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1. Introduction

In 1999 D. Molodtsov [1] introduced the concept of soft sets as an additional mathematical tool
for modeling and dealing with uncertainties. Shabir and Naz [2] went further and introduced the
concept of soft topology. Indeed; the two concepts have received much attention. Researches on
properties and applications of soft sets and soft topology have attracted many scholars from various
fields. Topological structure of soft sets; concepts of soft open sets, soft closed sets, soft interior point
and soft neighborhood of a point have been studied by various authors, for example see [2-7]. Senel
and Cagman studied soft topological subspaces and Tantawy et al. [8] studied soft separation axioms.
The notions of basic operations on soft sets (soft union and soft intersection) have been defined and
studied [2,3,6,9-20] and by several other authors, but the definitions were given in terms of only
two soft sets. Ali et al. [9] pointed out by counter example that, several assertions | particularly,
Proposition 2.3 (iv)-(vi), Proposition 2.4 and Proposition 2.6(iii),(iv)] in Maji et al. [15] are not true
in general.

In this paper we extend the notions of these basic operations to arbitrary collection of soft sets.
In section 3 of this paper, we propose a modification of the definition of soft difference of two soft
sets [2,5,11-13,16,21-26]. We further introduce and define some terms relative to arbitrary collection
of soft sets in a soft topological space and study some of their properties.

2. Preliminary

Throughout this paper, all soft sets are defined over a common universe X and the collection of all
soft sets over X with a set of parameters F is denoted as SS(X)g. We begin with the following well
known definition found in the literature as cited in each case.

aiguda.mth@buk.edu.ng (Corresponding Author)
!Department of Mathematical Sciences, Faculty of Physical Sciences, Bayero University, Kano, Nigeria



Journal of New Theory 30 (2020) 21-34 / Soft Sets and Soft Topological Notions 22

Definition 2.1. [1] Let X be an initial universe and E be a set of parameters. Let p(X) denote the
power set of X. A pair (F,E) is called a soft set over X, where F': E — p(X) is a mapping. Thus
a soft set over a universe X is a parameterized family of p(X). For a given subset A of E, the soft
set (F, A) is defined to be F' : A — p(X) such that (F, A) = {(e, F(e)) : e € A}, where F(e) can be
regarded as the set of e-approximate elements of the soft set (F, A).

Definition 2.2. [27] A soft set (F, A;) is said to be a soft subset of (Fy, A) denoted as (Fy, A;)C
(Fy, Ag) if A1 C Ay and Fi(a) C Fy(a),Va € Ay. Equivalently (Fs, Ag) is said to be a soft superset
of (Fy, A1) denoted as (Fy, A2)D(Fy, Ay).

Definition 2.3. [27] Two soft sets (F1, A1) and (F», As) are said to be equal (soft equal) denoted
as (F1, A1) = (F, Ag) if (F1, A1) C(F, As) and (Fh, A2)C(Fy, A1). Equivalently (Fi, A1) = (F», A) if
Fl(Oé) = FQ(CM),VO& S A1 = AQ.

Definition 2.4. [7] The soft compliment of a soft set (F, A) denoted as (F, A)¢ or (F'¢, A) is a mapping
F¢: A — p(X) given by Fé(a) = X \ F(«),Va € A. It is very clear that (F°, A)¢ = (F,A). The
mapping F°: A — p(X) is called the soft compliment function of F'.

Definition 2.5. [8] A soft set (F, E) is said to be a null soft set if F'(a) = ),Ya € E and (F,E) is
said to be an absolute soft set if F'(a) = X,Va € E. A null soft set is denoted as () and absolute soft
set is denoted as X. It is clear that (X)¢ =0 and (0)° = X

Definition 2.6. [28] Let (F, E) be a soft set and z € X, then
i) z is said to belongs to (F, E) denoted as x € (F, FE) if Va € E,x € F(a).
ii) (F,FE) is called singleton soft set denoted as (x, F) or xp if F(a) = {z},Va € E.

Definition 2.7. [7] A soft set (F, A) is called a soft point denoted as Fy, if for some a € A, F(«) # ()
and F(8) =0,V8 € (A\ {a}). The soft point F, is said to belong to another soft set (G, A), denoted
as F,€(G, A) if F(a) C G(a).

Definition 2.8. [27] A soft set (F,A) is called a soft element if 3o € A and = € X such that
F(a) ={z} and F(B8) =0,V € (A\ {a}). A soft element is denoted as F¥. The soft element FY is
said to be in a soft set (G, A) denoted as FF€(G, A) if z € G(«).

By definition, it is clear that a soft element is a soft point, but the converse may not be true.
Definition 2.9. [20] Let (F1, A1) and (Fs, A2) be soft sets

i) The soft intersection of (Fy, A1) and (F, As) denoted as (Fy, A1)N(Fy, A2) is defined to be the
soft set (F3, A3) where Ag = A1 N Ay and Vo € Ag, F3(a) = Fi(a) N Fay(a);

ii) The soft union of (Fy, A1) and (Fb, A) denoted as (Fy, A)U(Fy, Ay) is defined to be the soft set
(Fg, Ag) where A3 = A1 U Ay and Va € Ag

Fl(a) iface (Al \AQ)
Fg(a) = FQ(O{) fae (AQ\Al)
Fl(Oé) UFQ(O{) if v € (Al mA2>.

