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1. Introduction

In 1965, Zadeh proposed the pioneering work of fuzzy subsets of a set [1], and in 1971, Rosenfeld intro-
duced the notion of fuzzy subgroups of a group [2] which led to the fuzzification of algebraic structures.
In 1982, Pawlak initiated the rough set theory to study incomplete and insufficient information [3].

Dubois, Prade first investigated fuzzy rough set and rough fuzzy set in [4], which attracting many
scholars attentions. From the view of the theory of groups, Davvaz, Kuroki, Biswas, Kuroki, Yaqoob,
Chen etc studied the notions of fuzzy groups, fuzzy subgroups, rough groups, rough subgroups, rough
fuzzy groups, rough fuzzy subgroups in [5-11].

On the other hand, Torra [12] introduced the notion of a hesitant fuzzy set. After that time, Pei,
Thakur et al. investigated some operators on hesitant fuzzy sets [13,14]. Divakaran, John, et al.
studied hesitant fuzzy rough sets, hesitant fuzzy groups [15-18]. Jun and Ahn applied hesitant fuzzy
sets to BCK/BCI-algebras [19]. For more references,see [20-27].

In [28], Wang and Chen investigated the theory of rough subgroups by means of a normal subgroup,
and obtained some interesting results. In [6], we investigated two rough operators on L-groups. As
a generalization of [6,9, 28], in the paper, we define the notion of rough hesitant fuzzy group, and
investigate some of their properties.

The above contents are arranged into three parts, Section 3: Hesitant fuzzy group, and Section 4:
Rough hesitant fuzzy group. In Section 2, we give an overview of hesitant fuzzy sets, group, rough
sets, which surveys Preliminaries.

2. Preliminaries

In the section, we introduce some main notions for each area, i.e., hesitant fuzzy sets [12-14], groups,
rough sets [3,29, 30].
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2.1. Hesitant Fuzzy Sets

The seminal paper on fuzzy sets is [1]. As a generalization, the notion of a hesitant fuzzy set was
introduced in [12].

Definition 2.1. Suppose X is a reference set, and PJ0,1] the power set of [0,1], then a mapping
h: X — P[0,1] is called a hesitant fuzzy set on X.

For instance: h° : X — P[0,1], h! : X — P[0, 1] are defined as: for all z € X, h%(z) = 0, h'(z) =
[0, 1], respectively.

We use the symbol HF(X) to denote the set of all hesitant fuzzy sets in X. For hy, he € HF(X),
hi < hg is defined: if Vo € X, we have hq(x) C ho(x), and hy = hg, if h1 =X ha, hy = hy.

Definition 2.2. Suppose hi,he € HF(X), then hiNhy and h1Uhs are defined as follows
(h1Nh2)(x) = hi(x) N he(z), (R1Uhs)(z) = hy(z) U ha(z) for every z € X.

In special, a hesitant fuzzy point x) is defined by

zA(y) = { 4 g@[o, ! llff 5;;

The collection of all hesitant fuzzy points is denoted by M. For more details, see [17,31].

2.2. Rough Sets

Pawlak proposed the rough set theory in [3]. Let (X, R) be an approximation space, and R C X x X

be an equivalence relation, then for A C X, two subsets R(A) and R(A) of X are defined:
R(A)={ze X |lalnC A}, R(A)={zeX|[a]nnA#0}

where [z]gp = {y € X | zRy}.

If R(A) = R(A), A is called a definable set; if R(A) # R(A), A is called an undefinable set, and
(R(A), R(A)) is referred to as a pair of rough set. Therefore, R and R are called two rough operators.

Furthermore, as generalizations, they also were defined by an arbitrary binary relation in [30, 32],
a mapping in [29], and other methods. Dubois, Prade investigated fuzzy rough set and rough fuzzy
set in [4].

2.3. Group

We assume familiarity with the notion of a group as used in the intuitive set theory. Suppose G is a
multiplicative group with an identity e , and A is a subgroup of G, if Vz,y € A, we have xy € A.
N is a normal subgroup of G, if Vo € G, and y € N, we have zyz~! € N.

3. Hesitant Fuzzy Group

Suppose G is a group with an identity e, the main notions and propositions of the section are from [17].

Definition 3.1. h : G — P[0,1] is called a hesitant fuzzy subgroup of G, if for every z,y € G, we
have h(x) N h(y) C h(zy), and h(x) C h(z™1).

