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Abstract

In this present investigation, based on the (p, ¢)-Lucas polynomials, we want to build a bridge between
the Theory of Geometric Functions and that of Special Functions, which are usually considered as very
different fields.
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1. Introduction, preliminaries and known results

In modern science there is a huge interest in the theory and application of the the Dickson polynomials,
Chebyshev polynomials, Fibonacci polynomials, Lucas polynomials and Lucas-Lehmer polynomials. These
polynomials play a fundamental role in mathematics, and have numerous important applications in combinatorics,
number theory, numerical analysis, etc. Therefore, they have been studied extensively, and various generalizations
of them have been introduced (see, for example, [9, 12, 13, 18, 19]).

The classical Lucas polynomials L, (z) studied by M. Bicknell in 1970 are defined by

Ly(z) =2Lp_1(x) 4+ Lp—2(x) (n>2),
with the initial condition Ly(x) = 2 and Ly (z) = =.

Since the above classical Lucas polynomials appeared, some authors have explored their different extensions.
For example, the (p, ¢)-Lucas polynomials with some properties introduced by Lee and As¢1 [7] as follows.

Definition 1.1. (see [7]) Let p(x) and ¢(x) be polynomials with real coefficients. The (p, ¢)-Lucas polynomials
L, 4.n(x) are defined by the recurrence relation

Lp,qn(2) = p(@) Lp,gn-1(2) + (@) Lp,gn-2(x) (n=2),
from which the first few Lucas polynomials can be found as
Lygo(z) =2,
Lp,q1(2) = p(),
Lpg2(z) = p*(z) + 2q(x), (1.1)

Ly q3(x) = p*(x) + 3p(x)q(x),
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For the special cases of p(z) and ¢(x), we can get the polynomials given in Table 1.

Table 1: Special cases of the L,, , () with given initial conditions are given.
p(z) | ¢(z) | Lpgn(®)

X 1 Lucas polynomials L,,(z)
2x 1 Pell-Lucas polynomials D,,(z)
1 2x | Jacobsthal-Lucas polynomials j,, ()

3x -2 Fermat-Lucas polynomials f,(z)
2x -1 Chebyshev polynomials first kind 7}, ()

Theorem 1.1. (see [7]) Let Gy, , . (x)}(2) be the generating function of the (p, q)-Lucas polynomial sequence Ly 4 n(z).
Then

o0

2 —p(z)z
= E Lygn "= .
G{Lp,q,n(m)}(z) o P,q, (IE)Z 1_ p(x)z — q(x)22
Let A be the class of functions f of the form
f(z) =z+4a2® +azz®> + -, (1.2)

which are analytic in the open unit disk A = {2z : z € Cand |z| < 1} and normalized under the conditions
f (0) =0,
7o) =1.

Further, by S we shall denote the class of all functions in A which are univalent in A.
Here, we recall some definitions and concepts of classes of analytic functions. Denote by S* the subclass of S of
starlike functions, so that f € S* if and only if

R (ZJJ:(IS)> >0 (z€A).

Let f be given by (1.2). Then f € RT if it satisfies the inequality

R(f'(2)>0 (z€A).

The subclass RT was studied systematically by MacGregor [10] who indeed referred to numerous earlier investiga-
tions involving functions whose derivative has a positive real part.
For o > 0, let B(«) denote the class of Bazilevi¢ functions defined in the open unit disk A such that

R (f’(z) <f(;)>a_1> >0 (z€A).

This class of functions was studied first by Singh [15] and considered subsequently by London and Thomas [8].
With a view to recalling the principle of subordination between analytic functions, let the functions f and g be
analytic in A. Given functions f, g € A, f is subordinate to g if there exists a Schwarz function w € A, where

A={w:w(0)=0, |w(z)| <1, z€ A},

such that
f2)=g(w(2) (2€4).
We denote this subordination by
f=gor f(z)<g(z) (€4).