3. Basic Operations on Soft Sets

An arbitrary indexing set I was used by the authors [4,5,7,8,21-26] to define the soft intersection and

soft union over a collection {(Fj, A) : i € I} of soft sets as (F, A) = () (F;, A) and (F, A) = J(F;, A)
iel iel
respectively. We point out here that the two definitions are restrictive and incomplete. It is also worth
noting that in {(F, A) : i € I}, A can also be indexed as well i.e., {(F}, 4;) : i € I}. The question is
what is | (Fj, A)? Clearly the definition in [4,5,7,8,21-26] does not cater for this. In this section we
el

extend the notions of soft intersection and soft union to arbitrary collection of soft sets by the use of
(i) and (ii) of definition 2.9 as follows:
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Definition 3.1. Let L = {(Fj, As) : 6 € A} be a family of soft sets, then the

i) soft intersection over members of L is defined to be the soft set (F, A) = () (Fj, As)
dEA
where A = (] As and Vo € A, F(a) = ) Fs(a), Vo € A;
STAN JEA

ii) soft union over members of L is defined to be the soft set (F, A) = |J (Fjy, A;) where A = |J Ay
deA dEA

U F(;(Oé) ifae ﬂ As

and Vo € A and VY C A and F(a) = JDAFJ(Q) if o € ((seﬁ As\ U A).

SET SET SE(A\T)

Example 3.2. Let E = {ej, ea,e3,¢e4, €5} be a set of parameters and X = {1, x9, x3,24}. p(X) = {0,

X7 {$1}7 {x2}> {$3}7 {$4}7 {xla .%'2}, {:Cla x3}7 {$1, $4}7 {.’L‘Q, $3}7 {x27 x4}7 {:C3a x4}7 {$1, x2, ZC3}, {;Ub x2, $4}a
{w1, 23, 24}, {22, 73, 74} }, A1 = {e1, €3, ea}, A2 = {e3,e4} and A3 = {e1,e4, €5}

E el ) es e4 es

Fy| {zy, 20} | {@o, 23,24} | {z1, 24} | {®1, 20,24} | {21, 22, 23}
Fy | {z9,23} {z2} {z1, 22} | {m2, 24} | {22,23, 24}
Fy | {a} {3} {z4} {2, 24} {1, 23}
Fy | {zg, 24} {z1} {z2, w3} {zs} {4}
Fy | {zs} {z3} {z3} {zs} {zs}

G @ (Z) {$3, ac4} @ @

H 0 {z2} 0 0 0

Notice that A1 N Ay N Az = {64} and A1 U Ay U A3z = {61, es3, ey, 65} and that

1) Fi(eq) N Fy(eq) N Fs(eq) = {x1, o, 24} N {xo, 24} N {22, 24} = {22, 24}. Therefore,

3
ﬂ Fi, A;) = {(eq, {2, 24})}

11) e1 € (Al N Ag) \AQ, es € (A1 N Ag) \Ag, eq4 € (A1 NAsN Ag) and e5 € As \ (Al U AQ)
F(e1) = Fi(e1) U Fs(e1) = {1, 22}, F(e3) = Fi(es) U Fa(e3) = {x1, z2, w4}

F(€4) = F1(€4) U F2(64) U F3(€4) = {1‘1,332, 33‘4} and F(€5) = F3(€5) = {le, .7}3}
3
Therefore, 'L;Jl(Fi?Az‘) = {(e1,{x1,22}), (e3, {x1, x2, 24}), (eq, {x1, x2, 24}), (5, {x1,23})}.

It is worth noting that the definition of arbitrary soft union as given in [4,5,7,8,21-26] has no
3

provision for resolving the soft union |J (F}, A;).
i=1
The next result is indeed from the Demogan’s Laws in set theory.

Proposition 3.3. (Demogan’s) Let {(Fs, As) : 0 € A} be a family of soft sets, then
D) U (Fs, As)° = () (Fs, A5)"

dEA J<TAN
i) [ (s, A9 = U (Fy, As)°
/€A 0EA

PROOF. Let FY be any soft element, then

i) FTE[ | (Fy, As)]° < Fo¢ |J (Fs,As) < F*¢(F5, As),V6 € A < FTE(Fy, A5)S, V6 € A &
dEA (VAN
Foaccé ﬂ (F57A5)C;
dEA
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i) FTE[ () (Fy, As)|¢ = F¥¢ () (Fy, As) < F=&(Fy, As) for some § € A < F*E(Fy, As)® for some
dEA dEA

§e A s FrE | (Fy, As)C.
dEA

O]

The definition of difference of two soft sets (F, E) and (G, E) over a common universe X was
given to be (F, E)\ (G,E) = (H,E) where for all e € E, H(e) = F(e) \ G(e), [2,5,11-13,16,21-26].
This definition excludes the possibility of taking soft difference of soft sets of the form (Fj, A1) and
(Fy, Ag) where A;, Ay C E. Hence, we propose a modification of the definition which follows by some
examples:

Definition 3.4. If (F}, A;) and (F», Ay) are any two soft sets, the soft difference of (Fy, A;) and
(Fy, Ay) denoted as (Fi, A1) \ (Fy, Ag) is defined to be the soft set (F3, A1) where

7 Fi(a)ifae (A Ag)
Fi(a) = { Fi(a) \ Fy(a) ifla 62(A1 N Az)

It is worth noting that in (F1, A1) \ (Fa, Ag) if A1 = As = E Definition 3.4 reduces to [2,5,11-13,
16,21-26).

