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Abstract

The goal of this article is to examine the concept of topological ring from the perspective of the rough set
theory and to introduce the approximation operators in a topological ring with respect to its ideal. Moreover,
the definitions of lower topological rough subring and upper topological rough subring are presented. After
that, the notion of topological rough ring is described and some related properties are studied.
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Bir Topolojik Halkada Kaba Yaklasim Operatorleri
Oz
Bu calismanin amaci, topolojik halka kavramini kaba kiime teorisindeki bakis agisiyla inceleyerek bir
topolojik halkada idealine gore alt ve {ist yaklasimlar1 tanitmaktir. Ayrica, alt topolojik kaba alt halka ve iist

topolojik kaba alt halka tanimlar1 sunulmustur. Sonrasinda, topolojik kaba halka kavrami tanimlanarak ilgili
bazi 6zellikler incelenmistir.

Anahtar Kelimeler: Kaba kiime, kaba yaklagimlar, kaba halka, topolojik kaba halka.

1. Introduction Rough set theory presented to the world
_ _ _ _ of science by Pawlak (1982) is a
Aristotle is based on complete and deal with uncertainties. In particular, this
precise information. Over time, the theory has managed to attract attention in
complexproblems  that  push  the creating a high potential for algebraic,
boundaries of classical logic in areas such topological and geometrical studies
as data analysis,engineering, computer (Kuroki and Mordeson, 1997; Wiweger,
science and medicine have remained 1998; Miao, et al., 2005; Oguz, et al.,
insufficient. At this point, theories such 2018). After pawlak, initial algebraic
as fuzzy sets, rough sets and soft sets studies on rough sets were made by
proposed as a result of studies on (Iwinski, 1987). Biswas and Nanda
modeling incomplete and uncertain (1994) defined the concepts of rough
information (Zadeh, 1965; Pawlak, 1982; group and rough subgroup. Davvaz
Molodtsov, 1999). (2004) investigated roughness in rings.
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For other algebraic studies on rough sets,
see (Davvaz and Mahdavipour, 2006;
Kuroki, 1997).

Topology, which is a crucial branch of
mathematics, has a wide range of use in
almost all branches of mathematics as
well as in many real-life applications. In
this perspective, it is inevitable to
introduce the topological rough concepts
by examining the intersection of topology
with rough approach. The notion of
topological rough spaces was defined by
(Wu, et al., 2008). At the same time,
they  established some  important
characterization on topological rough
spaces. Also, topological rough groups
and rough approximations in a
topological group were studied by
(Bagirmaz, et al., 2016). As an advanced
level of this work, Oguz et al (2018)
described the notions of lie rough groups
and lie rough subgroups. Apart from
these studies, many topological studies
related to rough set theory have been
conducted (Wiweger, 1989; Lashin, et al.,
2005; Li, etal., 2012).

On the other hand, many concepts of
mathematics have both topological and
algebraic characteristics and the concept
of topological ring is one of them. In the
present work, the topological rings have
been studied with rough approximation
operators and the notion of topological

rough rings has been introduced.
Inaddition, the axiomatic features
provided for the lower and upper

approximation operators of topological
rings are constructed. The notions of
lower topological rough subring and
upper topological rough subring are
described. In short, this article is regarded
as an important bridge that establishes the

relationship between the topological rings
and rough set theory. It also contributes
to significantly expand the boundaries of
topological research on rough sets.

2. Preliminaries

This section recalls several main definitions
and features of rough sets and rough rings to
be used throughout the article. For more
details, see to (Pawlak, 1982; Kuroki and
Mordeson, 1997; Davvaz, 2004).

Assume that E is a certain set called the
universe. Pawlak defined the notion of a
rough set as follows:

Definition 2.1 (Pawlak, 1982) A pair (E,f)
is called an approximation space, where S is
a an equivalence relation on the universe E.

