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Abstract

Motivated by the work of Zargar and Zamani, we introduce a family of elliptic curves
containing several one- (respectively two-) parameter subfamilies of high rank over the
function field Q(t) (respectively Q(t,k)). Following the approach of Moody, we construct
two subfamilies of infinitely many elliptic curves of rank at least 5 over Q(¢, k). Secondly,
we deduce two other subfamilies of this family, induced by the edges of a rational cuboid
containing five independent Q(¢)-rational points. Finally, we give a new subfamily induced
by Diophantine triples with rank at least 5 over Q(¢). By specialization, we obtain some
specific examples of elliptic curves over Q with a high rank (8, 9, 10 and 11).
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1. Introduction

According to the fundamental theorem of Mordell on elliptic curves, the set of
Q-—rational points E(Q) of an elliptic curve E defined over Q is a finitely generated
abelian group, under an operation known as chord-and-tangent addition, therefore, it can
be written as a direct sum F(Q) ~ T'@® L where T is the torsion subgroup (set of elements
of finite order) and L is a free part isomorphic to r copies of Z. The nonnegative integer
r (called the rank of the elliptic curve) never cease to intrigue number theorists and un-
til today, there is no computational formula that gives its exact value. The question of
whether elliptic curves of arbitrary high rank exist has been a topic of wide debate with
initial conjectures by Neron and Honda [15] about the boundedness of the rank, a part
of specialists (Cassels [5], Tate [26], Mestre [16], Silverman [24], Brumer [3]) believe that
the rank is unbounded. Following recent studies [22], other specialists like Park, Poonen,
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Voight and Wood have predicted that it is bounded. It has become of interest to construct
elliptic curves with exceptionally high ranks.

One of the most powerful tools to compute a lower bound of the rank of an elliptic
curve over function field is the specialization theorem of Silverman [25], which states that
if a set of N Q(¢)—rational points of an elliptic curve defined over the function field Q(¢)
are independent for a single value of ¢ then they remain so for all except a finite number
of values of t. (To our knowledge there is no way to determine these exceptional values in
general).

To search for specific high-rank elliptic curves, one usually constructs infinite families
of high generic rank and then try to find in these families curves having a particularly
high rank using for example the sum of Mestre-Nagao [17] defined by

S(N,E) = Z (1_1)1) logp = Z Mlogp. (1.1)
p<N:p prime ’E(Ft” p<N:p prime p+ 1- p

It is experimentally known ([16,19,20]) and strongly supported by the BSD conjecture

(see [4]) that we can expect to find curves of high rank by looking at those which have a

large S(N, E). This method has been exploited in various constructions ([1,9,11,19,20])

successfully.

In this work we use a simpler procedure: starting with a family of prescribed generic
rank, we impose a given abscissa point by making the necessary parameter changes so that
the point lies on the curve and we verify its independence from the generic points. This
procedure can be repeated to increase the rank by 1 each time. There are some difficulties
involved in the repetition of our procedure, which depend to the choice of the starting
point. We thus have more complicated functions. In our case, 3 points are imposed and
among the resulting curves, one of them seems to be useful for finding high rank elliptic
curves over Q.

2. The elliptic curve E ;.

In [27], authors give some heuristics about the elliptic curve
Epsy i (y—r)y+7r) =2(@—s)(z+s), (2.1)

which contains several subfamilies of rank 4, 5 over Q(t) and 6 (parametrized by an elliptic
curve of positive rank) and construct a new subfamily of such curves. In this note, we
deal with a similar curve given by the equation

Blape) : (y =)y +h) = (& —a®) (@ - ") (z - ), (2.2)
where a,b,c € Q(t) or Q(t, k), h = a'b™c™ and (I,m, n,a, B and 7 are positive integers).
What makes the family F(, ) interesting is that it has different sub-families of rank going
up to 5 over Q(t) or Q(t,k). In [18] the authors construct two subfamilies of E, ) of
rank > 5 over Q(¢). The first subfamily is given by the equation

y? = z(z — a®)(z — b%) + a®b?,
which corresponds to
Eapo) (y —ab)(y + ab) = z(z — a2)(:z: — bQ). (2.3)
The second uses a new parametrization of the edge lengths of a rational cuboid to construct
a subfamily of
y? = (z — ) (z — a®)(z — b%) + a*b*b*
of rank > 5, in term of our new elliptic curve, it corresponds to
Elape) (y — abe)(y + abc) = (z — aQ)(:B — b2)(3: — 02). (2.4)