Example 3.5. From Example 3.2, A1 = {e1,e3,eq}, A2 = {es,ea}, (F1,41) = {(e1,{z1,22}),
(63?{$17$4})7 (647{$1a$271}4})}7 and (F23A2) = {(637{$17$2})7 (84, {$2,l’3,l’4})}. Therefore,

1) (F1, A1)\ (Fa, A2) = {(ex, {1, 22}), (e3, {w4}), (ea, {z1})}
i) (£, A2) \ (F1, A1) = {(es, {2}), (ea, {23)}
Definition 3.6. The soft symmetric difference of (Fy, A1) and (Fy, Ay) denoted as (Fy, Ay)A(Fy, Ag)

is defined to be (Fy, A))A(Fy, Ag) = ((F1, A1) \ (Fb, A2))0((Fy, As) \ (F1, Ap)). From Example 3.5,

(F1, A1) A(Fy, A2) = {(e1, {1, 22}), (€3, {2, 24}), (€4, {71, 23})}.

As a consequence of Definition 3.4 we have the following lemma

Lemma 3.7. Let {(Fs,As) : 6 € A} be a family of soft sets and (H, C') be any soft set, then

) [(H,C)\ U (F5, A)] = () [(H,C)\ (F5, As)]

LISTAN dEA
ii) [(H,C)\ ﬁ (F57A5)}: U [(H7C)\(F57A5)]
0EA 0EA

PROOF. Let F7 be any soft element, then
i) FYE((H, O\ U (Fs, 45)] & FLE(H,C) and Fi¢ U (F5, As) & FEE(H,C) and F¢(Fy, Ag), W0 €
dEA dEA

A < FEE(H,C)\ (F5, As),Ya € A & F2E () [(H,C) \ (F5, As)]
seA

i) FIE[(H,C) \ Q<F5’A5” & F2E(H,C) and FéfééﬁA(Fa,Aa) & FIE(H,C) and F2¢(Fs, As)

for some § € A < F*E(H,C) \ (Fj, As) for some 6 € A < F& |J [(H,C) \ (Fs, As)]
dEA

4. Soft Topological Notions

In this section, using examples we discuss basic notions of soft topology and show some important
results. We further introduced and defined some terms relative to arbitrary collection of soft sets in
a soft topological space and studied some of their properties. We begin our investigation with the
following definition.
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Definition 4.1. [2] A soft topology over the universe X is collection 7 of members of SS(X)g
satisfying the following conditions:

1) X,0 € 7ie 3(F,E), (Fy, E) € 7 such that Fi(a) = X, Fy(a) = 0,Ya € E.
2) If (Fl,Al), (FQ,AQ) €T, then (Fl,Al)ﬁ(FQ,AQ) ET.

3) If {(Fs, As) : 6 € A} is any number of family of members of 7, then |J (Fj, As)ET
LISTAN

The triplet (X, 7, F) is called a soft topological space. Members of T are referred to as soft open sets
and (F, A) € SS(X)g is said to be a soft closed in (X, 7, E) if (F¢, A) € 7. It is clear from the definition
that; inductively any finite intersection of members of 7 is in 7. Thus if (Fj5, As) € 7(6 = 1,2,...,n)

n
then () (Fs5, As) € 7 and any number of union of members of 7 is in 7. For brevity we will be using

the term Xp for (X, 7, E). As a consequent of definition 4.1 we have the following lemma.
Lemma 4.2. Let Xy be a soft topological space, then
i) X and 0 € 7 are closed in Xg. i.e. (X)¢=0 and (0)¢ = X;

ii) If {(Fs, As) : 6 € A} is any number of family of soft closed sets in Xp, then

(N (F5,A5)) = U (F5, As)¢ = U (F5,As) = (F,A) e T = ﬂ (Fs, As) is closed in Xp i.e.,
ISTAN ISTAN YSTAN LISTAN
intersection of any number of soft closed sets is a soft closed;

ii) If {(F}, 4;) 10 = 1 2,...,n} is a family of soft closed sets in X, then
n n

TL

(O (F;, Ay))° = ﬂ (Fi, A)° = ﬂ (Ff A;) = (FLA) et = U (F;, A;) is closed in Xg i.e., finite
i=1 =1
union of soft closed sets is soft closed

Definition 4.3. (I, A) € SS(X) is said to be soft clopen in Xg if (F, A) is both soft closed and soft
open in Xg. i.e., X and () are soft clopen

Definition 4.4. [5] Let X be a soft topological space, then (F, A) € SS(X)g is said to be a soft
neighborhood (for brevity: soft nbd) of (H,C) € SS(X)g if (G, B) € 7 such that (H,C)C(G, B)C(F, A).
Similarly (F,A) € SS(X)p is said to be a soft nbd of the soft element F7 if 3(G, B) € 7 such that

e(G, B)C(F, A). The family of all soft nbd of the soft element F? is called a soft nbd system of F¥
denoted as Ups.

We now have the following proposition.
Proposition 4.5. (F, A) € SS(X)g is soft open in Xg iff (F,A) is a soft nbd of each its soft subsets.

PROOF. Let (F, A) be soft open and (G, B)C(F, A). Then (G, B)C(F, A)C(F, A). Hence by definition
(F,A) is anbd of (G, B).
Conversely suppose (F, A) is a soft nbd of each of its soft subsets. This implies ¥(G, Ba)C(F, A) such
that o € A there exist a soft open set (F,, Ay) such that (G, Ba)C(F,, Al)C(F, A).
Let (G,B) = U (Fa, Aa), then (G, B) is soft open and (G, B)C(F, A). By our hypothesis if (H,C)
acA
is any soft open subset of (F, A),3(Fy, Aq)C(F, A) such that (H, C)Q(Fa, Aq).
This implies (H, C)C(Fa, Aa)C U (Fu, Ag) = (G, B). This implies (F, A)C(G, B).
A

Hence, (F, A) = (G, B) which isaseoft open. O
As consequence of the above proposition, we have the following corollaries.