In particular, if the function g is univalent in A, the above subordination is equivalent to

f(0) =g(0), F(A)Cg(A).
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According to the Koebe-One Quarter Theorem [4], it ensures that the image of A under every univalent function f €
A contains a disk of radius 1/4. Thus every univalent function f € A has an inverse f~! satisfying f~! (f (z)) = 2
and f (f~" (w)) =w (Jw] <ro(f), r0(f) > ), where

gw) = fH(w) =w — asw® + (2a3 — az) w® — (543 — Basas + ag) wh + - - . (1.3)

A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A. Let ¥ denote the class of
bi-univalent functions in A given by (1.2). For a brief history and interesting examples in the class ¥, see [16] (see
also [1, 3, 6,11, 14]).

We want to remark explicitly that, in our article, by using the L,, ; ,,(x), functions, our methodology builds a
bridge, to our knowledge not previously well known, between the Theory of Geometric Functions and that of
Special Functions, which are usually considered as very different fields.

Definition 1.2. A function f € ¥ is said to be in the class
By (Biz) (0<B<1, z,wed)

if the following subordinations are satisfied:

(f(;) . F'(2) =Gy @ (2) =1

and

w 1-5
- ! w) < G I w) — 17
(g(w)) g (W) 2 GiL, (@} (W)

where the function g is given by (1.3).

Remark 1.1. Here, and in what follows, the argument 2 € R is independent of the argument z € C.

Example 1.1. Upon setting § = 0 in Definition 1.2, it is readily seen that a function f € ¥ is in the class
By, (z) (z,w € A)

if the following conditions are satisfied:

ZJ{(S) <Gl gn@)(2) — 1

) < GlLy (@} (w) =1,

where the function g is given by (1.3).
Example 1.2. Upon setting 8 = 1 in Definition 1.2, it is readily seen that a function f € ¥ is in the class
Hy, (z) (z,w e A)
if the following conditions are satisfied:
f(2) = Giry @y (2) — 1

and
g (w) < Gig, , (@3 (w) — 1,

where the function g is given by (1.3).
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2. Coefficient Estimates

We begin this section by finding the estimates on the coefficients |a2| and |az| for functions in the class Bs; (8; x)

proposed by Definition 1.2.
Theorem 2.1. Let f given by (1.2) be in the class By, (5;x) . Then

0] < Ip(z) 2 |p(x)|
" V(B+ D) [Bp(x) +4(B + 1)g(2)]

and

p’(x) | |p(z)]
CESER TS

Proof. Let f € By, (8; ) . From Definition 1.2, for some analytic functions ®, ¥ such that

|as| <

®(0) =0, |®(2)] = |1z +t22® +1325 4+ | <1 (z € A),
lth| <1 (k eN)

and
\IJ(O) = 0, |\Il(w)| = |51w+52w2 +53w3 —+ | <1 (w c A)’
|Sk| <1 (k S N),

we can write
z

1-8
<(2)> F'(2) = Giry @ (®(2) — 1

and
w 1-8
(g(w)) 9 (W) = Giry @y (¥(w)) —1,

or equivalently

f(z)
and
(w

From the equalities (2.1) and (2.2), we obtain that

1)
and
g(w)
Thus, upon comparing the corresponding coefficients in (2.3) and (2.4), we have
(B+1)az = Lpga(x)t1,

WGE + (B+2)as = Ly g.1(2)t2 + Ly g 2(2)t1,

- (ﬂ + 1)&2 = Lp7q71(x)51

and

wa% —(B+2)az = Lyga(x)s2 + Lp,q’2(w)5%

2\
( ) F1(2) = 1+ Lygo(#) + Ly (£)B(2) + Ly ga()@2(2) + -

w 7P
(9)) g (w)=—-1+ Lpg0(®) + Lpg1(z)¥(w) + Lp,q,2(x)\p2(w) +o

1-p
z
() f’(z) =1+ Lp,q,l(x)tlz + [Lp,q,l(x)tQ + Lp,q,Q(m)tﬂ 2

1-p
w
() g (w) =1+ L, 1(z)s1w + [Lp’q’l(x)SQ + Lp’q’Q(I)S%] w2

2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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From the equations (2.5) and (2.7), we can easily see that
1 = —s1,
208+ 1)%a3 = L2 (z) (1] + 7).
If we add (2.6) to (2.8), we get
(B +1)(8 +2)a3 = Lpg1(2) (t2 + 52) + Lpg2(2) (£ + 57) -
By using (2.10) in the equality (2.11), we have