Definition 2.2 (Pawlak, 1982) Let M be a
certain subset of E. The lower approximation
of M is the union of all the equivalence
classes which are completely included in M.
We denote it as B(M) such that

son =| | (p@:5@ < my
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Definition 2.3 (Pawlak, 1982) Let M be a
certain subset of E. The upper approximation
of M is the union of all the equivalence
classes which have non-empty intersection

with the set. We write it as 8 (M) such that
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Definition 2.4 (Pawlak, 1982) Let M be a
certain subset of E. The boundary region of
M denoted by Sg(M) is the set Sgp(M) =

B(M) — B (M) in the universe E.
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Definition 2.5 (Pawlak, 1982) The subset
Ais said to be a rough set if the boundary
region is different from the empty set,
otherwise it is said to be a crisp (exact) set.
Furthermore, it is denoted as [(M) =

(B(M),B(M)) if A is a rough set in the
approximation space (E, ).

Corollary 2.6 (Pawlak, 1982) Let M and B
be two subsets of E in the approximation
space (E,B). Then, the following axioms

about the lower and upper approximation
operators hold:

1. (M) € X € B(M),

2.8(0) = B(®) = 0, B(E) = B(E) = E,
3.8(M N N) = B(M)nB(N),

4. B(M UN) € B(M) U B(N),

5.8(M U N) = B(M) U B(N),

6. 3(M) N B(N) = B(M N N),

7.M € N = B(M) € B(N)

8.M € N = B(M) S B(N),

9. B(B(M)) = BB(M) = B(M),

10. B(B(M)) = BB(M) = B(M).

Here, we will recall the concepts of rough
ideal and rough ring to ensure the integrity of
this study. Assume that # is a ring and X is
an ideal of .

Definition 2.7 (Davvaz, 2004) Let M be a
non-empty subset of H. The upper
approximation of M with regard to K is
defined as the set

KM) ={e€ H:(e+K)NM # ¢}

In this manner, the lower approximation of M
with regard to X is defined as the set

KM)={eeH:e+K S M}

Remark 2.8 It is important to note that the
relation € = 6(mod K) is an equivalence
relation, defined as e = §(mod X) ife — 6 €
K for g6 € H. In this case, one can say
easily that the pair (H,K) is a
approximation space.

Example 2.9 (Davvaz, 2004) Let H = Zs,
X ={0,510} and M ={1,6,7,8,10,11}.
Then, we obtain

K M) ={0,1,2,3,5,6,7,8,10,11,12,13}

and
M) ={1,6,11}

Proposition 2.10 (Davvaz, 2004) Let  and

¥ be two ideals of #. Then, P(X) and
P(XK) are also the ideals of H'.

Definition 2.11 (Davvaz, 2004) Let X (M) =
(K (M), K(M)) be a rough set in the
approximation space (#,X). Then, K (M) is
said to be a rough ideal (resp. subring) if
K (M) and K (M) are ideals (resp. subring) of
. Besides, a rough subring is called a rough
ring.

Proposition 2.12 (Davvaz, 2004) Let K be
an ideal and M is a subring of H. Then,
K (M) is a rough ring.

Example 2.13 (Davvaz, 2004) Let us
consider H = Z,5, X ={0,5,10} and M =
{0,3,6,9,12}. From above proposition, it is
easy to see that & is a ideal and M is a
subring of H such that K(M) =

(F (M), X (M)) is a rough ring.

Proposition 2.14 (Davvaz, 2004) Let P and
K be two ideals of H and M is a subring of
H. Then, the following conditions are
satisfied:

L P(M)+ K (M) =(P+K)(M)
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ii. P(M) + K (M) = (P+K)(M)

3 Topological Rough Rings

In this section, we propose the concept of
lower and upper approximations in a
topological ring with respect to its ideal.
Also, we give the definitions of lower
topological rough subring and upper
topological rough subring, and establish
some of their characterizations.

In what follows, # is a topological ring
unless stated otherwise.

Definition 3.1 Let P be an ideal of the
topological ring #. A pair (#,P) where
€ = 8§(mod P) is an equivalence relation on
H is said to be a topological approximation
space.

Definition 3.2 Let (#,P) be a topological
approximation space and M be a nonempty
subset of #. Then, the sets

PM)={e€H:(e+P)NM # @}

and
PM)={e€eH:e+P c M}

is said to be the lower and upper
approximation of the set M with respect to
the ideal P, respectively.