Corollary 4.6. [5] (F,A) € SS(X)g is soft open in Xg iff (F, A) is a nbd of each its soft elements.

Corollary 4.7. [2] (F,A) € SS(X)g is soft open in Xp iff (F, A) is a nbd of each its soft points.

Now we give the following propositions.
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Proposition 4.8. (F,A) € SS(X)g is soft closed in X iff given any soft element Fy such that
F*¢(F, A) there exists a soft nbd (G, B) of F such that (G, B)\(F, A) = 0.

PROOF. (F, A) is soft closed and FT&(F, A) = FT&(F¢, A). Now (F, A)A(F¢, A) = () and (F¢, A) is
soft open. ~ .
Conversely suppose V, F1¢(F, A),3(Gs, Bs) soft open such that F7€(Gs, Bs) and (G5, Bs)N\(F, A) = 0.
Let (G,B) = U (Gs, Bs), then (G, B) is soft open and (G° B) = (F,A). Hence, (F,A) is soft

deEA
closed. O

Proposition 4.9. Let (X, 7, E) be a soft topological space and Ugz be a soft nbd system of a soft
element F7, then

i) Y(G, A) € Ups, F*E(G, A)
ii) If (G, A) € Ups and (G, A)C(H, B), then (H,B) € Ups

iii) If (GZ,AJ € Upocf, than ﬁ (Gqu) € UFaz

=1

iv) V(G,A) € Upz,3(H, B) € Upz such that (G, A) € Upy, VHLE(H, B)

Conversely, if given a collection U of members of SS(X)g and for each F¥ € U , there exist a
nonempty family Up: satisfying (i-iv), then there exists a unique soft topology on U such that Ugz is
precisely the soft nbd system of F}J for each F € U.

PROOF.
i) Obvious from definition of Ugz;
ii) (G,A) € Ups and (G, A)C(H, B) = F2&(G,A)C(H,B) = F*E(H,B) = (H, B) € Ups;
iii) Let (Gj, A;) € Upz,i = 1,2,...,n. Then for each i, there exists an open soft set (H;, B;) such

that F7&(H;B;)C(Gy, A;). Hence, F® € () (Hy, Bi)C () (Gi, As). Since, () (Hi, B;) is soft open,
i=1 =1 =1

then by definition ﬁ (Gi, Ai) € Ups;
=1

iv) V(G,A) € Upg,3(H, B) soft open such FFe(H, B)C(G, A). Since (H,B) is soft open, then
(H,B)EUHg,VH};e( B). Also (H, B)C ( A) = (G, )eIUHy VHj € (H,B).

Conversely, suppose given a collection U of members of SS(X)g and for each Fj € U , there exist
a nonempty family Ups satisfying (i-iv). Let 7(U) = {(G,A) € U: (G, A) € Upz} together with ()

i) By definition of 7(U),0 € 7(U) and F? € X = X € 7(U);

ii) Let (Gy, 4;) € Upe,i=1,2,...,n be a family of members of 7(U), then by definition of 7(U),

(Gi, 4;) € Ups whenever F¥ € (Gy, A;). By (iii) () (Gi, A;) € Ugs. Hence, () (Gi, A;) € 7(U);
i=1 i=1
iii) Let {(Gx, Ax) : A € A} be a family of members of 7(U), then VA € A, (G, Ay) € Upg whenever
S (G)\,A)\). Therefore, F¥ € (G)\,A)\)Q U (G)\,A)\) S T([U).
AEA

O]

Definition 4.10. [7] Let Xg be a soft topological space and (F, A) € SS(X)g. The soft closure of
(£, A) denoted as (F, A) or cl(F, A) is defined to be the soft intersection over all super soft closed sets
of (F,A). Thus (F,A) = cl(F,A) = N{(G,B) : (F, A)C(G, B) and (G, B) is soft closed}

Thus (F,A) = cl(F,A) = () (Fa, Aa) such that (F,, A,) is a soft closed, Ya € A. Where the soft

acA
intersection is taken over all soft closed supersets (Fy, A, ) of (F, A).
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We next introduce the following definition

Definition 4.11. A soft element F¥ is said to be a closure soft element of the soft set (F,A) if
F?E(F, A), and a soft set (G, B) is said to be a soft closure subset of (F, A) if (G, B)C(F, A)

Thus, we have the following lemma.
Lemma 4.12. Let X be a soft topological space and (F, A) € SS(X)g, then
i) (F, A)C(F A)
ii) (F,A)
iii) (F,A) = (F, A) if and only if (F, A) is a soft closed.
)

is the smallest soft closed superset of (F, A).

PRrROOF. (i),(ii) and (iii) are trivially obvious from Definition 4.10 O

Lemma 4.13. A soft element F? is a closure soft element of the soft set (F,A) if and only if given
any soft open nbd (G,B) of F, (G, B)A\(F,A) # (

PROOF. Let F2E(F, A) and suppose by way of contradiction G, B)N\(F,A) = 0 for some soft open
nbd (G, B) of F;. This implies (F,A)C(G% B) where (G% B) is soft closed superset of (F,A).
Now (F,A)C(G%, B) = F2&(F,A)C(G% B) = FIEG,B) = F¥¢(G,B). This is a contradiction.
Conversely, suppose the condition holds and by way of contradiction Fj¢(F, A). This implies that
FZE((F, A))°. Since ((F, A))¢ is soft open, then by our hypothesis ((F, A))° A(F,A) # 0. This is a con-
tradiction, i.e., (F, A))°C(F¢, A) = [((F, A))*N(F°, A)|C(F¢, A)N(F, A) = 0 = ((F, A))°C(F,A) =
0. O

We give the following example to demonstrate and make the notions discussed os far clearer.