[(B+1)(B+2)L5 41 (2) = 2(B+1)*Lyg2(x)] a3 = L 41 (x) (t2 + 52).

which gives

ol < p(a)| 2 Tp(2)] |
~ VB D18 (@) + 40 + Dal@)]
Moreover, if we subtract (2.8) from (2.6), we obtain
2(8+2)(as — a3) = Lp,g1(2) (t2 = 52) + Lpg2() (] — s1).
Then, in view of (2.9) and (2.10), (2.13) becomes

L} g1 () Lpga(2)
_ “pal 2 2 P,q,1 _
a5 = 55 2 (L) + 5oy (fa = s2).
Then, with the help of (1.1), we finally deduce
2
g < 2@ ol

B+1)?2 pg+2

Corollary 2.1. Let f given by (1.2) be in the class By, (x) . Then

a2l < Ip(@) \fq(éj)
and
os] < p2(a) + 2.

Corollary 2.2. Let f given by (1.2) be in the class Hy, (z) . Then

4] < (@) V/Ip(2)|

p?(x) + 8q()|

and

lag| <

3. Fekete-Szego Problem

(2.9)
(2.10)

2.11)

(2.12)

(2.13)

The classical Fekete-Szego inequality, presented by means of Loewner’s method, for the coefficients of f € S is

lag — Va3| <1+ 2exp(—29/(1—4)) ford € [0,1).

As ¥ — 17, we have the elementary inequality |a; — a3| < 1. Moreover, the coefficient functional

Fo(f) =as—9a3

on the normalized analytic functions f in the unit disk A plays an important role in function theory. The problem
of maximizing the absolute value of the functional F 4 (f) is called the Fekete-Szegt problem, see [5]. Many other

recent works on the Fekete-Szego problem include, for example, [2, 17, 20].

In this section, we aim to provide Fekete-Szego inequalities for functions in the class By, (8; z). These inequalities

are given in the following theorem.
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Theorem 3.1. Let f given by (1.2) be in the class By, (§;x) and ¥ € R. Then

lp(@)]
B+2’

6+1
2(8 + 2)

q(x)
?(x)

q(x)
p*()

[0 —1] <

H

Jreasen

‘ag —ﬁa%’ <
2[1 — 9| |p*(2)]

(8 +1)Bp*(z) +4(8 + Dg(x)|’
Proof. From (2.12) and (2.13), we have

e

25+2'6+4B+D

Ly g1 (@) (1 =) (t2 + s2)
BB +2)L; g (2) = 2(B+1)2Lp,g2(2)

Lpg1(z) (t2 — s2)
2(86+2)

= a0 (1002 + g ) o+ (1002~ gy ) o]

Liql( z) (1 -9
B+DB+2)LF 41 (x) =28+ 1)Ly g 2(x)

az —Vva3 =

+

where

h(9,z) =

Then, in view of (1.1), we conclude that

Ip(2)] 1
T2 0<|h(,2) < I

1
2(8+2)

‘a3 —19(13’ <

2[p(2)[ L (0, 2),  [h(J,2)] >

Corollary 3.1. Let f given by (1.2) be in the class By, (x) and 9 € R. Then
lp@)| lq(2)]

—-1 <
2 )

11— 9] |p* ()| s la@)]
2@y 0 V=

Corollary 3.2. Let f given by (1.2) be in the class Hx, (x) and ¥ € R. Then

‘ag —ﬂa%’ <

2
8
lp(@)| 91| < |p*(x) + 8q(x)|
3 3p* (@)
‘ag — 19@%‘ <
L@ ) +sew)
[p?(x) + 8q ()| T 3
If we choose ¥ = 1, we get the next corollaries.
Corollary 3.3. If f € By, (8;z) , then
p(x
g — 3] < 22,
Corollary 3.4. If f € By, (x), then
’ag—ag‘ < \p(2x)|

Corollary 3.5. If f € Hx, (x), then

’ag—a%‘ < \p(?)a?)|
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