Example 3.2. Suppose G = {e, z,y, z} with the operator as the following table,

N8|l
NSO RSH NN RS2
IS RO RSE NSNS
D[R] [RIN |

v | s |o

Then hy = {ex, zu, Yy, 2z, } is a hesitant fuzzy subgroup of G, where A C [0, 1], C [0, 1], and p C .
For example7 we choose \ = [03, 08], n = [04, 06], hl = {6[0.3,0.8]755[0.4,0.6]79[0.4,0.6]7 2[0.4,0.6]}'
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} ha(z) = {55, 1,5}, then hy is also a

N

)

Lol

)

=

Let h2(€> = [07 1]a hg(ﬂf) = {%a%v%}? hQ(y) = {%a
hesitant fuzzy subgroup of G.
n [17], Propositions 3.3, 3.4, 3.5 hold.

Proposition 3.3. h is a hesitant fuzzy subgroup of G if and only if h(z~'y) D h(z~!) N A(y) for all
xz,y € G.

Proposition 3.4. Suppose h is a hesitant fuzzy subgroup of G, then for all x € G
(1) h(e) 2 h(z)
(2) h(z) =h(z")
(3) h(z") 2 h(z)

Proposition 3.5. Suppose hi, hs are two hesitant fuzzy subgroups of G, then hiNhs is also a hesitant
fuzzy subgroup of G.

Definition 3.6. g is called a normal hesitant fuzzy subgroup of G, if for every z,y € G, we have
9(y) € g(zya™t).

Cleraly, hs(e) = {1, 3,2}, ha(z) = {3, 2}, ha(y) = 0, hs(z) = 0 is a normal hesitant fuzzy subgroup
of G.
In [17], Propositions 3.7, 3.8 hold.

Proposition 3.7. Suppose ¢ is a hesitant fuzzy subgroup of G, then the following conditions are
equivalence.
(1) g is normal.

(2) g(xy) = g(yx), for all 2,y € G
(3) g(zyz~') =g(y), for all z,y € G

Proposition 3.8. Suppose g1, g2 are two normal hesitant fuzzy subgroups of G, then g1Ngs is also a
normal hesitant fuzzy subgroup of G.

In the classical case, for two subsets A, B of G, AB ={z | z=uxzy,x € A,y € B}, as a generaliza-
tion, we give the following definition.

Definition 3.9. For hq, ho two hesitant fuzzy subgroups of G, we define hihs, for every z € G,

hlhg U hl ﬂ h2 )
In special, (z\h)(w) = L:Jt{x)\}(s) Nh(t) = yt)\ Nh(t) = AN h(z"1w).

TAYu = Zv, Where z = xy,v = AN .

Example 3.10. Following Example 3.2, clearly hy = {€[0.2,0.8) ¥[0.5,0.7]} is also a hesitant fuzzy sub-
group of G. Then hihy = {€[0.2,0.8]> ¥[0.4,0.7)> Y[0.4,0.7]» 2]0.4,0.7] } -

4. Rough Hesitant Fuzzy Group

In the section, we introduce the notion of a rough hesitant fuzzy group defined by a normal hesitant
fuzzy subgroup, and investigate some of their properties.
First, we give the notion of a rough hesitant fuzzy group.

Definition 4.1. Suppose N is a hesitant fuzzy normal subgroup of G, for every hesitant fuzzy subset
h of G, we define N~ (h) and N_(h), for every = € G,
N=(h)(x) = U {A | U (@aN)(2) Nh(z) # 0}

T EM zeG

— U {3 UANNG@2)nh(z) 0},

TAEM z€G

N_(h)(x) = U {A] N (@1N)(2) € h(2)}

TNEM z€G

= U {A N ANN@™!2) € h(2)}

T EM zeG
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where M = {z) | x € G, X C[0,1]} of all hesitant fuzzy singletons.

Then N~ (h), N_(h) are called the upper approximation, the lower approximation of A with respect
to the hesitant fuzzy normal subgroup N, respectively.

