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1. Introduction

In the paper [1], the authors studied the sequences of linear Bernstein type operators defined for
f € C[0,1] by B,(f oo~ 1) oo, B, being the classical Bernstein operators and ¢ being any function
satisfying some certain conditions. By this way, the Korovkin set is {1,0,02} instead of {1,e1,e2}.
It was shown that the B; actual a better degree of approximation. For this aim, have studied by a
number of authors. For more details in this direction we can refer the readers to [2-9].

In [10], the authors introduced a general sequences of linear Baskakov Durrmeyer type operators
by

o0

GloN = - n+k—1 uk
Grloe) = (1= 1) 3 PEale) [Cwor (") s 1)

0

k
where P7, () = ("tF) %, o is a continuous infinite times differentiable function satisfying
the condition o(1) = 0,0(0) =0 and o’(z) > 0 for x € [0, 00).
In the present paper, we construct a genuine type modification of the operators in (1) which

preserve the function o, defined as

K7 ( ‘x)*iPU (x)17( oa_l) (t) Ldt
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The operators defined in (2) are linear and positive. In case of o(x) = z, the operators in (2)
reduce to the following operators introduced in [11]:

> st kn+1/g e+ Paaleg (O

0
2. Auxiliary lemmas
Lemma 2.1. We have
K (L;z)=1, K] (0;x) = o(x), (3)
2
n—1
3 2
or 3.y _ 0@ n+1)(n+2)+60°(x)(n +1) +60(x)
Lemma 2.2. If we describe the central moment operator by
My, () = K7 ((0(t) — o (2))" 5 2)
then we get
mo(@) =1, M7,(z) =0 (6)
o 20(x)(o(x) +1
M) = 220 1 ™

for all n,m € N.

3. Weighted Convergence of K7(f)
We suppose that:

(p1) o is a continuously differentiable function on [0, co)
(pg) g (0) = 0, infxE[O,oo) O'/ (.Z') 2 1.

Let ¢ (z) = 1+ 0% (z) and By(RT) = {f: |f(z)| <ngp(z)}, where ns is constant which may
depend only on f. Cy(R™) denote the subspace of all continuous functions in By (R™). By Cy, (RT),
we denote the subspace off all functions f € Cy(R™) for which limg_,o f () /4 () is finite. Also let
Uy(R™) be the space of functions f € Cy(R™) such that f /v is uniformly continuous. By (R") is the
linear normed space with the norm || f[|,, = supgcp+ | f ()] /¢ (%) .

The weighted modulus of continuity defined in [12] is as follows

e an WO -FEI
wlfi0)=" s SOt

lo(t)—o(z)|<é

for each f € Cy (R1) and for every § > 0. We observe that w, (f;0) = 0 for every f € Cy (RT) and
the function we (f;d) is nonnegative and nondecreasing with respect to 6 for f € Cy (RT) and also
lims_,o we (f;0) = 0 for every f € Uy (RT).

Let 6 > 0 and W2 = {g € Cp[0,00);¢', 9" € Cg[0,00)}. The Peetre’s K functional is defined by

Ka(f,6) = inf {||f = gll + dllgllz 19 € W2},

where
e = A+ [+ (L)

It was shown in [13], there exists an absolute constant C' > 0 such that
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K(£,0) < € {ws (5 V3) +min(1,9) | 1]}

where the second order modulus of smoothness is defined by

wo(f,V8) = sup  sup |f(z+2h) = 2f(x+h) + f(z)]
0<h<V/§ €[0,00)

The usual modulus of continuity of f € Cg[0,0) is defined by

w(f,0)= sup sup |f(z+h)— f(z)|
0<h<V/5 ©€[0,00)

Lemma 3.1. [14] The positive linear operators L,, n > 1, act from Cy, (RT) to By, (RT) if and only
if the inequality
L (¢5.2)] < P (),

holds, where P, is a positive constant depending on n.

Theorem 3.2. [14] Let the sequence of linear positive operators (Ly), n > 1, acting from Cy, (RT)
to By, (RT) satisfy the three conditions

lim ||Lno” — 0", =0, v=0,1,2.
n—oo
Then for any function g € C7 (RT),
Jim |[Lng —gll,, =0
Theorem 3.3. For each function g € C} (RT)
: o _
Jim [|[K7g —gl, =0
ProoOF. Using Theorem 3.2 we see that it is sufficient to verify the following three conditions

lim ||K7 (6¥) —0”||l, =0, v=0,1,2. (8)

n—oo

It is clear that from (3) and (4), || K7 (1) — 1, = 0 and [|K7 (o) — o||,, = 0. Hence the conditions (8)
are fullfilled for v = 0, 1. Also using the property (4) we have

ol e L (P@OAD 2@
It )=l = s gy (S ")
4

< (9)

n—1
This means that the condition (8) holds also for v = 2 and by Theorem 3.2 the proof is completed. [

Theorem 3.4. [12] Let L, : Cy (RT) — By, (RT) be a sequence of positive linear operators with
ILn (2%) — "l = o 0
L (0) ~ o1l y = b

[0 (%) %], = e

120 (%) = o® 3 = dn, (11)
where a,,, b,, ¢, and d,, tend to zero as n — oo. Then
120 (9) = gll 3 < (T+ dan + 2cn) wo (9;0n) + gl an (12)

for all g € Cy, (R1), where

On = 2v/(an + 2by + ) (14 ap) + an + 3b, + 3¢, + dyy
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Theorem 3.5. For all g € Cy (RT) we get