In the next section we construct two new high rank subfamilies of E, . over Q(t, k)
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3. High rank subfamilies over Q(¢, k)
3.1. First high rank subfamily of E

We treat the case where

h=a
{C_O (3.1)
Under these conditions, we are going to study the elliptic curve
Blay : (y—a)(y +a) = z(z — a)(z — b). (3.2)

3.1.1. Generic rank. The curve (3.2) can be written as

E(1a7b) cy? = z(x —a)(xz — b) + a’
Here, we are only interested in the case where the curve is not singular. We see the points
Py = (0,a), P = (a,a) and P, = (b,a) are on E,;) and as they are collinear, only two
of them can be independent which can be seen by using the specialization theorem [25].
When we specialize to (a,b) = (2,3) we obtain a set of three points

Py=1(0,2),P =(2,2) and P> = (3,2)

on the elliptic curve

E(1273) sy =a(r—2)(z—3) +4.

Using MAGMA [2], one can easily check that the associated height pairing matrix of P; =
(2,2) and P, = (3,2) has non zero determinant ~ 0.445622526870092824595332301823
showing that these two points are independent and so E( 3) has rank > 2.

3.1.2. Rank-3 family. In order to increase the rank, we will extract a subfamily which
contains an additional point P53 so that P;, P, and P5; are independent. To do this, we
impose another point on E, ;) with z-coordinate a + b which implies that a’b + a® + ab?
is a perfect rational square, a simple calculation shows that

a(a + 2r)

(~a+r?)

is among a possible parametric solutions. Hence the point

_ (r—2) aa+ar+r?)
Py = (ar(—a—i—r?)’ (a—r2) >

b=

is a rational point on the subfamily

1 o g oar(r+2) 4 a®(a +2r) 9
Flan iy = (a—r2) " (—a+r2)x+a

By specialization to (a,r) = (5,4) the three points P, = (5,5), P, = (—45,5) and P3 =
(—40, 95) which are on the resulting elliptic curve y?> = 23 +4022—2252+25 are independent
since they have non-vanishing regulator 3.91899867632371445488440215771 as calculated
by MAGMA. Hence, the rank is > 3.

(3.3)

3.1.3. Rank-4 family. We continue the procedure by forcing another point of abscissa

_ 22 )
M to be on the curve. This holds when M
(a — 2r) (a—2r)

A simple parametric solution is given by

is a perfect rational square, say 2.

(—r + 2t2)

T Dty
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We arrange the curve with the new parameters to get the subfamily

N r(r — 2t2) r2(r — 2t2)? r(—r + 2t?) 2
Gl P =+ ((tQ) >x2 + <t2(t— 2 1)2> T+ ((t T 1)> , (3.4)

which contains the points

B r+2t2)  r(—r+2t%)
h o= (t—l (t—l)(t+1)>
o r—2t2 r(—r 4+ 2t%)
2 t2t—1 +1) (t-1)(t+1))’
B r—2t2 T(r—2t2)(r—t2)
Py = ( TR —1)(t+ 1) )
P, = (tQ,tr—t2)

Specialization to (¢,7) = (5, 3) yield the elliptic curve

s s 141, 2209 2209
vy = 25 1600 64

The points in question P; = (47/8,47/8), P, = (—47/200,47/8), Ps = (141/25,517/100)
and Py = (25, —110) have regulator 147.475251328688414759767293294, Consequently, the
points are independent and the curve with two parameters G%t " is of rank > 4.

r(r — 2t2)
C2(t—-1)(t+1)
on the curve G%t,r)’ Hence we want (—4rt? + 272 + ¢5) to be a perfect rational square,
indeed, over Q(t) the conic section 2r? — (4t?)r + (t%) = k? has a solution (r, k) = (0,t3),
so a parametric solution can be given by

3.1.4. Rank-5 family. We impose another point with z-coordinate

2t2(kt — 2)

TR

This gives a new subfamily H (lt k) with equation

2 4kt?(k —t)(kt —2)\ 16t°k2 (k — )2 (kt — 2)? Skt — )
Y x3< (k2 —2)2 >5U <(k2_2)4(t_1)2(t+1)2)+<(/€2—2)2(t—1)(t+1)>' (3.5)

This last subfamily contains the following five Q(¢, k)-rational points :

P 4tk (k —t)(kt — 2) 4tk (k —t)(kt — 2)
(k2 2)2(75— D(t+1) (k2 —2)2(t— 1)(t + 1)

