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Abstract
The aim of this paper is to define Smarandache curves according to the Sabban frame belonging to the unit
Darboux vector of spherical indicatrix curve of the evolute curve. Also, we calculate the geodesic curvatures of
these curves. Finally, the results are expressed depending on the involute curve.
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1. Introduction and Preliminaries
In the theory of curves in the Euclidean space, one of the interesting problems is the characterization of a regular curve. It is known

that the shape and size of a regular curve can be determined by using its curvature and torsion. Another approach to the solution of the
problem is to consider the relationship between the corresponding Frenet vectors of two curves. For example, involute and evolute curves
arise from this relationship. By definition, if the position vector of a curve is composed by the Frenet frame’s vectors of another curve, then
the curve is called a Smarandache curve [6]. Special Smarandache curves studied by some authors [1, 2, 5, 6, 7, 8], and related reference
therein [9, 10, 11].
Let α : I→ E3 be a unit speed curve denoted by the moving Frenet apparatus of {T,N,B,κ,τ}. The Frenet formulae is given by [3]

T ′(s) = κ(s)N(s), N′(s) =−κ(s)T (s)+ τ(s)B(s), B′(s) =−τ(s)N(s). (1.1)

The Darboux vector defined by

W = τT +κB. (1.2)

The unit Darboux vector is given by

C = sinωT + cosωB

where

sinω =
τ

‖W‖
, cosω =

κ

‖W‖
, ∠(W,B) = ω, [12]

Let α : I→ E3 be a unit speed curve and α1 : I→ E3 be a C2− differentiable curve. If the tangent vector of the curve α is orthogonal to the
tangent vector of the α1 , then α1 is called evolute of the α .
If the curve α1 is evolute of α , then we can write,

α1(s) = α(s)+ρ(s)N(s)−ρ(s) tan
(
ϕ(s)+ c

)
B(s)
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Figure 1.1. Evolute curve

where c ∈ R, ρ =
1
κ

and ϕ(s) =
∫ s

0
τ(s)ds. Also the relations between the Frenet vectors of evolute involute curves are given as [3]

T1(s) = cos(ϕ + c) N(s) − sin(ϕ + c) B(s)
N1(s) =−T (s)
B1(s) = sin(ϕ + c) N + cos(ϕ + c) B,

(1.3)

and for the curvatures we have

κ1(s) =
κ3 cos3(ϕ + c)

κτ sin(ϕ + c)−κ ′ cos(ϕ + c)
, τ1(s) =

−κ3 sin(ϕ + c)cos2(ϕ + c)
κτ sin(ϕ + c)−κ ′ cos(ϕ + c)

· (1.4)

Similarly (1.2), we can write of Darboux vector of evolut curve

W1 = τ1 T1 +κ1 B1 .

Let γ : I→ S2 be a unit speed spherical curve. We can write

γ(s) = γ(s), t(s) = γ
′(s), d(s) = γ(s)∧ t(s), [5] (1.5)

here the set {γ(s), t(s),d(s)} denotes the Sabban frame of γ on S2. It follows that we also have the equations,

γ
′(s) = t(s), t ′(s) =−γ(s)+κg(s)d(s), d′(s) =−κg(s)t(s), [5]. (1.6)

where κg is the geodesic curvature of the curve γ on S2 whose curvature is

κg(s) = 〈t ′(s),d(s)〉 [4, 5]. (1.7)

2. Smarandache curves of the evolute curve according to Sabban frame

Let C1 be the unit Darboux vector of the evolute curve α1 and let (C1) be the unit speed spherical curve on S2. Then we can write

C1 = sinω1 T1 + cosω1 B1 , TC1
= cosω1 T1 − sinω1 B1 , C1 ∧TC1

= N1 . (2.1)

where ∠(W1 ,B1) = ω1 . It follows from the equation (1.6) that of (C1) are

C1
′ = TC1

, T ′C1
=−C1 +

‖W1‖
ω1
′ C1 ∧TC1

, (C1 ∧TC1
)′ =−‖W1‖

ω1
′ TC1

. (2.2)

From the equation (1.7), we have the following geodesic curvature of (C1)

κg = 〈T ′C1
,C1 ∧TC1

〉=⇒ κg =
‖W1‖
ω1
′ .

Definition 2.1. Let C1 be a spherical curve on S2 and let C1 , TC1
be the unit vectors of (C1). In this case β1(s) can be defined by

β1(s) =
1√
2
(C1 +TC1

). (2.3)
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In other words, substituting the equation (2.1) into equation (2.3) we write

β1(s) =
1√
2

(
(sinω1 + cosω1)T1 +(cosω1 − sinω1)B1

)
. (2.4)

Theorem 2.2. The geodesic curvature of β1(s)-Smarandache curve is given by

κ
β1
g =

1(
2+ 1

η2

) 5
2

( 1
η

λ 1−
1
η

λ 2 +2λ 3

)
where

η =
κτ2 sin(ϕ + c)−κ ′τ cos(ϕ + c)

κ3 cos2(ϕ + c)
,λ 1 =−2− 1

η2 +
1
η ′

1
η
, λ 2 =−2−3

1
η2 −

1
η4 −

1
η ′

1
η
, λ 3 = 2

1
η
+

1
η3 +

1
η ′

.

