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results. As special cases, we give summation formulas of Tribonacci, Tribonacci-Lucas,
Padovan, Perrin, Narayana and some other third order linear recurrance sequences. All
the summing formulas of well known recurrence sequences which we deal with are linear
except the cases Pell-Padovan and Padovan-Perrin.

1. Introduction

In this work, we investigate linear summation formulas of generalized Tribonacci numbers. Some summing formulas of the Pell and
Pell-Lucas numbers are well known and given in [11, 12], see also [9]. For linear sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci
and Hexanacci numbers, see [10,24], [8,16], [21, 31], [22], and [23] respectively. First, in this section, we present some background
about generalized Tribonacci numbers. The generalized Tribonacci sequence {W,(Wo, W1, Wa;r,5,1) } >0 (or shortly {W), },>0) is defined as
follows:

Wy =1Wy_1 +sWy2+tWy_3, Wo=a,Wi=bWo=c, n>3 (LD

where Wy, Wi, W, are arbitrary complex numbers and 7, s,¢ are real numbers. The generalized Tribonacci sequence has been studied by many
authors, see for example [2,3,5,7,14,15,17,18,19,26,27,28,29,30].

The sequence {W, },>0 can be extended to negative subscripts by defining
s r 1
Won=—=2W_(u1) = 7 W_(n-2) + T W_(a-3)

forn=1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

If weset r=s=1r=1and Wy =0,W; = 1,W, =1 then {W,} is the well-known Tribonacci sequence and if we set r =s=1¢ =1 and
Wo = 3,W; = 1,W, = 3 then {W,,} is the well-known Tribonacci-Lucas sequence.

In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tribonacci, Tribonacci-Lucas, Padovan
(Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-Lucas. In literature, for example, the
following names and notations (see Table 1) are used for the special case of 7, s, and initial values.
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Sequences (Numbers)

OEIS [20]

Tribonacci
Tribonacci-Lucas

third order Pell
third order Pell-Lucas

third order modified Pell

Notation
(T} = (W (0,1, 15 1,1,1)}
{Kn} = {Wa(3,1,3;1,1,1)}

(PP = [W,(0,1,2:2,1,1)}
{0} = (Wa(3.2.6:2,1,1)}
(EP} = {(W(0,1,152,1,1)}

A000073, A057597
A001644, A073145

A077939, A077978
A276225, A276228
A077997, A078049

Padovan (Cordonnier) {P,} ={W,(1,1,1;0,1,1)} A000931
Perrin (Padovan-Lucas) {En} = {W,(3,0,2;0,1,1)} A001608, A078712
Padovan-Perrin {Sn} = {W,(0,0,1;0,1,1)} A000931, A176971
Pell-Padovan {Ry} = {Wp(1,1,1;0,2,1)} A066983, A128587

Pell-Perrin {C,} ={W,(3,0,2;0,2,1)} -

Jacobsthal-Padovan {00} ={Wu(1,1,1;0,1,2)} A159284

Jacobsthal-Perrin (-Lucas) {Dn} ={W,(3,0,2;0,1,2)} A072328

Narayana {Nn} = {Wn(0,1,1;1,0,1)} A078012

third order Jacobsthal () = (W,(0,1,1:1,1,2)} A077947

third order Jacobsthal-Lucas {j,<,3)} ={W,(2,1,5;1,1,2)} A226308

Table 1: A few special case of generalized Tribonacci sequences
Note that the sequence {C, } is’t in the database of http://oeis.org [20], yet.