Example 4.14. Let E = {ej,es,e3,e4}, X = {x1,20,23,24,25}, A1 = E, Ay = {e1,e2,e3},
Az = {e1,ea,eq}, Ay = {e1,e3,e4}, A5 = {ea,e3,e4}, Ag = {e1,e4}, A7 = {ea,e3}, As = {e1,ea},
Ag = {es,ea}, A1o = {e1,e3}, Ann = {e2,ea}, A1z = {e1}, A13 = {e2}, A1s = {es}, A15 = {es} and
T = {(D X,(F;,E),(F;,A;) :i=1,2,...,15}. As indicated on the table below, all the soft closed sets
are (Z) X, (Hi, E), (H;, A;) :1=1,2,...,15 where (Ff,E) = (H;, E) and (F¢, A;) = (H;, A;).

E €1 () €3 €4 E €1 €2 €3 €4
X | X X X X 0 0 0 0 0
Fyo| {z} | {zs,za} | {on,2s, 24} | {xe, 25,20, 25) | Hy | {wo, 23,24, 25} | {z1, 20,25} | {22, 25} | {21}
Fy | {x1} | {zs,za} | {21, 23,24} 0 Hy | {72,253, 24,25} | {21, 72,25} | {22, 25}

Fs | {x1} | {z3, 24} 0 {0, w3, 24,25} | Hs | {wa, s, 04,25} | {21,200, 75} X {1}
Fy | {z1} 1] {z1,23,24} | {®a, 23, 24,25} | Hy | {22, 23, 24,25} X {za, 25} | {21}
F [ {3, 24} | {x1, 23,24} | {®2, 23,24, 25} | Hs X {w1, 22,25} | {z2,25} | {71}
Fs | {z1} 1] 0 {wo, 3, 04,25} | Hg | {w2, 03,24, 25} X X {z1}
Fy 0 {I37I4} {1‘1,173,134} [} H; X {I1,$2,I5} {1'2,1‘5} X
Fs | {z1} | {3, 24} ] 0 Hs | {xo, 23,24, 25} | {x1,22,25} X X
Fg (D @ {Il,I3,£E4} {$2,I3,I4,1}5} Hg X X {I27I5} {;El}
F10 {$1} @ {$1,$3,$4} (Z) H10 {$2,$3,$4,3’J5} X {1‘2,1‘5} X
Fiq ] {I3,$4} 0 {33271'37174,1:5} Hiyy X {xlaIQa‘T5} X {ml}
Fio | {21} 0 0 0 Hig | {z9, 23,74, 75} X X X
Fis | 0 | {3, 24} 0 0 His X {z1, 29, 25} X X
F14 @ @ {.%‘1,])3,31‘4} (Z) H14 X X {372,.%‘5} X
Fis 0 0 [ {2, 23, 24,25} | His X X X {z1}
0 0 0 0 0 X X X X X

i) If (G1, E) = {(e1,{z1, 23, 25}), (€2, {z1, 32, w3, 24}), (€3,0), (€4, X)} and
(Go, E) = {(e1,0), (e2, {x3,z4}), (e3,0), (ea,{x3})} then (G1, E) is a soft nbd of (G, E)
i.e., (Go, EYC(Fy1, E)C(G1, E) where (Fy1, E) is soft open;

ii) If (Gs, E) = {(e1,{z1}), (e2, {m2}), (e3, {x5), (es,{x5})}, then (Gs, E) = (Hy, E)YN(H13, E)N(H14, E)NX
={(e1, X}), (e2, {x1,m2,25}), (€3, {w2,25}), (€4, X)} = (Hy, E') which is soft closed;
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iii) F7°¢(G3, E) but F75 is a closure soft element of (G, E) i.e., FZ5€(G3, E).

Definition 4.15. [7] Let Xy be a soft topological space and (F, A) € SS(X)g. The soft interior of
(F, A) denoted as int(F, A) is defined to be the soft union of all soft open subsets of (F, A).

int(F, A) = J{(G,B) : (G, B)C(F, A) and (G, B) is soft open }. Thus int(F,A) = |J (Fa, Ag) such
acA
that (F,, Ay ) is soft open,Ya € A. Where the soft union is taken over all soft open subsets (Fy, A4,)

of (F,A).

Definition 4.16. A soft element F? is said to be an interior soft element of the soft set (F,A) if
Freint(F, A).

Lemma 4.17. Let X be a soft topological space and (F, A) € SS(X)g, then
i) int(F, A) is soft open and int(F, A)C(F, A).
ii) int(F,A) = (F, A) if and only if (F, A) is soft open.

iii) For any soft open subset (G, B) of (F, A), (G, B)Cint(F, A)C(F, A) i.e., int(F, A) is the largest
soft open subset of (F, A).
PRrROOF. (i),(ii) and (iii) are trivially obvious from Definition 4.15 O

Example 4.18. In example 4.14. If (G4, E) = {(e1, {z1,32}), (€2, {wa}), (e3,0), (ea, {z1, x2, 23})}.
Then, int(G4, A3) = {(e1,{z1}), (e2,0), (e3,0), (e4,0)} = (Fi2, E), which is soft open.

Definition 4.19. Let Xz be a soft topological space and (F,A) € SS(X)g. The soft exterior of

(F, A) denoted as ext(F, A) is defined to be the soft union over all soft open sets disjoint from (F, A).