It can be easily shown that these operators
provide the following properties:

Proposition 3.3 For all subsets M,N € H in
the topological approximation space (H,P)

1.P(M) S M c P(M),
2.P(0) =P(0) =0, P(H) = P(H) =X,
3.P(MnN) = P(M) nP(N),

4.P(MUN) € P(M) UP(N),

5.P(MUN) = P(M) U P(N),

6. P(M)NP(N) =P(MnNN),

7.M € N = P(M) € P(N), P(M) € P(N),
8.P(P(M) = P(P(M)) = P(M),
9.P(P(N)) = P(P(N)) = P(N).

10.P(P +¢) =P(P +¢)foralle € H.

Example 3.4 Consider the topological ring
H = Z¢ with the the discrete topology. For
H with the ideal P = {0,3}, it is clear that if

M = {0,1,3,5} then P(M) = {0,1,2,3,4,5}
and P(M) ={0,3}.

Proposition 3.5 Let P, K be two ideals of
the topological ring H and P € K. Then, for
MCcH

i.P(M) C K(M),
ii. (M) € P(M) .

Proof. i. Assume g € P(M). Then (e+
P)YNnM =+ Q. Since PC XK, (e+K)NM #

@. This implies € € X (M). Hence P(M) S
K(M).

Similarly, we can prove the second condition
as follows:

ii. Let e € X (M). Then (¢ + K) € M. Since
PCXK,so (e+P)CS M. Thus € € K(M).
This shows that X (M) € P(M).

After this proposition, we can easily obtain
the following corollary.

Corollary 3.6 Let P, K be two ideals of the
topological ring . Then, for M € H

i. (P NK)M) € P(M)NKM),

ii. (M) N (M) € (P nI)(M).
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Proof. i. Suppose € € (P N K)(M). Then
(e+(PNnK)NM =@, thatis mean

(e+P)NnM+@and (e+HK)NM + @

implies € € P(M) and & € X (M). Therefore,
we have (P N K)(M) € P(M) n K (M).

ii. Let e € P(M) N K (M). Then we have € €
P(M) and e € P(M), that is (e+P)EM
and (e+XK)S M. Thus (e+ (PNX)) <
M, so that € € (PN XK), which proves the
proposition.

Proposition 3.7 If P and K are two ideals of
the topological ring #, then P(X) and
P(K) are two ideals of the topological ring
H .

Proof. Suppose that P and X are two ideals
of the topological ring H. For all €6 €
PXK) and 1€H, (e+P)NK #¢ and
S6+P)NK #@ such that (e—86+P)N
K@ and @Ae+P)NK =0 imply
e—8EP(K) and e € P(X). Hence,
P(X) is an ideal of the topological ring .

Likewise, we can prove that P (X)) is also an
ideal of the topological ring .

In the sequel, it is easy to verify that

Proposition 3.8 If P is a ideal of the
topological ring H and T is a subring of H
, then P(5) and P(T) are two subrings of
the topological ring 7.

Proof. Let € 6 € P(T) such that (¢ + P) N
T#0 and (6+P)NT # @. Then, there
exist an element a€(e+P)NTG and
b € (6 + P)N'G. Since T is a subring of 7,
a—b € T, ab € T, and hence

a—be(E+P)—(6+P)=e—-8+P,
abe (e+P)(6+P)=eb+P

which gives

(e—8+P)NT =0 and (5+P)NT #
.

This shows that P(T) is a subring of the
topological ring .

Analogously, it can be easily shown that
P(G) is a subring of the topological ring H..

Let us now describe the concept of
topological rough ring.

Definition 3.9 Let P(M) = (P(M),P(M))
be a rough set in the topological
approximation space (#,P). If P(M) is a
topological subring of #, then P(M) is said
to be a lower topological rough subring.
Conversely, if P(M) is a topological subring
of #, then P(M) is said to be a upper
topological rough subring.

Definition 3.10 Let P(M) = (P(M), P(M))
be a rough set in the topological
approximation space (#,®). If both P(M)

and P (M) are the topological subrings of #(,
then (M) is called a topological rough ring.

Proposition 3.11 If P is a ideal of the
topological ring H and T is a topological

subring of 3 ,then P(T) = (P(T),P(T)) is
a topological rough ring.

Proof. Assume that P is a ideal of the
topological ring H and T is a topological
subring of . Since by Proposition 3.8,

P(T) and P(T) are two topological subrings
of H. Therefore, the pair P(0)=
(P(T),P(T)) is a topological rough ring.