2. Sum formulas of Generalized Tribonacci Numbers with Positive Subscripts

The following Theorem presents some linear summing formulas of generalized Tribonacci numbers with positive subscripts.
Theorem 2.1. For n > 0, we have the following formulas:
(a) (Sum of the generalized Tribonacci numbers) If r+s+t — 1 # 0, then

iW Wzt (U =rWan+ (I =r=s)Wo1 =Wa+ r = DWi + (r+5s - )W
= rs+i—1 '

(b) If254+2rt+12 =2 +12— 1= (rds+t—1)(r—s+1+1) #0 then

z”:W (=S D)Waga + (t+15)Wapig + (82 + 1) Way + (— L+ 5)Wo + (=t — )Wy + (=L +7% — 5% + 1t +25)Wp
= (r+s+t—1)(r—s+t+1)

and

i W rEO Wi+ (s =52+ 12+ rt)Wapyy + (1 — st)Way + (=1 —O)Wa + (= 1+ 5+ 12 4 11 )Wy + (—t + st)Wy
& e = (r—s+t+1)(r+s+1—1) '

©) Ifr+t#0,s=1 then

n
1
Y Wak = —— (Wap g1 +1Wa, — Wi + W)
=0 r+t

and

IngzkH = rL—i-t (Wanio +tWapi1 —Wo+rWy).
Note that (c) is a special case of (b).

Proof.

(a) Using the recurrence relation

Wy =W, 1 +sW, 2 +tW,_3

tWy3 =Wy —rW,—; —sW,_»
we obtain
tWo = W3 —rW, —sW;
tW) =Wy —rW3 —sW,
tWy = Ws —rWy — sW3

Wy =Wyio =Wy —sWy
Wy =Wy3 —1Wypo —sWyy 1.
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If we add the equations by side by, we get

zn:W W+ (L= Wan + (L= r=s)Wor1 —Wa+ (r =)W + (r+5s - )W
= rtst+r—1 ‘

(b) and (c¢) Using the recurrence relation

Wu=1Wy1 +sWy—2 +1W, 3

W1 =W, —sW,,_» —tW,_3
we obtain

W3 = Wy —sW, —tW,
rWs =W — sWy —tWs

Want1 = Wapio — sWop —tWoy— 1.
Want3 = Wopia —sWapyo —tWap g
Now, if we add the above equations by side by, we get
n n n n
r(—=Wi+ Y, War1) = Wano = Wo = Wo+ Y W) —s(—=Wo+ Y War) —1(—Wani1 + Y, Waiqr)- 2.1
k=0 k=0 k=0 k=0

Similarly, using the recurrence relation

Wu=1Wy1 +sWy—2 +1W,_3

TWy1 =Wy —sWy0 —tWy_3
we write the following obvious equations;
Wy = Wz —sW) —tW

Wy = Ws —sW3 —tW,
rWe = W7 —sWs —tWy

Way = Woni1 —sWap 1 —tWoy 2
Wonio = Wanis —sWap 1 —tWo,.

Now, if we add the above equations by side by, we obtain
n n n n
r(=Wo+ Y Wa) = (—=Wi+ Y War1) =s(~Wanp1 + Y, Waer1) —1(=Wau + ), War). (2.2)
k=0 k=0 k=0 k=0

Then, solving the system (2.1)-(2.2), the required results of (b) and (c) follow.

For another proof (using mathematical induction) of the formula in Theorem 2.1 (a), see [4].
Taking r = s =t = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.

Proposition 2.2. Ifr =s =1t =1 then for n > 0 we have the following formulas:
@) Yi_oWi =3 (Ws3 —Woi1 = Wa+Wo).

(b) X7 _oWar = L (Wap1 + Way — Wy +Wp).
© X' War1 = L (Wanio +Wapi —Wa +Wy).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Tribonacci numbers (take W,, = 7,, with
Th=0T1=1,T,=1).

Corollary 2.3. [8,16]For n > 0, Tribonacci numbers have the following properties.

@ YTk = 3(Ts = Tie1 —1).

(b) X7 oTok = 3 (Dopy1 +Top— 1),

(© Y7o D1 = 5(Tong2 + Tons1)-

Taking W, = K, with Ky = 3,K; = 1,K, = 3 in the above Proposition, we have the following Corollary which presents linear sum formulas
of Tribonacci-Lucas numbers.
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Corollary 2.4. [8,16]For n > 0, Tribonacci-Lucas numbers have the following properties.

@ Y7o Kk = 3(Kns3 = Kui1)-

() Ti_oKok = 3 (Kans1 +Kan+2).

(©) X! oKois1 = 3 (Kanio +Kaps1 —2).

