I i (/\acl +(1- /\)xg) > min(ugi (acl),uAi (xg)) Yy, 29 € Ry A € ]0,1]
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(3) concave for non-membership function vz, (x) ie
Vi ()\3:1 +(1- )\)xg) < max(ugi (xl),ygi (.’172)) Va1, 29 € Ry A €0,1]

(4) w4 (sc) is upper semi-continuous and v z; (ac) is lower semi-continuous and
(5) supp(p4i,v4:) = cl{z € R: vy, (x) <1} is bounded.

Then IF is called intuitionistic fuzzy space.

Definition 2.2. If A’ is an intuitionistic fuzzy number a-cut is given by

Afa) = {A*[a], A7 [a); € 0,1}
where A=[a] ={z €R:vy(z) <1—-a}, AT[a]={zeR:pz(z)>al.
It is expressed as A’[a] = {[AT(O&),A;(O&)L [A7 (@), A5 (@)]; a €0, 1]}
(i) AT () and A (a) will be continuous, monotonic increasing function of «

(ii) A3 (a) and A () will be continuous, monotonic decreasing function of «
(iii) Af (1) = A7 (1); A7 (0) = 45 (0).

Definition 2.3. A Triangular Intuitionistic Fuzzy Number (TIFN) A’ is an intuitionistic fuzzy in R with

following membership function (u A (as)) and non-membership function (l/ ot (3:)),

_ b~ f<a<
Tr—a
bl—ﬂ.ll’ a1 <z <b bi—ay’ ap ST <b
_ c1—x ~ _ r—b 4
I'y0 (1‘) = Cll—bl’ b1 <x<c and Vi (-73) = c/17b117 bl <z < C1
0, otherwise. 1, otherwise.

Where @) < a1 < b1 < ¢1 < ¢; and pgi(x), vii(xz) < 0.5 for pgi(z) = vzi(xz) Vo € R. This TIFN is denoted by

Al = (ay,a1,b1,¢1,¢p)
We will write : (1) A" > 0 if a; > 0, (2)A" > 0if a} >0, (3) A" < 0if ¢; <0 and (4) A* <0 if ¢; < 0. and
AT[a] = [a1 + alas — a1), a3 — a(as — az)] and A”[a] = [all + alag — ay), a:; — a(a;’ —as)]
For A%, Bt € IF and \ € R, the addition and scaler-multiplication are defined as follows
(4"+ B)[a] = (A%lo] + B*[a), A™[a] + B~ [a])
(AT (), A5 ()], [M] (0), M43 ()] ) A =0

M (a4 @), 75 @ @), A<

Theorem 2.4. Let F : [ — TF be differentiable. Denote F¥[a] = [ff'(t,a), i, a)} , Fola] = {ff (t, ), f5 (8, a)},
Then fi(t, ), f5 (t,a), f; (t,«) and f; (t,a) are differentiable and

F@l] = [ 0) /()]
F'la] = [f7(ta) f3 (¢ )]
We adopt the general definition of a intuitionistic fuzzy number given in [2] 3, 4 10} @].

3. INTUITIONISTIC FUZZY HEAT-LIKE EQUATIONS

We consider the heat-like equations in one and two dimensional cases which can be written in the forms
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— One-dimensional [5] :
(3.1) Ui(t,x) + P(x)Uygy(t,x) = F(t, 2, k)
— Two-dimensional [5] :

(3'2) Ut(tvxvy) + P(%)wa(t,l‘,y) + Q(y)Uyy(t,l‘, y) = F(t,.’L‘,y, k)

(3.3) or Up(t,z,y) + Q) Usa(t, 7, y) + P(x)Uyy(t, 2, y) = F(t,2,y, k)

subject to certain initial and boundary conditions.
These initial and boundary conditions, in state two-dimensional, can come in a variety of forms such as
U0,z,y) =c1 or U(0,z,y) = g1(x,y,c2) or UMy, z,y) = g2(x,y, c3, C4)5-..
In this paper the method is applied for the heat-like equation . For and , the same discussion can
be made. In following lines, the components of are enumerated :

— I = [0, My], Iy = [M3, M3] and I3 = [My4, M5] are three intervals, which M,, (n1 = 2,3,4,5) is negative or

positive and M; > 0.