. ( —Akt?2(k —t)(kt —2)  4t4k(k — t)(kt — 2) )
2 (k2 — 2)%( t—1)(t+1)’ (k2 —22(t—1)(t+1)
P 4kt?(k — t)(kt — 2) 4kt?(k — t)(kt — 2)(—2kt + k% + 2)
s k2—2 ’ (kK2 =23t —1)(t+1) ’
—t3(—2kt + k2 + 2
Py = <t2, il k;_:) ks )> ,
P 4kt2 J(kt —2)  16k*5(kt — 2)%(k — t)2(—4k + 2t + k*t)?
0 t—l)(t+1)’ (k2 = 2)6(t — 1)2(t + 1) '
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Specialization at (¢,k) = (11,17) shows that these points are

P = <9209189 9209189>
82369 ’ 82369 /)’
Py = (—76109 9209189>
82369 * 82369 /)’
(9133080 764362687
Ps = ( 82369 ’ 23639903 )’
110473
Py = <121,287 ),
P = <76109 2622944467>
82369° 23639903 )’

on the specialized curve
1 9 5 9133080 , 700902165601 84809162037721
H Yyt =x° — x° — T+
(11,17) 82369 6784652161 6784652161
Magma computes the regulator of the set S = {P, P, P3, Py, Ps} to be R(S) ~
6915.28812722... which implies the independence of these points, and shows that the sub-
family H(lt k) (Q(t, k)) is of rank at least 5.

(3.6)

3.2. Second high rank subfamily of E;.)

The study of this curve is similar to the first family (3.2), so some details will be omitted.
Consider the elliptic curve given by

B2+ (y — ab)(y + ab) = a(x — ab)(z — b),
which can be written as
E(2a7b) cy? = ax(z — ab)(x — b) + (ab)*. (3.7)

In addition to the three clearly visible points (0,ab), (b,ab) and (ab,ab), we start by
imposing :

3.2.1. The first point with abscissa ab + b. This can be achieved when b =
—(a—r)(a+r)

. The curve becomes

ala+1)
5 o _—(a=r)(atr) _—la=r)(atr) —(a—r)(a+1)\’
Fony =z (x @+ D) > <x ot 1) + @+ 1) . (3.8)
3.2.2. The second point with abscissa —a. For that we need a = —k? and the

equation will be of the form

> 9 —(k =)\ 5 =+ k)P (=r + k%) (r + k%)% (=r + k)
Gl ¥ ‘x?’*( ) )*( K20k — 12(k + 1)2 )*( CEECESE ) (3.9

(r 4+ k2)(—r + k?)
(k—1)2(k+1)?
the curve, it must be shown that the conic section
t2 = (2k* = 5k2 + 2)r2 + K2 (k + k2 — 1) (—k + k* — 1)?

has a solution. Indeed, over Q(k) this last has the solution (t,7) = (k(k + k> — 1)(—k +
k? —1),0). Therefore, a parametrized solution can be given by

_ 2th(—k+ K - 1)(k+ k> —1)

N (2 + 5k2 — 2k4 — 2)

3.2.3. The third point with abscissa . To force this point to be in
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Finally, we obtain an elliptic curve over Q(t, k) with equation
H(Qt’k) y? = z(z — ab)(x — b) + (ab)? (3.10)

where
k%(kt — 5k% + 2k* + 2)(—kt — 5k% + 2k* +2)(k — t)(k + t)

ab = (—5k2 4 2k* — 12+ 2)2(k — 1)(k + 1) ’
. —(—kt — 5k? + 2k* + 2)(kt — 5k + 2k* + 2)(k — t)(k + 1)
(—5k2 + 2kT — 2 1 2)2(k — 1)(k + 1) ’
a = —k.

which contains five Q(¢, k)-rational points given by their abscissa
x (P1> = O,
(t + k) (—tk — 5k? + 2k* + 2)(th — 5k2 + 2k* +2)(t — k)

P =
z(P2) (2 +5k% — 2k% — 2)2(k — 1) (k + 1) ’
(t + k)(th + 5k — 2k* — 2)(tk — 5k% + 2k* +2)(t — k)
v(ps) = (& 1 5K2 — 2k1 _2)? ’
z(Py) = k%
K2(t + k)(tk + 5k* — 2k* — 2)(tk — 5k* + 2k* + 2)(t — k)

(12 + 5k2 — 2k* — 2)2

By specialization to (¢, k) = (2,3) we get the elliptic curve

2825 22 7182562595 n 646430625.
529 17909824 17909824

2 2 3
Higg iy =" =

The above mentioned points are

P, = (0,25425/4232),

Py, = (—2825/4232,25425/4232),

Py = (2825/529,93225/24334),

Py = (9,396/23),

Py = (25425/33856,34400025,/6229504).