Taking r =2,s = 1, = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.

Proposition 2.5. [25]Ifr=2,5s = 1,t = 1 then for n > 0 we have the following formulas:

@ L7 _oWi =5 Wars —Wora —2Woq — Wa £+ Wi +2Wp).

(b) Xi_oWak = 5 Wapr1 +Way — Wi +2Wp).

(©) Xi oW1 = 3 (Wapso + Ways1 —Wa +2Wy).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order Pell numbers (take W,, = P,E3)
with P =0,P) = 1,PY) = 2),

Corollary 2.6. [25]For n > 0, third-order Pell numbers have the following properties:

(@ ):Z:O %( n+)2_2P;5+)1 1).
) XfoPy = {5+ 2 ).
1

3
(© Yi_o 2(k>+l = S(Pz(n)+2+P2(n)+1)

P,

I‘l

Taking W,, = Qf) with Q(()3) =3, Q?) =2, Qf) = 6 in the last Proposition, we have the following Corollary which presents linear sum
formulas of third-order Pell-Lucas numbers.

Corollary 2.7. [25]For n > 0, third-order Pell-Lucas numbers have the following properties:

(a) Z (Qn+3 n+2 - 2QrH—l + 2)
(b) Yy 0Q2k = ( 2n+1 +Q2n +4)
(© Yi 0Q2k+ = %(sz-z + Q2n+l -2).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order modified Pell numbers (take
Wy, = ES) with B = 0,6 = 1LES = 1),

w\.— w\.—

Corollary 2.8. [25]For n > 0, third-order modified Pell numbers have the following properties:

n+2_ n+l)
(b) X% 2k = (Eé >+1+Ezn)_1)-
3
(© Yio ék)ﬂ = %(E§n>+2+E§n)+1 +1).

(a) Zn %(Efl )3 3) 2E( )
1
-3

Taking r =0,s = 1, = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.

Proposition 2.9. Ifr=0,s = 1,t = 1 then for n > 0 we have the following formulas:

@ Y oWi=Wy3 +Wyo —Wo —Wp.

(b) Yi_oWak = Wayyy +Wo, — Wy

© Yi_oWas1 =Wauio +Wouy —Wa.

From the last Proposition, we have the following Corollary which gives linear sum formulas of Padovan numbers (take W, = P, with
P =1,P=1,P=1).

Corollary 2.10. [1] For n > 0, Padovan numbers have the following properties.

@ Yi—oPr=Pui3+B2—2.

(b) Yi 0Pk =Pyg1+Py— 1.
©) YioPos+1 =Pyt +Pypr — L

Taking W, = E,, with Ey = 3,E; = 0, E; =2 in the last Proposition, we have the following Corollary which presents linear sum formulas of
Perrin numbers.

Corollary 2.11. [1] For n > 0, Perrin numbers have the following properties.

(@ Y} oEx=En3+E2—2.
(b) Yi_oEx = Ezny1+Ezp.
©) YioExu+1 =Eyio+Eyi1—2.

Taking W, = S, with Sy = 0,5, = 0,5 = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan-Perrin numbers.

Corollary 2.12. For n > 0, Padovan-Perrin numbers have the following properties.
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(a) ZZ:Q Sk - Sn+3 + Sn+2 —1.
(b) Yi_oSu = Sont1 +S2.
© Yi_0Su+1 =Sons2+S2q1— 1.

If r=0,5s =2,f =1 then (r —s+7¢+ 1) = 0 so we can’t use Theorem 2.1 (b). In other words, the method of the proof Theorem 2.1 (b) can’t
be used to find Y _, Wy and Y, Way . Therefore we need another method to find them which is given in the following Theorem.

Theorem 2.13. Ifr=0,s =2,t = 1 then for n > 0 we have the following formulas:
@) X gWi =3 W3+ Waso = Wit —=Wo =Wy +Wo).

() Yi_oWak = Wapr1 + (Wa — W —Wo)n+Wo — Wy
(©) Y7o Warr1 = 3 (Wanss +Wapso — Wanig +20(=Wa + Wy +Wo) — W+ Wy —Wp).