. 2 ‘ 4 24n% +4n — 8
K7 (9) —gng < <7+ (n—l)) Wo <9’ -1 + (n— 1)(n—2))

PRrROOF. On account of apply Theorem 3.4, we must calculate the sequences ay, by, ¢, and dy,. Using
(3) and (4) we find

K2 (0%) = 0”0 = an = 0

and

K7 — =b,=0
157 (o) = ol

1
2

Also from (9)

G () -, = G : 0

en = |

Since
o3(z)(n+1)(n+2) 4+ 60%(z)(n+ 1) + 60(x)

(n—1)(n—2)

KZ(o%z) =

n
we can write
de = K7 (07) - o) s

"
1
= sup ————3
zeRt (1 + o2(x))2
" a3(x)(n+1)(n+2) +60%(x)(n+1) + 60(x) — o3(x)(n — 1)(n — 2)
(n—D(n—2)

24n?
(n—1)(n—2)

Thus the conditions (10-11) are satisfied. From Theorem 3.4 we have

. 2 ‘ 4 24n? +4n — 8
157 (9) —QHw% < <7+ (n—l)) Wo <9’ =1 T (n— 1)(n—2))

Remark 3.6. Using lims_,gw, (f;6) = 0 and Theorem 3.5, we have

lim [ K7 (9) — ]|

3 =0
n—o00 P2
for f € Uy (RT).

Theorem 3.7. Let o be a function satisfying the conditions p; and pe and ||o”| is finite. If f €
Cp[0,00), then we have

K5 (g:0) gl < C {m (f; ) ”) i (1, 277 ) ng}

n—1
PROOF. The classic Taylor’s expansion of g € W2, yields for ¢ € [0,00) that
gt) = (9o H(o(t)) = (goo ") (o(x)) + D(goo ) (o(x))(o(t) — o(x))

o(x) ) .
+/U(x)(a(t) ) D(g 0 0~ V)(u)du

Applying the operators K7 to both sides of above equality and considering the fact (6) we obtain

o(z)
K7 (g:2) — g(z) = K, </ (o(t) —u)D*(g o o) (u)du; x)

o(x)
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On the other hand, with the change of variable u = o(y) we get

o(x) t
/ (o0 = 0D oo™ wdu = / (0() — o)) D*(g 0 0 VYo (y)o’ (y)dy

Using the equality

we can write

o(x) t amvy — ()"
[ ety wprgea i = [ o0 -otw) u W' (y) ~ g ) <y>> “
(

o(z)

So we can write

o(x) "o~ YN e (o~ (u
_kv ( / (o(t) — w2 ()" () dw)

o(z) (o'(o

Since o is strictly increasing on [0, 00) and with the condition ps, we get

K ()~ 9(@)l < Ma@) ("] + '] "))
20(x)(o(z) + 1)
= = (lg"ll + llg'[l lo"[1)
Also, it is clear that
K7 < (1]

Hence we have

K5 (g57) — g(2)]

IN

K5 (9= f;2)| + K7 (f;2) = fo)] + (g = )(@)]

211 —gll+ ZECELD (4 g1 o7

IN

and choosing C' := max{1, ||c”||} we have

K2 ) - 9@ < ¢ {ir— ol + 2D (g ) + o) }

1
20(x)(o(x) + 1)
= c{if gl + LD D g,
Taking the infimum on the right hand side over all g € W2, we obtain
- 20(x)(o(x) +1
K (g52) —ato)] < Oy (XD L)

. C{w2 <f; \/QU(x)Tga_(arl) - 1)) © o <17 20(3;)?50_(:3) - 1)) HgH}
]
Lemma 3.8. [12] For every g € Cy (RT), for § > 0 and for all u,z > 0,
()~ ()] < (0l + 06 (2 757N ) (0.0 (14)

holds.
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Theorem 3.9. Let g € Cy (R"), x € I and suppose that the first and second derivatives of g o ot

exist at o(z). If the second derivative of g o c~! is bounded on RT , then we have

lim n (K7 (g;2) = g (2)] = o(x)(o(x) +1) (9o 0")" (0 (x))

n—oo

PROOF. By the Taylor expansion of g o 0~! at the point o(z) € RT, there exists ¢ lying between x
and ¢ such that

+ 5 + s () (0 (1) — o (2))?
where » »

() = (goo) <a<§>>—2(goa )" (o (2)) 15)
We get
K (giz)—g(x) = (900 ) (0(2)KS (o (t)—0(x);2)

and thus
lim n (K] (g;2) —g(2)] = o(@)(o(z)+1)(goo )" (0 (x))

+ Tim 7K (1 (1) (0 (1) — 0 (2))52)

Let calculate the last term ‘an (|% )| (o (t) — o (2))?; az)‘ . Since limy_,; v, (t) = 0 for every € > 0,
let § > 0 such that |y, (t)| < € for every ¢t > 0. Cauchy-Schwarz inequality applied we have

lim nk© (\% )] (o (1) —U(x))Q;ac> < ¢ lim nk? ((a (t) —U(x))Q;ac>

n—oo n—o0

+6% lim nKk? ((0 (t) = o (x))* ”3)

n—oo

Since

lim nk, ((O‘ (t) — o (z))* ;x) =0,

we get
Tim Ky (17 ()] (0 (1) = 0 (2))*52) =0

Corollary 3.10. We have following particular case:

1. If we choose o (z) = x, the operators (2) reduce to T, operators defined in [11]. As a consequence
of Theorem 3.9, we refined the following result.

lim n [Ty, (g52) — g (2)] = z(z + 1)g" ()

n—oo
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