- F(t,x,y, k), U(t,x,y), P(x) and Q(y) will be continuous functions for (¢, z,y) € H?:l I;.

— P(z) and Q(y) have a finite number of roots for each (z,y) € I x I3

— k= (k1,....ks) and ¢ = (c1, ..., &) are vectors of constants with k; € J; and ¢, € L,.
Assume that has a solution

(3.4) Ut,z,y) = G(t,z,y,k,c)

for G and

(Gt 2,y k) + P(a)(G(t, 2,9, k, ¢))ea + Q)G (t, 2, y, K, 0))yy
are continuous with (¢, z,y) € H?Zl IikeJ=][;_,J;, and ceL=[[L, L,
The constants k; and ¢, are not known exactly so there will be uncertainty in their values. We will model this
uncertainty using intuitionistic fuzzy numbers. So, we will substitute intuitionistic fuzzy numbers f(; for k;, f{;
in J;, 1 < j < n, and substitute intuitionistic fuzzy numbers C} for ¢,, Cl in L,, 1 <r < m.
The intuitionistic fuzzy heat-like equation is

(3.5) Ul(t,z,y) + P(2)UL,(t, z,y) + Q)U,, (t,2,y) = F'(t,2,y, K')

where K = Ki,--- K! for f(; an intuitionistic fuzzy number in J;, 1 < j < n. The function U where U? maps
Hj‘:l I; into intuitionistic fuzzy numbers.

That is, U'(t,z,y) = Z* where Z' is an intuitionistic fuzzy number.

subject to certain initial and boundary conditions. The initial and boundary conditions can be of the form
U'(0,2,y) = Cf or U'(0,2,y) = §i(z,y,C3) or U'(M, 2,y) = a(z,y,C4, Ci)

The g;l is the model intuitionistic fuzzy function of g;. Let Cl = C~’{, e C’}l with C triangular intuitionistic
fuzzy number in L,., 1 < r < m. We wish to solve the problem given in 1' Let Zi(t, x,y) = G (t, Y, f(i, C’l)
where Z° is a intuitionistic fuzzy solution. Let K[a] = | Kila] and C'[a] =[]~ Ci[a].

Of cours, we mean that the G in Eq. (3.2) is not defined in terms of a series. That is, there are no Fourier series
used to define G. Since in this paper we will interested for G with intuitionistic fuzzy parameters we do not wish
to consider Fourier series in intuitionistic fuzzy sets concept. We need the solution G to be fairly simple. So, we

also assume that Bessel functions and Legendre functions are not used in G.
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4. THE VARIATIONAL ITERATION METHOD

To illustrate the basic idea of the VIM we consider the following PDE model

(4.1) LU 4 LU + L,U + NU = F(t,z,y, k)

where L;, L, and L, are linear operators of t, x and y, respectively, and N is a nonlinear operator, also F'(¢, z, y, k)
is the source non-homogeneous term. According to the VIM [I1], we can express the following correction function
(4.1) in t, x and y directions can be written as

t
(4.2) Uns1(t,z,y) = Up(t, z,y) + / MLsUp+ (Ly + Ly + N)U,, — F(s,z,y,k)}ds
0

where A is general Lagrange multiplier [8], which can be identified optimally via the variational theory [I1], and

U, is a restricted variation which means 6U, = 0. It is required first to determine the Lagrange multipliers
A that will be identified optimally via integration by parts. The approximations U,y1,n > 0, of the solution
U(t,z,y) will immediately follow upon using any selective function Uy.