Their regulator calculated by Magma equal to 493.274384561293540502319589793 which
proves their independence.

4. Subfamilies of £, ) with rank at least 5 arising from a rational cuboid

Let S be a system of 3 Diophantine equations with 6 unknowns defined by

22y =22,
S={ 22 +22=Y2, (4.1)
v? + 42 = X2.

Searching for a rational solution to system (4.1) is equivalent to looking for a rectangular
parallelepiped (cuboid) whose edges and the diagonals of faces are all rational. Such
system has infinity many parametric solutions that can be found in [6, 18,23]. If [a,b, (]
are edges of a rational cuboid then both [ka, kb, kc] and [ab, bc, ac] constitute a cuboid as
well. In [18], it was shown that if a,b and ¢ are edge lengths of a rational cuboid, then
the curve (2.4) has 5 independent rational points. In fact, from this construction, one can
create other subfamilies of rank at least 5 in a very simple way.
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4.1. First subfamily

Let
E(C;f‘blz(l:) Dy — a0 P (y + a*V?P) = (x — a®?)(z — a2’ (z — b2P)

which can be written as

E(Cc;?bljtlz) cy? = (z — a®b?)(z — a*P)(x — b*c?) + a’bict (4.2)
This curve has torsion subgroup isomorphic to Z/2Z generated by (0, 0).
The three points

Py = (b°c%,a%v*c?), Py = (a®V?,a’b*c?) and Py = (a®c?, a®b*c?)

clearly lie on the curve, they are non-torsion and since they are collinear, at most two of

them can be independent. By consideration of any parametrization of a rational cuboid
with lengths a, b and ¢ three other points will be on (4.2), namely

Py = ((ab)* + (ac)?, a’bcA),
Py = ((ab)? + (be)?, ab*cC),
Ps = ((ac)* + (be)?, abcB),

where A% = b% + ¢?, B? = a® + ¢? and C? = a? + b?. Using one of the parametrizations in
([18], Section 3.1-(4))

= —2t2(t* = 3)(3t* — 1),

b = —8t2(t8—1),

c = (t"=1)(® — 14t + 1), (4.3)
A = =D+ 18t +1),

B = (t*+1)3

c 22(5t% — 6t* 4 5),

and by specialization to t = 2, (4.2) becomes
ESuT 92 = 23 — 1613068785000000% 4 35364809398046285080535040000z.
The five points in the resulting curve are

Py = (1590899377766400,389810120037212160000),

P, = (5854270593600, 389810120037212160000),
Py = (1596753648360000, 3856352374384773120000),
P, = (1607214514406400, 6458826768958586880000),
P; = (22169407233600,46015992586586830000),

and have a non-zero regulator R =952846.119732081738743944356546 as calculated by
Magma which confirms that the rank is at least 5.

4.2. Second subfamily
Other new subfamily can be given by considering the elliptic curve defined by
E(Cc;f‘bbf 2y = (z — a®)(z — b)) (z — a®b?) + a’b?. (4.4)
In addition to the three obvious points

Py = (a®V?,a*b?), Py = (a?, a%b?) and P, = (b?, a*b?),
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three other points can be imposed in the curve as follows: let f(x) be the second member
of (4.4), then

fla® +0) = a®b*(a® +b%),
fla®> +a?v?) = ap*(b® + 1), (4.5)
fO? +ad%?) = a*%a®+1).
From (4.5) we see that if 1, a and b are edge lengths of a rational cuboid, than, the points

of abscissa (a? + b?), (a® + a?b?) and (b? + a?b?) are in the curve. Multiplication by 1/c
on (4.3) yield a parametrization for the cuboid with lengths 1, a and b

(tt—1)(t® — 14t* +1)

CT opw 3Bt —1)”

_ —8t2(t° — 1)
b= Spm e -1y (4.6)
c = 1

Now, let’s show that the five points with abscissa a?, b2, (a?+b?), (a?+a?b?) and (b*+a?b?)
are independent by specialization to ¢t = 2 in (4.6), the resulting curve is
FCub2 . y2 _ 25204199765625 n 1445469627586730625 .
2 ' 8919588418624 13319478672116521216

and the points are

P, = (245025/23892544, 15932750625 /557474276164),
Py = (1040400/373321, 15932750625 /557474276164),
P2y = (66830625/23892544, 1031889375/3649586096),
P2 g2y = (346396988025/8919588418624, 36773725663125/10899737047558528),

Ppiene = (1569545424225 /557474276164, 0324826210625 /85154195684051),

and have non zero regulator equal to 952846.119732081738743944356548, hence the points
are independent and (4.4) is of rank at least 5 over Q(t).