Proof.

(a) Taking r =0,s =2, =1 in Theorem 2.1 (a) we obtain (a).
(b) and (¢) Using the recurrence relation

Wy =2Wy2+W,_3

we obtain

0
Y W =wp
k=0
1
Y Woi =Wo+Wo = W3+ W, —2W,
k=0
2
Y Woi = Wo + W + Wy = Ws +2W5 —3W, — W)
k=0

n
Y War = Wang1 + (Wa — Wi —Wo) n+Wo — W
k=0

This result can be also proved by mathematical induction. Note that from (a) we get
n 1 n
Y W = 3 (Wani3 +Wan 2 +Wan 1 —Wo =Wy +Wo) — Y Wy,
k=0 k=0

Now, (c) follows from the last equation.

From the above Theorem we have the following Corollary which gives sum formulas of Pell-Padovan numbers (take W, = R, with
Ro=LR =1,Ry=1).

Corollary 2.14. For n > 0, Pell-Padovan numbers have the following property:

(a) ZZ:() Ry = % (Ruy3+Ruy2—Rpp1—1).
(b) Yi_oRok =Ropt1—n.
(©) XTI oRokr1 =3 (Raps3+Ropso —Rops1 +2n—1).

Taking W,, = C,, with Cy = 3,C| = 0,C, =2 in the last Theorem, we have the following Corollary which presents sum formulas of Pell-Perrin
numbers.

Corollary 2.15. For n > 0, Pell-Perrin numbers have the following property:

(a) ZZ:() G = % (Cay3+Cria—Cup1 +1).
(b) Yi_oCok =Copy1 —n+3.
(© Xi_oCour1 = 5 (Cont3 +Contor — Cong1 +2n—5).

Taking r = 0,5 = 1, =2 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following Proposition.
Proposition 2.16. Ifr =0,s = 1, =2 then for n > 0 we have the following formulas:
@) Ti_gWe =3 Wiz +Waro = Wao = Wp).

(b) Y7o Wap = 3 (Wapy +2Wa, — Wy).
(©) XioWar1 = 3 (Wapyo +2Wayy1 — Wa).

Taking W,, = O, with Qg = 1,01 = 1,0, = 1 in the last Proposition, we have the following Corollary which presents linear sum formulas of
Jacobsthal-Padovan numbers.

Corollary 2.17. For n > 0, Jacobsthal-Padovan numbers have the following properties.

@ Y7 00k =3(0ni3+0ni2—2).
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(b) Ti_o Q0o = 5 (Qon1 +202, —1).
(©) Xi_oOnr1 =} (Qo2+202,41 —1).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-Perrin numbers (take W, = D,,
with Dy =3,D1 =0,D =2).

Corollary 2.18. For n > 0, Jacobsthal-Perrin numbers have the following properties.
@) YDk =3 (Dny3+Dpi2—2).

(b) Y3 oDu = % (Dont1+2Dyy).
(©) YI_ D1 = % (Doni2 +2Dopi1 —2).

Taking r = 1,5 = 0, = 1 in Theorem 2.1 (a) and (c), we obtain the following Proposition.
Proposition 2.19. Ifr=1,5 =0, = 1 then for n > 0 we have the following formulas:
(@) Li_oWk=Wy3 —Wa.

(b) Ti_oWak = 3 (Wapgo -+ Wayy1 +2Wa, — W — Wi + Wp).

(©) XioWakr1 = 3 (2Wapyo +2Wapy 1 + Way —2Wo + W — Wp).

From the last Proposition, we have the following Corollary which presents linear sum formulas of Narayana numbers (take W, = N,, with
No=0,N; =1,N, =1).