The initial values U(0,x,y) is usually used for the selected zeroth approximations Uy. With the Lagrange
multiplies A determined, then several approximation u;(t,z,y), ¢ > 0 can be determined. Consequently, the

solution is given as
(4.3) U(t,z,y) = lim U,(t, z,y)
n—oo

According to the VIM, we construct a correction functional for (3.2) in t-direction as follows
t
(44) Un+1(t7 T, y) = Un(t> T, y) + / )‘(S){(Un)s + P("E)(Un)ww + Q(y)(Un)yy - F(S, z,Y, k)}ds
0
where n > 0 and A is a Lagrange multiplier. We now determine the Lagrange multiplier
t
s (t,,) = U, (t,2,9) + 8 [ A{(U)e + P@)On)as + Q)T )y — Flss,0:. 1) s
0

Therefore, the stationary conditions are : A'(s) = 0 and 1 4 A(s)|s—s = 0.
So, the Lagrange multiplier is A = —1. Submitting the results into (4.4 leads to the following iteration formula

(4.5) Unsa(t, 2,y) = Un(t,z,y) — /0 {(Un)s + P(@)(Un)aw + QW)(Un)yy — F(s,z,y,k)}ds

Iteration formula start with initial approximation, for example Uy (¢, z,y) = U(0,z,y). Also the VIM used for

system of linear and nonlinear partial differential equation [§] which handled in obtain the solution.

5. SOLUTION CONCEPT
The united extension of f for a € [0,1] is Q[a] = (2F[a], 27 [o])
Qo] = {yly = f(z),x € AT[al} and Q" [a] = {yly = f(x),z € A" [a]}
Define C, a intuitionistic fuzzy subset of the real numbers, by its membership function
pei(y) =suplaly € QTal},  vei(y) =1 —sup{aly € Q7 [o]}
Theorem 5.1. If f is continuous, then C'[a] = Q[a] where a €]0,1]

Proof. All we need to show is that C?[a] = Q[a] since,
— Let y € Q[a]. Then ppi(y) > o and va(y) <1 —aso that y € Cila).
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~ Let y € C?[a] so that pei(y) = g > aand va: (y) = 1—ap < 1—a. Choose {a,, } such that 0 < a;, T o and
an < . We know that y € Q[ay,] from the definition of supremum used to define C*. Choose z, € A?[a,]

so that f(z,) = . Since z, € A[0], which is compact, there is a convergent subsequence z,, — z* € A’[ag].

Hence f(zn,) = f(2*) =y and y € Q[ag]. Therefore, y € Q[a] because a < ay.

O

Using Theorem we may now discuss the first solution.

5.1. The first solution. They define for all ¢, z,y and «,

Z'(t,z,y)la]

Fi(t, x,, f(i)[a]

= {[Zfr(t,z,yya),ZJ(t,z,yyoz)], [Zf(t,w,y,a),zz_(t,x,y,a)]} and

= {[Ffr(t,x7y,a),F;(t,x,%a)L [Ff(t,x,y,a),F{(t,m,y,a)]}

Let W = K*[a] x Ct[a] and P = K~ [a] x C~[a]. By definition

(5.1)

(5.2)

(5.3)

(5.4)

(b, y,a) = mm{c ta,y kie): (kc) e W}
(t 1,y 0 max{G (t, 2,k y, ) : (k,c) € W}
o (t 2,y a) —mln{Gtxy,kc (k,c)eP}

{ j

25 (t,x,y, @) = maxs G(t,z, k,y,c) : (k,c) € P

V(t,z,y) € H;’:l I; and «€]0,1], and

(5.5)

(5.6)

(5.7)

(5.8)

Fi(t,z,y,q) mm{Ft:v Y, k .k€K+[a]}
FSf (t,z,y,a) = maX{F (t,z,y,k): k€ K+[o¢]}
Fr (t,z,y,«) —mln{Fta?y, .kEK‘[a]}
Fy (t,z,y, o) max{Ft:vy7 .keK*[a]}

Y(t,z,y) € H;’:l I; and a € [0, 1]

Assume that P(z) > 0, Q(y) > 0 and the z; A(t,x,y,0) i = 1,2 and A € {+,—}, has continuous partial
derivatives so (2;7): + P(2)(2;)ax + Q()(2])yy and (27 ) + P(2)(2; )ax + Q(y) (2] )yy are continuous for all
(t,z,y) € H?:1 I; and all a € [0, 1]. Define

(5.9) T(tz,y,a) = { [(zf')t + P(@) (2] )aw + Q) (2 yy» (23t + P(@)(25 )aw + Q) (23 Dy |

for all (¢,z,y) € H?:l I; and all a.