That is ext(F, A) = J{(G, B) : (G, B) is soft open and (G, B)N\(F, A) = 0}.

Thus ext(F,A) = | (Fa, Ay) such that (F,, A,), is soft open Va € A and the soft union is taken
aEA

over all soft open sets (Fy, Aq) such that (Fy, Aq)A(F, A) = 0.

Lemma 4.20. Let Xp be a soft topological space and (F, A) € SS(X)g, then
i) ext(F,A) is soft open and ext(F, A)Nint(F, A) = 0.
i) ext(F,A) =int(F¢, A)C(F¢, A)

iii) If (G, B) is soft open and (G, B)A(F, A) = 0, then (G, B)Cext(F, A) i.e. ext(F, A) is the largest
soft open set disjoint from (F, A).

PrOOF. (i),(ii) and (iii) are trivially obvious from Definition 2.4 and 4.19. O

Example 4.21. In Example 4.14. If (G4, E) — {(61, {.1‘1, .TUQ}), (62, {1'4}), (63, @), (64, {:Bl, 9, 1‘3})}
Then ext(Gy, E) = {(e1,0), (e2,0), (e3, {z1, 23, 24}), (e4,0)} = (F14, E) which is soft open.
By (i) of lemma 4.20 ext(Gy4, E)Nint(Gy, E) = (F14, E)N(F12, E) = 0.

We further introduce the following definition.

Definition 4.22. Let X be a soft topological space. A soft element I} in X is said to be a boundary
soft element of (F,A) € SS(X)g if FXdint(F,A) and F¥¢ext(F,A). The soft union over of all soft
boundary elements of (F, A) is called the soft boundary of (F, A) which we denote as Fr(F, A).

Now as consequence of Definitions 4.10, 4.15, refbb and 4.22 we provide the following two lemmas.
Lemma 4.23. By Definition 4.22 int(F, A)UFr(F,A)J(F,A) = X

Lemma 4.24. Let Xy be a soft topological space and (F, A) € SS(X)g, then

i) ((F,A)) = ext(F, A);

ii) (F,A) =int(F, A)UFr(F,A);

iii) (F,A) = (int[(F*, A)))S;
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iv) Fr(F,A) = (F,A)N(F¢, A);
v) Fr(F,A) = ((int(F, A)Uext(F, A))°.
PROOF.

i) FIE((F,A) < Fr¢(F, A) < there exists soft open nbd (G,B) of F* such that (F, A)A(G, B) =
) & Frcext(F,A). Lemma 4.13 and Definition 4.19;

ii) By Lemma 4.23 ext(F, A) = (int(F, A)JUFr(F, A))¢. By (i) ((F,A))¢ = (int(F, A)UFr(F, A))°.
Hence, (F, A) = int(F, A)UFr(F, A).

iii) FJE(F,A) & Fie(int(F, A)UFr(F,A)) & Ficint(F,A) or F1€Fr(F,A) & Fréext(F, A) &
Fr¢int(F°¢, A) & FIe(int|[(F©, A)])°

iv) FIe(F,A)N(Fc, A) & FPE(F, A) and FXE(F¢, A) .
& given any open nbd ((} B) of FZ, (G, B) (F,A) # 0 and (G,B)N(F°,A) #0
& Fr¢int(F, A) and Fidint(F¢, A) & Fxgéznt(F A) and Fidext(F, A) & FreFr(F,A)

v) FTEFr(F, A) & Fr¢int(F,A) and F¥dext(F,A) < Fr¢(int(F, A)Uext(F, A))
& Fre(int(F, A)Uext(F, A))°

Remark 4.25. It is obvious from (iv) and (v) that, boundary of (F, A) is soft closed in Xg
Example 4.26. Tn Example 4.14. If (Gy, E) = {(e1, {z1,22}), (€2, {z4}). (e5,0), (ex, {1, 22, 25})}.

i) By Definition4.10, (G4,E) X~~( 14,E) (H14, E) = {(61,X}) (e, ) (e3, {1‘2,1’5}), (64,X>}
which is soft closed and (G4, F)C(Hy4, E).

ii) By (1) of Lemma 4.24, ((G47E) c _ {(61,X), (627X), (63, {$2,$5}), (64,X)}C _ {(61,(3), (62,®),
(es,{z1,73,24}), (e4,0)} = ext(Gy, F)

111) By (11) of Lemma 4.24, (G4,E) = int(G4,E>OFT’(G4,E) = (Flg,E)O(Hlo,E) = (H14,E).

iv) By (iii) of Lemma 4.24, (G, E) = (int[(GS, E)])¢ = (int[{(e1, {z3,z4,25}), (e2, {1, 2, 23, 25}),

(63’X)’ (647 {I47$5})}])C = (F14’ E)C = {(61’ X)a (erX)’ (637 {I‘Q,l’g,}), (64’ {'T4’ X)} = (H14’ E)
which is soft closed.

v) By (iv) of Lemma 4.24, Fr(G4, FE) = (G4, E)N(GS, E) = (H1o, F) which is soft closed.

Vi) By (V) Lemma 0f4.24, FT‘(G4, E) = ((int(G4, E)Oext(G4, E))C = [(Flz, E)O(FM,E)]C = {(61, {.%'2,
I3,T4, 335}), (62, X), (63, {1}2, $5}), (64, X)} == (H107 E)

vii) By Definition4.10, The soft elements

FX2 FX3 FX4 FX5 FXV F22 Fr3 FrA FXs FX2 F2s FXV FY2 Frs
el ?