Corollary 2.20. For n > 0, Narayana numbers have the following properties.
@ Y oNe=Ny3—1.
(b) Y7o Nog = §(Nans2 +Naps1 +2No, —2).
(©) X7 oNogi1 = S(2Noyin + 2Ny g +Noy — 1).
Taking r = 1,5 = 1, =2 in Theorem 2.1 (a) and (c), we obtain the following Proposition.
Proposition 2.21. Ifr = 1,5 = 1,t = 2 then for n > 0 we have the following formulas:
@) Yi_oWi =3 (Ws3 —Wos1 = Wa+Wo).
(b) L7 Wak = 5 (Wan1 +2Way — Wi +Wo).
© Y oWuy1 = %(szz +2Wony 1 — Wo +Wp).
Taking W,, = <3) with J;) ®) 0,J§3) = 1,J§3) =1 in the last Proposition, we have the following Corollary which presents linear sum formulas
of third order J acobsthal numbers.
Corollary 2.22. For n > 0, third order Jacobsthal numbers have the following properties.
3
@ (615 g ] = 45—
(b) Yio 2k =3 (

JB 1703) 3)
© Yizo/2s1 = 3(Vanso +2‘]2n+1)
From the last Proposmon we have the following Corollary which gives linear sum formulas of third order Jacobsthal-Lucas numbers (take

n = Jjn Wit Jo i I )-
Corollary 2.23. For n > 0, third order Jacobsthal-Lucas numbers have the following properties.
.(3
(a) [6]Zk o] :i(],(hL)3 ]51131_3)
3) 3
(b) Zk O]2k = 1( (n+1 +21( )+1)
(3)  _1.:0) 3)
(© Yi—oJokr1 = 3Uzna + 202001 —4)-

3. Sum formulas of Generalized Tribonacci Numbers with Negative Subscripts

The following Theorem presents some linear summing formulas (identities) of generalized Tribonacci numbers with negative subscripts.

Theorem 3.1. For n > 1, we have the following formulas:

(a) (Sum of the generalized Tribonacci numbers with negative indices) If r+s+1t — 1 # 0, then

z”:W _ —(r+s+t)W_ 1 —(+0OW_p 20 —tW_ 34+Wo+(1—r)W +(1—r—s)W
T r+s4r—1 '

M) If(r+s+t—1)(r—s+t+1) #0 then

iW = (r W+ (Pt s — DWWy + (st —)W_oy 1 + (1= )Wa + (t + rs)Wy + (1 — 1t — 25 — > + 52 )W
o Tk (r+s+t—1)(r—s+t+1)

and

(s— DW_ppi1 — (t+1)W gy — (2 4+ 11 )W _op_ 1+ (r+0)Wa + (1 =12 — 1t — )Wy + (t — st)Wp

n
w_ =
L Woarss (rst+i—1)(r—s+t+1)
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© If(r+s+t—1)(r—s+t+1)#0Ar+t=0As# 1 then

—W_op—tW_op 1 + W +tW + (1 — )Wy
W= s—1
1

=

k

and

n
1
Woakpr = — (=W_2p1 —tW 2, + Wi +1Wp).
k=1
Note that (c) is a special case of (b).

Proof.

(a) Using the recurrence relation

s r 1
Wonts = Wonio +sWonin + W = Won = =Wy = W) + - Wong)

ie.
W =W_p3—rW_p —sW_, 14
or
1 r s
Wop=-W_pni3—-W_pio—-W_py
t t t
we obtain

W =W_ 3 =W —sW_,
W1 =Woppa —1Wopy3 —sW_p o
Wi =W_y15s —rW_pia—sW_py3

Wy =W —rxWy—sxW_;
tW_1 =Wy —rx W —s x W.

If we add the above equations by side by, we get

Z":W W (W Wy ) Ht (W W 2+ Wy 3) = Wo + (r = )W + (r +5 — )W)
= = r+s+r—1 ’

(b) and (¢) Using the recurrence relation

Wiz =rW_, o +sW_, 1 +tW_,

SWopn1 =Woppz3 =Wy —tW_p

we obtain

SWoopi1 = Woopyz —rWoopip —tW_y,
SW_opiz =Woopis —rWooppa —tW_opyo

SW_3 =W_1 —rW_o, —tW_4
sW_1 =W —rWy —tW_,.
If we add the equations by side by, we get
n

n n
Wogpsr = (—Woan1 + Wi+ Y Wogp) = r(—=Woay + Wo+ Y Wogp) —1( Y W) (3.1
k=1 =1 = =

n
N

Similarly, using the recurrence relation

Wonps =1Wopio +sWoyp +1W_,

SWoni1 =Wopiz3 =Wy 0 —tWop
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we obtain

SW_op =W_opi2 —rW_opi1 —tW_p, 1

SW_onyo = W_opia —rWoopys —tWoppig

SW_g=W_g4—1rW_5—tW_4
SW_yg=W_o—rW_3—tW_j5
sW_p =Wy —rW_| —tW_3.