If, for each fixed t,z,y € H?:1

I;, T'(t,z,y, ) defines the a-cut of a intuitionistic fuzzy number, then will be

said that Zi(t,z,y) is differentiable and is written

(5.10)

Zilo] + P(2)Zi,[0] + Q(y) Zy,la] = T(t, 2.y, )
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for all (t,z,y) € H?Zl I; and all a
Sufficient conditions for I'(¢, x, y, &) to define a-cut of a intuitionistic fuzzy number are [I0] :
(1) (zf)t(t,x,y, )+P( )(Zl )ww(t LYy, )+Q( )(21 )yv(t LY, ) and

(23 )e(t, 2, y, @) + P(2) (25 )ax(t, 2,9, ) + Qy) (25 )yy (t, 2, y, @)

are an increasing function of « for each (¢, z,y) € H3
(iD) (23)e(t, 2., 0) + P(2)(25 )aw (t 2.y, ) + Q(y) (23 )yy(t z,y,a) and
(z1)e(t, 2y, @) + P(2) (21 )aa(t, 2,9, ) + Q) (21 )yy(t 7,y @)
are an decreasing function of « for each (¢,z,y) € Hj‘:1 I; and

(iii) for (t,z,y) € H3
(21 )e(t, 2,9, 1) + Pl )(21 Jaw (t, 2,9, 1) + Qy) (21 )y (t 2,9, 1)

< (z)e(t 2,9, 1) + P(2) (23 )aa(t, 2,9, 1) + Q) (25 )yy (1, 2,9, 1)

(iv) for (t,z,y) € H?Zl I
(21)e(t, 2, 9,0) + P() (21 )aa(t, 2,9,0) + Q(y) (21 )yy(t, 7,9, 0)

< (2 )it 2,9, 0) + P(2)(23 )aa(t, 2, ,0) + Q1) (23 )yy (£, 2,9, 0)

Now we assume that the z° (¢, 2, y, o) for A € {+, —} has continuous partial derivatives, so (z;");+P(z) (2] )ze +
Q) (2 )yy and (27 )i+ P(2)(2] )az +Q(y) (2] ),y are continuous on H?:l I;x[0,1] i =1,2. Hence, if conditions
(1) — (iv) above hold, Z*(t,z,y) is differentiable.
For Z(t,z,y) to be a first solution (1-S) of the intuitionistic fuzzy heat-like equation we need

(a) Zi(t,z,y) differentiable

b) holds for U’ (t,z,y) = Zi(t,x,y),

(¢) Zi(t,z,y) satisfies the initial and boundary conditions. Since no exist specified any particular initial and

boundary conditions, then only is checked if hold.

Zi(t,z,y) is a (1-S) (without the initial and boundary conditions) if Z¥(t,x,y) is differentiable and (Z%), +

P(2)(Z") o + Qy)(ZY)yy = Fi(t,z,y, K) or the following equations must hold

(5.11) (21)e + P(2) (2 )aw + Q) (21 )yy = FY (t, 2,9, @)
(5.12) (23 )¢ + P(2)(23 )aw + Qy) (23 )yy = F5 (t, 2,9, @)
(5.13) (z0)e + P(2)(21 o + Q)(21 )yy = FT (82,9, @)
(5.14) (22 )t + P(2)(25 o + QW)(25 )yy = Iy (1, 2,9, @)

for all (¢,z,y) € H?:l I; and a € [0,1].