Proposition 3.12 Let P and X be two ideals
of the topological ring H and let T be a
topological subring of H. Then

i. () + K (D) = (P + K)(T),
ii. () + K(T) = (P + K)(D).

148



Rough Approximation Operators in a Topological Ring

Proof. i) For the ideals P, K of the
topological ring #, it can be written that
PCP+K and K<SP+XK. Also by
Proposition 3.5, we have P(T)C
(P + K)(T) and K(T) S (P + K)(T) for
the topological subring V of . This implies
that

P(T) + K(T) S (P + K)(T).

Conversely, suppose that € € (P + K) (D).
Then, (e+ (P +XK)NT+#=@ that means
there is an element & of P such that (¢ + & +
K) NG # @, which implies & + & € X (T).
Conversely, as =6 € P so (=6 +P)N'T =
PNQ#@. Thus —8 € P(T). This shows
that

£=—8+ (e +8) € P(T) + K (D)

, hence (P + K)(T) € P(T) + K ().

It can also be easily proved that the condition
ii is satisfied.

Note that let ' and H' be two topological
rings. It is well known from ring theory that
if :H — H' is a topological ring
homomorphism, the kernel Q of y is an ideal
of H.

Proposition 3.13 Let ¢: H — H' be a
topological ring homomorphism and M € H.

Then, we have y(Q(M)) (ﬁ(M)) = Yy(M).

Proof. By noting M € Q(M), it is easy to
observe that Y(M) € y(Q(M)).

On the other hand, take an element & €
P(Q(M)). By the assumption, there exists an
element & € Q(M) such that Yi(e) = & holds.
Hence, we have (e + Q) N M # @. Note that
there exists an element a € (e+ Q) N M, so
that a = € + b holds for some b € Q, in other
words € = a — b. Then, it holds that

6 =y(e) = Y(a—b)=Y(a)—W(b)
€ Y(M)

and that y(Q(M)) S Y(M) which completes
the proof.

Example 3.14 Consider the topological rings
Z,, and Z, with the discrete topology. The
topological ring homomorphism

U:Z,, — Z, is defined by (1) = 3

.Then, Q ={0,4,8} is the kernel of .
Choose M = {1,3,7,8}. Here it is easy to
verify that Q(M) = {0,1,3,4,5,7,8,9,11} so
that Y(Q(M)) = 3 = Y(M).

We introduce another concept and conclude
this section with two results around the
topological equivalent form of rough
approximations here:

Definition 3.15 Let P be a ideal of the
topological ring H and M S H. The
equivalent forms of rough approximations
are defined as

PM)={e€eH/P:(e+P)NM * 0}

and

PM) ={e € H/P:e+P S M}

Proposition 3.16 Let P and X be two ideal

of the topological ring H. Then, P(X) and
P(XK) are also two ideal of H /P.

Proof. Suppose €+ P, § + P € P(X) and
z+P eH/P. Then (e+P)NK # @ and
6+ P)NK + @, which show that there
exists a€(e+P)NK and be (§+P) N
K. By assumption, a—b € XK and za e X
since X is an ideal of the topological ring .
Clearly,

a—be(E+P)—(6+P)=(—-8)+P
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and
za€z(e+P)=ze+P

. Hence (e—=86+P)NK +0, (ze+P)N
XK # @. Therefore, (z+ P)(e + P) € P(X)
and (e+P)—(§+P) € P(X), so that
P(%) is an ideal of the topological ring
H/P.

Conversely, let e+ P, 6+ P € P(X) and

z+ P eH /P such that (e+P) S K and
(6+P)c K. Since K is an ideal of the
topological ring 7, then we have

(E+P)—(B+P)SK =(e—8)+P

and
z2(e+P)=ze+P C XK.
Thus, (e+P)—(6+P) e P(K) and (z+
P)(e+ P) € P(K), and we say that P(K)
is an ideal of the topological ring H /P.

Likewise, it is straighforward to see that

Corollary 3.17 Let P be an ideal of the
topological ring H and T be a topological

subring of H. Then, P(G) and P(T) are
also two topological subrings of H /P.
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