If we add the above equations by side by, we get

n n n n
SY W= (W +Wot+ Y Woog) =r(Y Woagp1) —t(Wozu1 =Wor + Y W)
= =1 =1 =1

Since
s r 1
W_= (—;W() — ;Wl + ;Wz)

it follows that

n n n s r 1 n
SY W= (W +Wo+ Y Woop) = r( Y Wonps1) =t (W21 — (= Wo— Wi+ _W2)+ Y Wooks). (3.2)
= = =1 k=1

Then, solving system (3.1)-(3.2) the required results of (b) and (c) follow.

Note that (c) of the above theorem can be written as follows: If r+7 = 0As # 1 then

/L —W_oy+W_p, 1 + W — W, +(1 7S)W0
Y W= 1
=1 5

and

Wyt Wy +Wo — Wy + (1-5)Wy
N s—1 '

M=

W_ok
k

Il
=

Next, we present several sum formulas (identities).
Taking r = s =t =1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.

Proposition 3.2. Ifr =s =t =1 then for n > 1 we have the following formulas:
@ YR Wk =3 (=3W 1 —2W_ 0 =W, 5+ Wo—Wp).

() Y7 Wogp =5 (—Wogui1 + Wooy + Wy — Wp).
(© X Wogir1 =3 (W = Wooyo 1 + Wa —Wy).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Tribonacci numbers (take W,, = T,, with
Thy=0,T1=1,T,=1).

Corollary 3.3. Forn > 1, Tribonacci numbers have the following properties.

@ (13153 Tk = 5(=3T 1 —2T- 2 =T p3+1).
() Y7 Toop =5 (—Tpup1 + Tony+1).
(© Yp Tk = 3(—Tgn—T2p—1).

Taking W, = K,, with Ky = 3,K;| = 1,K> = 3 in the above Proposition, we have the following Corollary which gives linear sum formulas of
Tribonacci-Lucas numbers.

Corollary 3.4. For n > 1, Tribonacci-Lucas numbers have the following properties:

@ Lf_ K p=5(-3K 1 -2K 2 =K 3).

) Ti_ K ot = 5(—K 201 +K 2, —2).

(© X K oip1 =3 (=K 0y —K_ 241 +2).

Taking r =2,s = 1, = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.

Proposition 3.5. Ifr=2,5s = 1,t = 1 then for n > 1 we have the following formulas:

@ Y W =5 (AW —2W_ = W_ 3+ Wy — W —2Wp).
(b) Ti_ Wogp = % (=W_nps1 +2W_p, + W) —2Wp).
© Y W= % (=W_2q = W_2,_1 + W —2Wp).
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From the last Proposition, we have the following Corollary which gives linear sum formulas of third-order Pell numbers (take W,, = P,Es)
0 pB3) _ g pB) _ 1 pB®) _

with By =0,P” = 1,P7" =2).

Corollary 3.6. Forn > 1, third-order Pell numbers have the following properties.

3)

3) 3)

@ xi_ P =1(—ap®) _op® _p® ).
® £, PO = 4(-PC) 2P 1),

(c) ZZ:1P£32)1<+1 = %(_PESZ)n_PEZ)nfl)'

Taking W,, = Q£13> with Q(()S) =3, Q<13> =2, Q?) = 6 in the last Proposition, we have the following Corollary which gives linear sum formulas
of third-order Pell-Lucas numbers.

Corollary 3.7. Forn > 1, third-order Pell-Lucas numbers have the following properties.

@ xr_, 0% =1(—40® | —20%) 0B o)
® i, 00, =108 ., +200), —4).