Now we will present a sufficient condition for the (1-5) to exist. Since there are such a variety of possible initial
and boundary conditions, so we will omit them from the following theorem. One must separately check out the
initial and boundary conditions. So, we will omit the constants ¢;, 1 < ¢ < m, from the problem. Therefore,
becomes U (t,z,y) = G(t,z,y, k, ), so Zi(t,z,y) = Gi(t,z,y, K').

Theorem 5.2. Assume Z'(t,x,y) is differentiable.
(a) If
(5.15) P(z) >0 and Q(y) >0 (x,y) € Iy x I3
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and if

0G OF

(5.16) 8k Bk

>0 forj=1,2,..

Then Zi(t,z,y) is (1-S)
(b) If relations does not hold or relation does not hold for some j, then Z'(t, x,y) is not a (1-S).

Proof. (a) For simplicity assume k; = k and %G < 0, ‘Z,IZ < 0. The proof for SE >0, ?9112 > 0, is similar and
omitted.
Since % < 0 then from 1) and 1) we have
2t ry,a) = G(t,x,y,ksr(a)), zy (2, y,a) = G(t,x,y,kf(a))
z (tz,y, ) = G(t,:c,y,kz_(a)), zg (t,x,y, @) = G(t,z,y,kf(a))
from 1} | and aF < 0 we have
Ff(ba,y,0) = Ftay k@), Fftaya) = F(toy k()
Fy (t,z,y,o0) = F(t,x,y,k;(a)), Fy (t,z,y,0) = F(t,a@y,kf(a))

for all a € [0, 1] where K'[a] = ([k:f'(a),k;(a)], (ki (@), ks (a)D
Now G(t,z,y, k) solves (3.2), which means

(5.17) G+ P(il')Gzz + Q(y)ny = F(t,z,y,k)

for all (¢t,z,y) € H§:1 I, kel
Suppose Z(t,x,y) is differentiable and P(z) > 0 and Q(y) > 0 so

Ozt (8,2, y, ) + P(2)0pe2] (4, 2,9, 0) + Q(y)dyy 2 (t2,y,0) = Ff(t,7,y,0)
Opz3 (8,2, y, ) + P(2)0pnzy (6, 2,9, @) + QY)dyy 25 (t2,y,0) = Fy (t,2,y,0)
Ozy (62,9, @) + P(2)0sa2y (2,9, 0) + Q(Y)Oyy2y (tx,y,0) = F (t,2,y,a)
Orzy (t,2,y, @) + P(2)0325 (t, .y, ) + Q(Y)Oyy2s (t 7,9y, 0) = Fy (tz,y,a)

for all (¢, z,y) € H?Zl I; and a € [0, 1]
Hence, (5.11), (5.12), (5.13)), (5.14) hold and Zi(t,z,y) is a (1-S).
(b) Now consider the situation where (5.15) or (5.16) does not hold.

Let us only look at one case where %—1,: <0 ( assume % >0, P(z) >0 and Q(y) > O). Then we have

Z(ta,y,a) =

(t,z,y,kf‘(a)) i (t,x,y,a) = G(t,z,y,k;(a))
) = Glonk) )
Ff(t,z,y,0) = F(t,x,y,k%'(a)) Ff (t,z,y,a) = F(t,z,y,ki‘(a))

( ) )

Fli(taxaya Oé)

|
!
\.ﬂ
8
=
=
A
Q
~—"
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then we have

Oz (t, 2, y, ) + P(2)0ua2 (t, 2,9, @) + Q(y)Dyy 21 (t,x,y,0) = F(t,2,9,q)
B2y (t,2,y,a) + P(2)y0 25 (1,2, 0) + Q(y)dyyz3 (t,2,y,0) = Fy (t,2,y,)
2y (8,2, y, @) + P(2)0pz2y (t,2,y,0) + Q(Y)0yy2y (t,y,0) = Fy (t2,y,a)
2y (t2,y, @) + P(2)0s2; (¢, 0) + Q(Y)Iyy2y (t2,y,0) = Fy(t,2,9,0)

which are not true. because

Gi(t,9.k5 <a>) P()Ga (12,5, 3 (a))+@<> w(t2k5 (@) = F(t.2.9.k (@)
Gr (g, k7 (@) + P(@)Gas (L2,9. k7 (0)) + Q)G (£,9.k7 (0)) = F(t .9,k ()