T4
el eyl rrerrrexrtexrTexrTexrTexrT ez’ e’ eq T eq ) g 7F ¢Int(G47 )

and

FX2 FP3 FI4 F25 F2V F22 F23 FoA F2s F22 F2s FXY FX2 Frs

€1 ? e ? e ? €1 ? €9 €9 €9 €9 €9 es es €4 €4 eq 7Fx4¢ext(G47 )
Fr(Gy, E) = FROFZ0Fm0FS0FE OF2OF RS OFE OFsOFE OFS OFR R R
= {(e1,{w2, 23, 24, 25}), (€2, X), (e3, {2, w5}), (ea, X)} = (Hro, E)

The following definition which describe the derived soft set of a soft set is found in [19] and is
given as

Definition 4.27. [5] A soft element F; in X is said to be a limiting soft element of (F, A) if given
any soft open nbd (G, A) of F* ((G,B) \ FX)N(F,A) # (. The set of all limiting soft elements of
(F, A) denoted as (F, A) is called the derived soft set of (F, A).

Thus, we give the following lemmas and their proofs.
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Lemma 4.28. F7 is a limiting soft element of (F, A) € SS(X)g if and only if FTE((F, A) \ FZ).
B

B\ FO)A(F, A) #0
Applying Lemma 4.13 FTE((F, A) \ F?)).
O

S
PrROOF. FIE(F,A)' & Vsoft open nbd (G,B) of FZ,((G
& Vsoft open nbd (G,B) of FZ (G, B)YN((F, A)\ F¥)) # 0.

Lemma 4.29. If {(Fs, As) : 6 € A} is a family of members of SS(X)g, then

U (Fs, As) S| (F5, As))'

dEA SEA

PROOF. FT& |J (Fs, As) = for some 8, € A, FTE(Fs,, Ay, )
Jeh
= given any soft open nbd (G, B) of F},((G,B) \ F3)N(F3,,As,) #0
= given any soft open nbd (G, B) of FZ*, ((G,B)\ FX)N[ U (Fs, As)] # 0 = F,
0EA 0EA

ifﬁl
(-
=
>
O

Lemma 4.30. |J (Fj, A5)C( U (Fy, As)) for any family {(Fj, As) : 6 € A} of SS(X)g.
AN deA

ProoF. F7& J (Fs, As) = for some 6, € A, FT&(Fy,, As,) = given any soft open nbd (G,B) of
IJSTAN

F* (G, B)A(Fy,, As,) # ) = given any soft open nbd (G,B) of

F3, (G, B[ (Fs, 45)] £ 0 = F,
dEA dEA

SRS
me
—~
o7
b
&
=

O

Lemma 4.31. F} is a boundary soft element of (F, A) if and only if given soft open nbd (G.B) of
F* (G,B)N(F,A) # 0. and (G, B)N(F¢, A) # 0.

PROOF. FIEFr(F,A) & FIe(F,A)N(F¢, A) & FIe(F,A) and FJE(F¢, A). Applying Lemma 4.13
given any soft open nbd (G.B) of F*, (G, B)N(F, A) # () and (G, B)N(F¢, A) # 0. O

Definition 4.32. [29] Let Xz be a soft topological space and (F, A), (G, B) € SS(X)g, then (F, A)
is said to be soft dense in (G, B) if (F, A)C(G, B) and (G, B)C(F, A). A soft set (F, A) € SS(X)g is
said to be soft dense in X if (F, A) = X.

By (i) of Example 4.26 (G4, E) is soft dense in (Hi4, E).

We now introduce the following definitions.

Definition 4.33. Let Xg be a soft topological space, (F, A) € SS(X)g is said to be

i) boundary soft set in X if int(F, A) = 0;

ii) nowhere soft dense in Xp if int(F, A) = {;

iii) relatively soft discrete in X if for every soft element F in (F,A) there exist a soft nbd (G, B)
of F? such that (G, B)N(F,A) = FZ;

iv) a soft closed domain ( or regularly soft closed) if (F, A) = int(F, A);

v) a soft open domain ( or regularly soft open) if (F, A) = int(F, A);

vi) soft perfect if (F, A) = (F, A) = (F, A)".
As a consequence of definitions 4.32 and 4.33, we provide and prove the following proposition.

Proposition 4.34. Let Xpg be a soft topological space and (F, A) € SS(X)g, then the following are
equivalent

i) (F,A) is soft dense in Xp.
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ii) X is the only soft closed superset of (F, A).
iii) for every non empty soft open set (G, B), (G, B)A(F, A) # 0.
iv) (F¢ A) is a boundary soft set.

PROOF.

i) (i=1) (F4) i

is soft dense in Xp and (G, B) is soft closed superset of (F}, A), implies X =
(F,A)C(G,B)CX = (F,A) = (G,B) =X

ii) (ii=iii) Suppose (ii) holds and suppose by way of contradiction there exist a soft open set
(G,B) # 0 such that (G, B)N(F,A) = (). This implies (F, A)C(G¢, B) where (G, B) is soft
closed. Therefore, by our hypothesis we have (G¢, B) = X, and this implies (G,B) = 0. This is
a contradiction.

iii) (ili = iv) Suppose (iii) holds and suppose by way of contradiction int(F°, A) # @.~ By our
hypothesis, int(F°, A)N(F, A) # 0. But int(F¢, A)C(F°, A) and (F°¢, A)N(F, A) = 0 implies
int(F°, A)N(F, A) = 0. This is a contradiction.

iv) (iv = i) int(F¢, A) = () = every non null soft open set contains a soft clement of (F, A). Hence,
given any soft element Fy, if (G, B) is soft open nbd of F, then (G, B)N(F, A) # (. This implies
VF*EX F*E(F, A) = XC(F A). Since (F,A)CX, then (F A) = X. Therefore, (F, A) is soft
dense in Xg.