© 5, 0% =40, -0, | +2).

From the last Proposition, we have the following Corollary which presents linear sum formulas of third-order modified Pell numbers (take
W, = E) with £ = 0,E) = 1, EPY) = 1),
Corollary 3.8. For n > 1, third-order modified Pell numbers have the following properties.

@) Y E(—3k) = %(_4E(j271 _2E(73r372 _E<73r373)'

3 3 3
) Ti, Efgk = %inﬁﬁl +Zf§2n +1).
3 1 3 3
(© Yo Bl = 3(-E5, —ES, = 1)
Taking r = 0,5 = 1, = 1 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.9. Ifr=0,s =1, = 1 then for n > 1 we have the following formulas:
@ Yo Wo=-2W_, | —2W_, o —W_, 3+Wr+W,.

(b) Yi_ Woog =—W_gpy1 +Wi.
©) Yo W1 =—Wooy = W_g, 1 +Ws.

Taking W,, = P, with Py = 1,P] = 1, =1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan numbers.

Corollary 3.10. For n > 1, Padovan numbers have the following properties.

(a) ZZ;] Pp=-2P 1 =2P p r—P , 3+2
(b) Y Pk =Py +1.
© Yy Poky1=—Po—Po1+1.

From the last Proposition, we have the following Corollary which presents linear sum formulas of Perrin numbers (take W,, = E,, with
Ey=3,E=0,E, =2).

Corollary 3.11. For n > 1, Perrin numbers have the following properties.

(@ Yy Ey=-2E , 1 —2E , »—E_, 3+2.

() Y 1E 2k =—E_2n+1.

©) Yi Eopr1=—E_op—E 2,1 +2.

Taking W, = S, with Sy = 0,5] = 0,5 = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Padovan-Perrin numbers.

Corollary 3.12. For n > 1, Padovan-Perrin numbers have the following properties.

(a) Zzzl S =-28 p 1—-28 p2—S3+1L
(b) Yi_ Sk =—S 2411
(© Y1 S—2kt1=-S27—S 2n1+1.

If r=0,s=2,=1then (r+s+t—1)(r—s+r+1)=0so we can’t use Theorem 3.1 (b) and (c). In other words, the method of the proof
Theorem 3.1 (b) and (c) can’t be used to find Y}, W and ), Wor 1. Therefore we need another method to find them which is given in
the following Theorem.

Theorem 3.13. Ifr=0,s =2,t = 1 then for n > 1 we have the following formulas:

@ Lp W= 5 (=3Wopot =3Wopp = W3 + W+ Wi = Wp).
(b) Y Woog = —W_opp1 +W_p, + (W) —Wp) + (Wo — W —Wp)n.
(© X7\ Wogprt = 3(Wognir —3Wony — Weguo g + (W — Wy + Wo) +2(—Wa + Wy + Wo)n).
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Proof.

(a) Taking r =0,5s =2, =1 in Theorem 3.1 (a) we obtain (a).
(b) and (¢) Proof can be done as in the proof of Theorem 2.13. Induction also can be used for the proof.

From the last Theorem, we have the following Corollary which gives sum formula of Pell-Padovan numbers (take W,, = R,, with Ry = 1,R =
1,Ry =1).

Corollary 3.14. For n > 1, Pell-Padovan numbers have the following property:

@ Y Ry=3(-3R_,_1—3R_,2—R_,3+1).
(b) Yi_ Rox=—-R_ 241 +R 2, —n.
(©) Y0\ Rooir1 = 5(R_2ns1—3R 2y —R_y—1 +1+2n).

Taking W,, = C,, with Cy = 3,C = 0,C, = 2 in the last Theorem, we have the following Corollary which gives sum formulas of Pell-Perrin
numbers.