Gi(t2, 9.k (a)) P@)Gas (129,55 (0)) + Q)G (£2,k5 (@) = F (b2, k7 ()

Therefore, if Z¥(t,z,y) is a (1-S) and it satisfies the initial and boundary conditions we will say that Z(¢, z, 1)
is a (1-S) satisfying the initial and boundary conditions. If Z'(t,z,y) is not a (1-S), then we will consider the

second solution (2-S5).

5.2. The second solution. Now let us define the second solution (2-5). Let

0t 2 9)lo] = { [uf (L, 00,05 (0,90, [u7 (8, 90), w5 (2, y,0)] |

For example suppose P(z) < 0 and Q(y) > 0, so consider the system of heat-like equations

(5.18) (u)e + P(2)(u3)aw + Qy) (uf )yy = Fi' (t, 2,9, 0)
(5.19) (u3)e + P(2)(u )aw + Q(y)(uz )yy = F5 (t, 2,9, 0)
(5.20) (up )i + P(2)(uy )aw + Qy)(uy )yy = Fy (£, 2,9, 0)
(5.21) (ug ) + P(2)(uy )aw + Qy)(ug )yy = Fy (2,9, 0)
or if P(z) >0, Q(y) >0, 2&& >0, 2% <0,

(5.22) (uf)e + P(2)(u )az + Q) (uf )yy = Fi' (t, 2,9, )
(5.23) (u3)e + P(2)(u3)ae + Qy)(uz )y = F5 (t, 2,9, a))
(5.24) (up )t + P(2)(uy )aw + Q(y)(uy )yy = Fy (£, 2,y,0)
(5.25) (uz)e + P()(ug oo + Q) (uy )yy = Fy (£, 2,9, 0))

for all (t,z,y) € ij:l I; and a € [0,1]. We append to 1) and lj any initial and boundary conditions.
For example, if it was ﬁi(O,x,y) = (' then we add

(5.26) uT(O,x,y,a) = cf(a) uy (0,z,y, ) = ¢ ()

(5.27) ug (0,2,y,0) = 5 (@) uy (0,2,y,0) =5 (a)
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where Cla] = { e} (a), ¢f ()], [e7 (a). ¢ ()] }.

Let uiA(t, z,y,a) for i = 1,2 and A € {4, —} solve l) and 1) plus initial and boundary conditions.
If

(5.28) [t (toy,0).uf (ta,y.0)| and [uf (tay, @), 0 (t 2,y 0)]

defines the a-cut of a intuitionistic fuzzy number, for all (¢, x,y) € H?Zl I;, then U'(t, x,y) is the (2-9).
We will say that derivative condition holds for intuitionistic fuzzy heat-like equation when Eqs.(5.15)) and (5.16)
are true.
Theorem 5.3. (1) If (1-S)=Z(t, x,y), then (2-S)=Z(t,z,y)
(2) If (2-S)=Z(t,z,y) and the derivative condition holds, then (1-S)=U(t, x,y)

Proof. (1) Follows from the definition of (1-S) and (2-5).

(2) If (2-S)=U"(t, x,y) then the derivative exists and since the derivative condition holds, therefore, Eqs.
following holds

(W )e + P@)(uf oo + QU)(ul )y = F (t,7,y,0)
(5.29) (uz)e + P(@)(uf )ae + Q)(u3 )y = Fy (t,7,y,0)
(ur)e + P(@)(u1 )ae + Q) (ur )y = Fr (2,9, )
(5.30) (ug )e + P(x)(ug )aw + Q) (ug )yy = Fy (t,2,y,0)
Also suppose one k; = k, %—?j < 0 and %—Z < 0 (the other cases are similar and are omitted). We see
2t xy,a) = Glta,yky(a)) 25 (tzya)= G(t,m,y,kf‘(a))