Example 4.2. N = hs be a normal hesitant fuzzy subgroup of G, then for hy, we have

N~ (hg)(e) = LGJM{A | LGJGA N N(e™tw) Nha(w) # 0} = [0,1],

N~ (h2)(x) = mALEJM{A | wLEJG/\ N N(z™ w) NVha(w) # 0} = [0,1],
N~ (h)(y) = y}eJM{A | wLGJGA NN (y™w) Nha(w) # 0} = [0,1],
N~ (ho)(2) = ZALgJM{/\ | wLEJGA NN (=" w) Nha(w) # 0} = [0,1].
and
N_(hz)(e) = szLGJM{A | ch)\ NN(e™'w) C ha(w)} = [0,1] - {3, 2},
N_(hg)(x) = mLeJM{A | WDGA NN(z~'w) C ha(w)} = [0,1] — {3, 2},
N_(h2)(y) = yALeJM{A | wDGA NN(y~'w) C he(w)} = [0,1) - {3, 2},
N_(h2)(z) = U {A] N ANN(E"w) Cha(w)} =1[0,1) - {3, 3}

ZNEM weG
Where A — B denotes the difference set.

Next, we discuss the following properties.

Proposition 4.3. Suppose N is a normal hesitant fuzzy subgroup of G, and h € HF(G), we have

PROOF. (1) For every w € G, we obtain h(w) N h(w~tw) C h(w); but for z € G, 2z # w, h(w) N
g(w™'2) C h(z) may be not holds.

N_(h)(w) = U {A] N (@aN)(z) € h(2)}

TNEM z€G

= U D N ANN@2) € h(=)}
TAEM z€G

C U {h(w) | h(w) N Nww) C h(w)}
— h(w)
By the above proof, we have N_(h) =< h.
(2) For every w € G, if (Nh)(w) # (), we have
N-W) @) = U ] UANN@2)h(z) £ 0}

wyEM z€G

= U {AIAN[U N(w™2) nh(2)] # 0}

wyEM zeG

= U {AIANWVh)(zw™!z) # 0}

wyeM
2 U {Wh)(w) | (Nh(w) N (Nh)(w) # 0}
(Note: A = (Nh)(w),z = w)
= (Nh)(w)
(3 )and (4) are clearly. O
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Proposition 4.4. Suppose hi,hy € HF(G), and hy < hg, N is a normal hesitant fuzzy subgroup,
then

(1) N™(m) = N~ (h2)

(2) N_(h) < N_(hs)
ProOOF. By Definition 4.1 O
Proposition 4.5. Suppose N is a normal hesitant fuzzy subgroup of G, and hi,hy € HF(G), we
have

(1) N‘(hlL:Jhg) ~ N~ (h 1)L:JN_(h2)

(2) N7 (mnhg) = N~ (h1)AN" (h2)

(3) N_ (h1Uh2) = N_ (hl)EJN_(hQ)

(4) N_ (hlﬂhg) ~ N (hl)ﬁN,(hQ)
PRrROOF. By Definition 4.1. O

Proposition 4.6. Suppose N is a normal hesitant fuzzy subgroup of G, and h is a (normal) hesitant
fuzzy subgroup of G, we have N~ (h) is a (normal) hesitant fuzzy subgroup of G.

PROOF. For s,t € G, we obtain

N=(R)(s) "N~ (h)(t) = U {A] U ANN(s™2) N h(z) # 0}

SNEM zeG

N U {ul UpnNE'y) nhiy) #0}

tueM yeG

= U U [ UANN(s™lz) Nh(x) # 0}

s\EM t, €M z€G

el U pnN(Ey) Nhly) # 0}

yelG

= U U {nuel U UrnpnN(s~lz) NN y) N h(z) Nh(y) # 0}

SxEM t,eM zeG yeG

= U {vl U vnN('2)n Nt y) nh(z)nh(y) # 0}

wy, €M z=zyeG

C U {rl U vnNw2)nh() #0)

wy EM z=xyeG
= N~ (h)(w) (Note w = st, z = xy)
So, N~ (h) is a hesitant fuzzy subgroup of G.

Furthermore, if h is a normal hesitant fuzzy subgroup of G, then for s,t € G, let w = s~ 'ts, we
have

N=(h)(s~ts) = N~ (h)(w)
= U vl UvnN@w'z)nh(w)# 0}

wy EM zeG

= U {v| UvnN((s~ts)"t2) nh(s~1ts) # 0}

wy EM z€G

= U {v| UvnN(stlsTlz)nh(t) # 0}

wy EM z€G

= U {v| UvnN(stlzs™) nh(t) # 0}

wy EM zeG

— U {v| UvnN@E"2)nh(t) 0}

wy EM zeG

= U A1 UANN(tt2) nh(t) # 0}

taeEM zeG
= N"(n)(t)
By the above proof, we obtain N~ (h) is a normal hesitant fuzzy subgroup of G.
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In general, N_(h) is not a hesitant fuzzy subgroup of G. But if N_(h) is a hesitant fuzzy subgroup

of G, and h is a normal hesitant fuzzy subgroup of G, in the similar method, we can prove N_(h) is
also a normal hesitant fuzzy subgroup of G.