Corollary 3.15. For n > 1, Pell-Perrin numbers have the following property:

@ Yp_ Cx=5(-3C1=3C_42—C_p3—1)
() Y3 Cop=-Copy1+C 2, —=3—n
(©) X} Coops1 = $(Cooni1 —3C_2y —C_ny_1 +5+2n)

Taking » =0,s = 1, = 2 in Theorem 3.1 (a) and (b), we obtain the following Proposition.
Proposition 3.16. Ifr =0,s = 1,t = 2 then for n > 1 we have the following formulas:

@ YR Wor=3(=3W 1 =3W 2 —2W , 3+ Wa+W)).
(b) X7 Wogp =1 (-W_ g1 +W1).
(©) X Woopr1 =3 (—Wooy —2W_p_1 +Wa).

From the last Proposition, we have the following Corollary which gives linear sum formulas of Jacobsthal-Padovan numbers (take W, = Q,,
with Qg = 1,01 = 1,0, = 1).

Corollary 3.17. For n > 1, Jacobsthal-Padovan numbers have the following properties.

@ Y0 4 =3(-30_,1-30_,2-20_,3+2).
(b) Yi 10 ok =3%(—0-opp1+1).
© X' 0 o1 =1 (-02,—20 2,1 +1).

Taking W,, = D,, with Dy = 3,D{ = 0,D, = 2 in the last Proposition, we have the following Corollary which gives linear sum formulas of
Jacobsthal-Perrin numbers.

Corollary 3.18. Forn > 1, Jacobsthal-Perrin numbers have the following properties.

@ Yf_ D=3 (-3D1-3D_2-2D_, 3+2).
(b) T D gp= 5D p,i1.
(©) X D g1 =% (—D_2y—2D_5,_1+2).

Taking » = 1,5 = 0,7 = 1 in Theorem 3.1, we obtain the following Proposition.

Proposition 3.19. Ifr = 1,5 =0,t = 1 then for n > 1 we have the following formulas:

(@ Y Wy==2W_,  —W_,, o—W_, 3+W,.

(b) Xi_ Wogp = 3 (—2W_nps1 +Wony — Wogy 1 +Wa + Wy — W)

© X0 Wogpi1 =3 (—Woonp1 — Weoy —2W_oy g +2Wa — Wy +Wp).

From the above Proposition, we have the following Corollary which gives linear sum formulas of Narayana numbers (take W, = N,, with
No=0,N; =1,N, =1).

Corollary 3.20. For n > 1, Narayana numbers have the following properties.

@ Y Nx=-2N_, 1—N_, 2N, 3+1

() Y7 Nogp=3(—2N_ps1 +N_2y—N_2,1+2).

(©) X4 N_gir1 =4 (=Nogui1 —N_oy —2N_p,1 +1).

Taking r = 1,5 = 1, = 2 in Theorem 3.1, we obtain the following Proposition.

Proposition 3.21. Ifr=1,5s = 1,t = 2 then for n > 1 we have the following formulas:

@ Yf Wog = (=AW g —3Woyp = 2W 3+ Wa = W).
(b) Y7 Wogp =3 (—Wogui1 +Wooy+ Wy —Wp).
(©) X7 W1 = 5 (—=Wooy —2W_gy +Wo —Wy).
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Taking W, = J, with Jo = 0,J; = 1,J> = 1 in the last Proposition, we have the following Corollary which gives linear sum formulas of third
order Jacobsthal numbers.

Corollary 3.22. For n > 1, third order Jacobsthal numbers have the following properties.

@ xr_ g =14/ 3% ¥ .

n—1 —n—
(b) Yp_iJ (2k—2( ‘,(32)n+l+]<2>n+1)
(c) ):k 1J<32k+1 ( J<2)n_2‘l(2)n 1)

From the last Proposition, we have the following Corollary which gives linear sum formulas of third order Jacobsthal-Lucas numbers (take
.(3) .. .3 .3 .3
Wy = 19 wit 5 =2,/ = 1,15 =)

Corollary 3.23. For n > 1, third order Jacobsthal-Lucas numbers have the following properties.

(a) Zk 1] k:%( 4](3r)l 1 3j(3r1 2—2]'(3,)!,3-5-3)-

(b) Y- 1] 2>k 1( ]<32)n+1+-](2)n_1)
(©) Xi- 1j 2k+1—%( J<2)n*21(2)n +4).
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