( )
zy (tx,y, ) = G(t,x,y,k; (a)) zy (t,x,y, @) = G(t,x,y,kf (oz))
Ff(taya) = F(tayki@), F(tay.a)=F(tzykf ()
Fr(t,z,y,a) = F(t,x,y,k;(a)), Fy(t,z,y,a) = F(t,x,y,kf(a))
Now look at Egs. (5.11)), (5.12)), (5.13), (5.14) also Egs. (5.1)), (5.2), implies that

uf(tﬂny,a) = G((t,x,y,k;(a)) = zf(t“ny,a)

ug (t,2,y, o)

[
Q
\.0#
&
<
EOe
32
—~
&

I
Q
~

&
&
>
=
Q
S~—

uy (t,z,y,a)

(
up (tz,y, ) = G(
(

Therefore (1-S)=U’(t, z, y)

Lemma 5.4. Consider suppose Zi(t, x) is differentiable.

(a) If
(5.31) P(z)>0 zel
and if
(5.32) oG OF >0 forj=1,2,...,n
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Then (1-8)=Z(t, x)
(b) If relations does not hold or relation does not hold for some j, then Z'(t,x) is not a (1-S).

Proof. 1t is similar to theorem [5.2 O

6. EXAMPLES
We consider the following examples ([5]) and we added intuitionistic fuzzy parameters to these reference.
Example 6.1. We first consider the one-dimensional heat-like equation with variable coefficients as
L o
(6.1) U, + 3% Upe =k
with the initial condition
U(0,2) = ca?

where t € (0, M),z € (0, Mz], k € [0, J] is constant.
According to the VIM, a correct functional for (6.1)) from (4.5) can be constructed as follows

Unis (t,2) = Un(t, ) — / {U)al5,2) + 52 () als,2) — Fls, 2, k)

Beginning with an initial approximation Uy(t,x) = U(0,7) = cx?, we can obtain the following successive

approximations Uy (t,7) = cx?(1 —t) + kt

Us(t, ) = ca®(1 —t + &) + kt

Us(t,x) = ca®(1 — t + t;, - gi;) + kt

and U, (t,x) = cx?(1 — t + t;, - %3; o+ (1)L 4 Kt m > 1

The VIM admits the use of U(t, ) = lim,_ o Un(t, ), which gives the exact solution
Ul(t,x) = ca® exp(—t) + kt

and extension for intuitionistic fuzzy sets of F (¢, x, k) and

G(t,z,k,c) = cx? exp(—t) + kt. Clearly F'(t,x, K') = K so that
Ff(tz,a) = kf(a), Ff(tza)=k(a)
Ff(t,1'70z) = k;(a)a F27(t7xva) :kg(a)

ZH(tz,a) = cf (a)z?exp(—t) + kF(a)t

zi (t,r,a) = ¢ (a)x?exp(—t) + k; (o)t

K'a] = ([k (0), K (@)], [k7 (@), k5 ()] ) and C'la] = ([ef (o), cf (a)], [ (o), cF (a)]).

Z'(t,x) is differentiable because

(i ()t 52 (b a))ee = K (@)

(i ()i + 52 (620 = K7 (@)

for i=1,2 are a-cuts of K’ i.e a-cuts of a intuitionistic fuzzy number. Due to

0G oF
%>07 — >0

P(x) >0,
(z) %
That is, (Z7); + 12%(Z%)z, = K, a intuitionistic fuzzy number.
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So Lemma implies the result that Z'(t,z) is a (1-S). We easily see that
27 (0,7,a) = ¢f (a)z® and =z (0,7,a) = c; (a)z?
for i=1,2 , so Z'(t,z) also satisfies the initial condition. The (1-S) that satisfies the initial condition may be
written as
Zi(t,x) = C'z? exp(—t) + K't for all (t,x) € (0, M;] x (0, My
Example 6.2. We consider the one-dimensional heat-like model
(6.2) Ui(t,x) — Ugz(t,z) = —K cos(x)
U(0,z) = Csin(z)

which z € (0, F), ¢t € [0, M] and the value of parameters K and C' are in intervals [0, J] and [0, L], respectively.
According to the VIM, a correct functional for Eq. (6.2)) from Eq. (4.4) which gives the exact solution

U(t,z) = G(t,z, K,C) = Cexp(—t)sin(z) + K cos(z) (exp(—t) — 1)

which is the exact solution. There is no (1-S) because p(x) = —1 < 0 (Lemmdb.4).