Proposition 4.7. Suppose N, H are two normal hesitant fuzzy subgroups of G, the corresponding
rough operators N~—,N_; H™, H_ respectively, and h,k € HF(G), we have

(1) N~ (h)N (k)<N(hk)

(2) N_(h)N_(k) X N_(hk)

(3) (NNH)™(h) = N~ (h)NH ™ (h)

(1) (NAH)_(h) < N_()AH_(h)
where (NNH)~, (NNH)_ are two rough operators induced by the normal hesitant fuzzy subgroup
NNH.
PrOOF. (1) For every w € G,

N=(hk)(w) = U {X| U ANN(w™'2) N (hk)(2) # 0}

wyEM zeG

= U (A UANN@™2)n[ U hx)nk(y)] # 0}

wyEM zeG z=xy

= U A1 U AnN(w™'2) nh(z) Nk(y) # 0}

wyEM z=zy

(NZ (N (R))(w) = U N=(h)(s) NN (k) (1)
= Ul U {pl UpnN(s"tz)nh(z) 0}

w=st s, €M z€G

N U {vl UvnN(tty) nk(y) # 0}]

tyeM yelG

= U U U el UpnN(tz)nh(z) #0}

w=sts,eM t,eM zeG

N{v | U vnNEty) nk(y) # 0}

yeG

= U U UAdunv| U UnsnN@z)nh(z)nvnaN(ty) Nk(y) # 0}

w=st s, €M t, €M zeG yeG

= U U | UAInNGs o) nNEty)nh(z)nk(y) £ 0}

w=st wyeM Z=xyY

(Note wy = suty)

c U U {A U ANN(s et ™y) nhle) Nk(y) # 0}

w=st wyeM Z=xyY
= L:Jt LEJM{)\ | chy)\ NN(s 't tzy) N hiz) Nk(y) # 0}
= szJst LGJM{A | Zyw)\ N N(w™tz) N h(z) Nk(y) # 0}
= N~ (hk)(w)

(2) For every w € G,

N_(hk)(w) = U {A[ ] (waN)(2) € (hk)(2)}

wyEM z€G

= U AT N (aN)(z) € U hz)Nk(y)}

wyEM ze€G z=xy

= U UlU {rl ﬂ(su )(2) € k(z)}]

z=xy w=st s, €M zeG

AU vl N (GN)(2) Ck(y)] (Note wy = s,ty)

t,eM zeG

= U Ul U el NunN(s2) Ch@)}]

z=zy w=st s, EM z€G
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NLU vl NvnN(Ete) Cky)}

t,eM zeG

2 Ul U {ul N unN(stz) Ch(x)}]

w=st s, €M zeG
LU {vI N vnN(Ey) C k)]
t,eM yeqG

- wL:Jst N_(h)(s) N .N_(k)(t)

= (N-(h)N—(k))(w)
Which implies that N_(h)N_(k) = N_(hk).
(3) For every w € G, we have

(NOH)™(h)(w) = U {A| U (wa(NOH))(2) N h(z) # 0}

wyEM z€G

— U {A ] U AN(VAH)(w™'z) N A=) # 0}

wyEM zeG

= U (M UINNwt2)nHw t2)nh(z) £ 0}

wyEM zeG

S U {A UANN@™2) nh(z) £ 0}]

wyEM zeG

NL U XU ANH(w™2) Nh(z) # 0}]

wyeM  z€G
= N~(h)(w) N H™(h)(w)
= (N~ (W)NH ™ (h))(w)
(4) For every w € GG, we have
(NN H)-(h)(w) = U {A N (wa(NOH))(2) € h(z)}

wyEM zeG

= U A N ANNAH)(w™l2) € h(z)}
wyEM zeG

= U DI N ANNw ' 2)nH(w 2) Ch(z)}
wyEM zeG

c U (A N ANN@w™'2) Ch(2)}
wyeM zeG

N LEJM{)\ ] QG/\ NH(w 12) Ch(z)}

= N_(h)(w) " H_(h)(w)
= (N-(h)NH_(h))(w) [

Proposition 4.8. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every hesitant
fuzzy subgroup h of G, we have N~ (h)H ™ (h) < (NH)~ (h).