5. High rank subfamily of E ;) induced by rational diophantine triples

In this section we introduce a new subfamily of (2.2) arising from Diophantine triples.
A set of m non zero rationals {a1,as,...,an,} is called a rational Diophantine m-tuple if
a;aj+ 1 is a perfect rational square for all 1 <17 < j < m. Rational Diophantine m-tuples
have been thoroughly studied by A. Dujella, ([7,8,10,12-14]). Here, we will use triples
with this property to impose 3 points on the curve

E(I;fg) syt = (z — D)z — d®)(z — a®b?) + a'V?. (5.1)
The points
Qo = (a®b?,a%b), Q1 = (1,ab) and Q = (a?, a®b)
lie in the curve. Noting that if the images by g(z) (second member of (5.1))

g(a® +ad*?) = o +1),
ga®+1) = d*(a®+1), (5.2)
g(d®?® +1) = a®b*(d** +1)

are perfect squares then, the points of abscissa a® + 1, a?b®> + 1 and a?b? + a® will also be
in the curve, to realize this, we have to solve the system of Diophantine equations with 5
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unknowns
a’?+1= A2
S = { v+ 1= B2 (5.3)
a’b® +1=C"°.

This problem is equivalent to finding a rational Diophantine triples of the form {1, a?, bz}.
There are several rational parametric solutions for this and We will give two of them which

were communicated to us by A. Dujella. For ¢ ¢ {0 +1, — 3, 2, -2 3}
AP+ -t-1)
=Dt -3)Bt+1)(t+1)

(5.4)
(P4t -1)
2t +2)(2t—1)
For the second rational parametric solutions (¢ # £2)
B -4)@*-12)
A -2)(t+2)(t2 +4)’
(5.5)

16t(t2 + 4)
(12 —8t+4)(t2 +8t+4)

Replacing a and b from (5.4) or (5.5) in (5.1), we get a subfamily of infinitely many
elliptic curves F{”%* which contains the above mentioned points. Let us now show that
the resulting subfamily has a rank greater than or equal to 5 over Q(¢) by proving the
independence of the five Q(t¢)-rational points of abscissa

b p—

r(Q1) = 1,

z(Q2) = a
z(Qs) = a®+1,
2(Q4) = a’b’+1,
z(Qs) = a’b®+d%

By specializing to t = 5 in (5.4) this gives
a = 247/96, b = 572/315.

For these values, the resulting elliptic curve is
. 26929244281 3643908031465
F5Dw(@) . y2 _ 1‘3 _ 2

914457600 21069103104
and the points are
8724287
@ = <1 725760 )
61009 8724287
@ = ( 9216 725760 )
225 65455
@s = ( 9216 * 9216 )
1304726641 1275829841
@i = ( 57153600 ' 57153600 )
26014786681 1407148974517
@ = < 914457600 21946982400 )
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and have non zero regulator equal to 798694.261749649017692248307870. Therefore, the
points are independent and the rank of FP% is at least 5 aver Q(t).

6. Numerical results

In this section, we try to find curves from our families of large rank by calculating
S(10°, E) using Pari-Gp [21] and choosing the best candidates. To go further in the
calculation, we choose the curve (3.5) because these coefficients increase in very small
ways compared to the other curves obtained in this work. So, for the curve (3.5) let us
put t = 1/k which gives a curve defined over Q(k), this choice is justified by looking at
the size of the coeflicients of the obtained curve

4k —1)(k+1) —16 4
1 .,2 3 2 -
Ay v ="+ ( K2(k2 — 2)2 ) v <k2(k2 - 2)4) v <k2(/~z2 - 2)2) (6.
written under its integral model

Iy - g% = 2® + (4K% — 4)2” — 16k°x + 16> (k* — 2)°. (6.2)
By using Magma and Pari-Gp we calculated S(10%, E) for k& < 100000 and found several

elliptic curves of rank 7, 8 and 9, two of rank 10 and only one of rank 11, the results are
listed in the following table

Table 1. High Rank Curves

rank k
7 23, 38, 941, ...
8 82, 138, 502, ...
9 123, 309, 652, 707, 749, 901, 996, 1044, ...
10 5394, 24862
11 30422
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