We proceed to look for a (2-S). We must solve

(u)e = (u3)ae = —k3(a)cos(x) (uz)e — (u) )aw = —ki" (@) cos(z)
(up)e = (Ug)ea = —ky (@)cos(z) (uy)r — (ug )oa = —ky (@) cos(x)
subject to
uf (0,2,0) = cf(a)sin(z), ug(0,z,a)=cf(a)sin(z)

up (0,z,0) = ey (@)sin(z),  uy (0,2, )

If the intervals ( [uf (t,2,0),ug (¢, z,a)], [uy (t,2,q), u_(t,x,a)]) define a-cuts of a intuitionistic fuzzy number
Ui(t,z); then (2-8) =U'(t,z). By VIM, the solution is

uf (t,z,a) = ¢ (a) cosh(t) sin(z) — ¢ () sinh(t) sin(z)+
ki (a) cos(z) (cosh(t) — 1) — k3 (cv) cos(z) sinh(¢)

uj (t,r,a) = cf (o) cosh(t) sin(z) — ¢ () sinh(t) sin(z)+
k3 (a) cos(z)(cosh(t) — 1) — ki () cos(z) sinh(¢)

uy (t,x, ) = ¢ (a) cosh(t) sin(z) — c5 (o) sinh(¢) sin(x)+
k1 (a) cos(z)(cosh(t) — 1) — k; () cos(x) sinh(t)

ug (t,z, ) = ¢; (a) cosh(t) sin(z) — ¢i (a) sinh(¢) sin(x)+
k3 () cos(z) (cosh(t) — 1) — k; () cos(z) sinh(t)

Now we show
([uf(tﬂm a), uj(t,x, a)]7 [uf(t,x7 a),u;(t,x,a)])

defines a-cut of a intuitionistic fuzzy number.

6ul+
da >0,

+
Ougy

e < 0 and

Ouy

e <0

Ouy

y 5 > 0.

Thus we only need to check if
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Since uiA (t,z,a) for A = {4+, —} are continuous and
ul (t,x,1) = uj (t,z,1) and u; (¢,2,0) = u; (t,,0).

There is a region R contained in (0, M] x (0, §) for which the (2-S) exists and (0, M] x (0, 7) — QR there may be
no (2-9).

Since K* and C* are triangular intuitionistic fuzzy numbers, hence, we pick simple intuitionistic fuzzy parameter
so that (k7 (@), (¢ (@), (k3 (a)) and (c5 (@) are all positive numbers while (k3 (), (c5 (), (k7 ()’
and (¢ () are negative numbers. The ”prime” denotes differentiation with respect to .. Then there is a A > 0
so that (kf (a))’ = (cF(a)) = (k5 (o))
Then, for the (2-5) exist we need

’ ’

= (5 (@) = A and (k5 (@) = (¢3 (@) = (ky (@) = (e7 (@) = —A.

uy Uy
% = aa—; = )\(sin(:r) (cosh(t) + sinh(t)) + cos(z)(cosh(t) — 1 + sinh(t))) >0
uy (7
(6.3) 88—; = % = f)\(sin(:c) (cosh(t) + sinh(t)) + cos(z)(cosh(t) — 1 + sinh(t))) <0

Since (6.3) holds for each ¢ € [0, M] and z € (0, 5) therefore, Ui(t,z) is (2-S) and
Ui(t,z) = C* cosh(t) sin(z) — C?sinh(t) sin(z) + K* cos(z)(cosh(t) — 1) — K’ sinh(t) cos(z)

for all £ € [0, M] and z € (0, ).
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