PRrROOF. For every w € GG, we have

(NH)™(h)(w) = U {A[ U (un(NH))(z) Nh(z) # 0}

wyeM z€G

= U (AT UAn(VH)(w ' 2) Nh(z) # 0}

wyEM zeG
(N H=(m)(w) = U N=(h)(s) A H(R)()

= Ul U {n Lng(suN)(w)ﬂh(w)#(b}]

w=st s, €M

NLU {v| U @&H)(y) Nhy) # 0]

tveM yeG

= U [ U {nl UnpnN(t2)nh(z) # 0}

w=st s, €M zeG
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NLU {v| UvnHE ) Nh(y) # 0}]

tveM yeG
= U U U{parv| U UpunvnN(stz)nHt y)nh(z)Nh(y) # 0}
w=st s, €M t, €M z€G yeG
= U A1 U UAnN(sTla)nH(t™'y) N h(z) Nh(y) # 0}
wyEM zeG yeG
= U A1 U AnN(Gle)nH(ty) Nh(z) N h(y) # 0}
wyEM z=zyeG
= U (M U An(VH)(w™'2) nh(z) Nh(y) # 0} (w = st)
wxEM z=xyeG
c U A U AnWVH)(w™'2) nh(z) # 0}
wyEM z=xyeG
— (NH)~ () (w) 0

Proposition 4.9. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every hesitant
fuzzy subgroup h of G, we have (NH)~(h) = (N~ (h))HN(H~(h))N.

PrOOF. For every w € G, we have
(N (R)HAH ™ (R))N)(w) = (N~ (h))H)(w) N ((H (h))N)(w)
N

= [wL:Jst(N_(h)(S) H(®) N [wL:Jst H™(h)(t) N N(s)]
=[U U {wl UpnN(@t2)nh(e)#0nH()
w=st s, €M zeG

MU U vl UvnHE y)nw(y) #0} N N(s)

w=stt,eM yeG

=[U U {unH®)| U pnN(slz)Nh(x) # 0}

w=st s, €M zeG
NfU U {vnN(@s) | UvnH(Ey)nh(y) #0}]
w=stt, eM yeG

=U U UHpnH(@)| LEJGMON(S‘lw)ﬂh(x)#@)}]

w=st s, €M t, eM

N{v A N(s) | LGJGV NH (" y) N h(y) # 03]

= U U VAipnHEHNrNN()|

w=sts,eM t,eM

U U unN(s~'a) N h(e) nv 0 H(Ey) N h(y) # 0}

zeG yeG
= U U {AnH@NN(E) | U |
w=st wyeM Z=xyY

AN N(s7lz)Nh(x) N H(t y) N h(y) # 0}
C U U A U ANNG)n HE ) N A(:) £ 0)

w=st wyeM 2=y
(h(x) A h(y) € h(2))
= U AT UANWH)(w™lz) N h(z) # 0}

wyEM zeG
= (NH)™ (h)(w) O

Proposition 4.10. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every
hesitant fuzzy subgroup h of G, we have N_(h)H_(h) < (NH)_(h).

PRrOOF. For every w € G,
(N_(h)H_(h))(w) = wtstt N_(h)(s) N H_(R)(t)
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= Ul U {ul UnnN('z)Chz)}]

w=st s, €M zeG

LU {v| UvnHEy) S h(y)}]

tveM yelG

= U U UHrl UpnN(stz)Ch)}

w=sts,eM t,eM zeG
alita gGV NH(t™'y) C h(y)}]
= U U UHenvl U UpnvaN(slz)nH(ty) C h(z) N h(y)}]
w=st s, €M t, €M zeG yeG
= szJst LgM[{A | :UGGA NN(s~'a) NVH(t'y) € h(z) Nh(y)}]
= U U Al U An(NH)(w™'2) € h(z) N h(y)}]
w=st wyeM z=2yelG
C U A U An(VH)(w™'2) C h(2)}]
wyEM z=xyeG
— (NH)_(h)(w) O

5. Conclusion

In [31], the set of all hesitant fuzzy sets forms a Boolean algebra. As a generalization, we defined two
rough operators on a hesitant fuzzy group, and discussed some of their properties.
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