O]

4.1. F,— Soft Set , G,— Soft Set, c— Soft Locally Finite and o- soft Discrete Col-
lections

In this section we introduce the concepts of F,— Soft Set , G,— Soft Set, c— Soft Locally Finite
and o- soft Discrete Collections and prove some important results. We first introduce the following
definitions.

Definition 4.35. : Let Xg be a soft topological space. The soft union of a countable number of soft
closed sets is called an F,— soft set and the soft intersection of a countable number of soft open sets
is called a G,— soft set. The soft compliment of an F,— soft set is a G,— soft set and conversely.

The soft intersection of two F,— soft sets is an F,— soft set. Thus, if (F,A) = U (F;, A;) and
(G, B) = U (Gy, B;) where (F;, A;) and (G4, B;) are soft closed, then evidently the soft intersection of
i=1
(F,A) and (G, B) is given to be (F, A)N(G, B) = (U (F;, A:))A(U (Gi, B)) = U[(F;, AiN(Gi, By,
i=1 i=1 i=1
thus (F, A)N(G, B) is an F,— soft set. Similarly the soft union of two G,— soft sets is a G,— soft set,
thus if (F, A) = ﬁ (F;, A;) and (G, B) = ﬂ (Gi, B;) where (F;, A;) and (G, B;) are soft open, then

(F, A)U(G,B) = (ﬂ(Fz,A)) (ﬂ(G“B)) ﬂ[(Fz,A) (G4, By)] thus (F, A)U(G, B) is a G,— soft
=1 =1 =1
set. The soft unlon of a countable number of F — soft sets is an F, soft set and the soft intersection

of a countable number of (G,—) soft sets is a (G,— soft set.

Definition 4.36. [30] A collection F = {(F), A)) : A € A} of members of SS(X)g in a soft topological
X is said to be soft locally finite if and only f for every soft element F in Xpg there exists a soft
open nbd (F, A) of F¥ such that (F, A) intersects only finitely many members of F.

Definition 4.37. A collection F = {(F), Ax) : A € A} of members of SS(X)g in a soft topological
XE is said to be soft:-

(i) soft discrete if and only if for every soft element F¥ in X there exists a soft open nbd (F, A)
of F¥ such that (F, A) intersects at most one member of F;
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(ii) o— soft locally finite (o- soft discrete) if and only if F = O F; with each F; soft locally finite
i=1
(soft discrete) collection;

(iii) soft point-finite if and only iff every soft element F? in X is contained only in finitely many
members of F;

(v) soft closure preserving if and only if every subcollection B of F is soft closure preserving.
ie., {B;BeB}={B: B e B};

(vi) o- soft closure preserving if it is the soft union of a sequence of soft closure preserving subcol-
lection.

We now give and prove the following lemmas.

Lemma 4.38. If 7 = {(F5, As) : 6 € A} is a soft locally finite (soft discrete) collection of members
of SS(X)g, then {(Fs, As) : 6 € A} is soft locally finite (soft discrete)

PROOF. Pick a soft element F¥ and soft open nbd (G, B) of F such that (G, B)N(Fs, As) = { except
for finitely (discretely) many 6. Then (G, B)N(F}s, As) = () except for these same 4. O

Lemma 4.39. If F = {(Fs,A4s5) : § € A} is a soft locally finite collection of members of SS(X)g ,

then U(F(;,A(;) = U(F(;, As). In particular, the union of a soft locally finite collection of soft closed
sets is soft closed.

ProoF. |J(Fs, A;)CU(Fs, As) follows from Lemma 4.30. Suppose FZEJ(Fy, As). Now some soft nbd
(G, B) of F¥ meets only finitely many members of F, say (Fs,, A4s,), (F5,, As,) -, (Fs,, As,,). Since

every soft nbd of F¥ meets (J(F5, As), then every soft nbd of F? must also meet |J (Fs,, As,)-

=1

3

Therefore, it follows that FZE(Fy,, As, )U(Fs,, As,)U. .. U(Fs,, As,) = U (Fs,, As,) so that, for some

i=1

k, F*&(Fy,, As, ). Thus |J(Fs, As)CU(Fs, As), and the result follows. O

Lemma 4.40. Let F = {(Fj,As) : 0 € 0} be a soft locally finite collection of members of SS(X)g

and F = U (F5,A5).
<

i) If all sets of the family F are soft closed, then F' is soft closed;

ii) If the family F consists of soft clopen sets, then F is soft clopen.

PRrROOF. i) If all the family of F are soft closed, then (Fy, As) = (Fy, As), Vo € §, Hence, by Lemma

4.39, F = | (Fs, As) = U (Fs,As) = U (Fs, As) is soft closed;
dEA dEA dEA
ii) If the the family JF consist of soft clopen sets, then (Fjs, As) is soft closed Vé € § and (Fs, As) is

soft open Vd € 4. Since, F' = |J (Fjs, As), then F is soft open (i.e. union of any number of soft
deA
open sets is soft open) and by (i) F' is soft closed. Hence F' is soft clopen.

O]

5. Conclusion

In this paper, we have extended the notions of operation on soft sets to arbitrary collection of soft sets
and introduced the concepts of F,— soft Set and G,— soft Set. Using examples, we have discussed
basic notions of soft topology and showed some important results. We have further introduced some
terms relative to arbitrary collection of soft sets in a soft topological space and studied some of their
properties.
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