Proof: By differentiating (2.3) we can write

Tβ1
=

ω1
′(cosω1 − sinω1)√

2ω1
′2 +‖W1‖2

T1 +
‖W1‖√

2ω1
′2 +‖W1‖2

N1 −
ω1
′(cosω1 + sinω1)√

2ω1
′2 +‖W1‖2

B1 . (2.5)

Considering the equations (2.4) and (2.5) we get

β1∧Tβ1
=
‖W1‖(cosω1 + sinω1)√

2‖W1‖2 +4
(
ω1
′)2

T1 −
ω1
′√

2‖W1‖2 +4
(
ω1
′)2

N1 +
‖W1‖(cosω1 + sinω1)√

2‖W1‖2 +4
(
ω1
′)2

B1 . (2.6)

it follows by differentiating (2.5), with the coefficients

ℵ1 =−2−
(‖W1‖

ω1
′

)2
+
(‖W1‖

ω1
′

)′(‖W1‖
ω1
′

)
, ℵ2 =−2−3

(‖W1‖
ω1
′

)2
−
(‖W1‖

ω1
′

)4
−
(‖W1‖

ω1
′

)′(‖W1‖
ω1
′

)
, ℵ3 = 2

(‖W1‖
ω1
′

)
+
(‖W1‖

ω1
′

)3
+
(‖W1‖

ω1
′

)′
(2.7)

we can find out,

T ′
β1

=

(
ω1
′)4√2(ℵ1 sinω1 +ℵ2 cosω1)(
‖W1‖2 +

(
ω1
′)2
)2 T1 +

ℵ3
(
ω1
′)4√2(

‖W1‖2 +
(
ω1
′)2
)2 N1 +

(
ω1
′)4√2(ℵ1 cosω1 −ℵ2 sinω1)(
‖W1‖2 +

(
ω1
′)2
)2 B1 . (2.8)

From the equation (2.6) and (2.8), geodesic curvature κ
β1
g for the evolute curve β1 is

κ
β1
g = 〈T ′

β1
,β1∧Tβ1

〉= 1(
2+
( ‖W1‖

ω1
′
)2
)

5
2

(‖W1‖
ω1
′ ℵ1−

‖W1‖
ω1
′ ℵ2 +2ℵ3

)
.

From the equation (1.3) and (1.4) Sabban apparatus of the β1-Smarandache curve for involute curves are

β1(s) =
1√
2

(
N +B

)
, Tβ1

=
1√

1+2η2

(
−T +η N−η B

)
,

β1∧Tβ1
=

1√
2+4η2

(
−2η T −ηN +B

)
, T ′

β1
=

√
2(

2η2 +1
)2

(
−η

4
λ 3 T +η

4
λ 2 N +η

4
λ 1 B

)
,

hence the proof is completed.

Definition 2.3. Let C1 be a spherical curve on S2 and let C1 , C1 ∧TC1
be the unit vectors of (C1). In this case β2(s) can be defined by

β2(s) =
1√
2
(C1 +C1 ∧TC1

). (2.9)

From the equation (1.3), (1.4) and (2.1) we can write

β2 =
1√
2

(
−T + B

)
. (2.10)

Theorem 2.4. The geodesic curvature of β2(s)-Smarandache curve is given by

κ
β2
g =

1+η

η−1
.
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Proof: By differentiating (2.10), we can write

Tβ2
= N. (2.11)

Considering the equations (2.10) and (2.11) it is easily seen that

β2∧Tβ2
=

1√
2

(
−T − B

)
and then differentiating (2.11) we can write

T ′
β2

=

√
2

η−1

(
−T −η B

)
.

It follows that κ
β2
g geodesic curvature for β2 is

κ
β2
g =

1+η

η−1
.

Definition 2.5. Let C1 be a spherical curve on S2 and let TC1
, C1 ∧TC1

be the unit vectors of (C1). In this case β3(s) can be defined by

β3(s) =
1√
2
(TC1

+C1 ∧TC1
). (2.12)

From the equations (2.1), (1.3) and (1.4) we can write

β3 =
1√
2

(
−T +N

)
. (2.13)

Theorem 2.6. The geodesic curvature of β3(s)-Smarandache curve is given by

κ
β3
g =

1(
2+ 1

η2

) 5
2

(
2

1
η

σ1−σ2 +σ3

)
. (2.14)

Proof: By differentiating (2.13) we have

Tβ3
=

1√
2+η2

(
−T −N−η B

)
. (2.15)

Considering the equations (2.13) and (2.15) it is easily seen that

β3∧Tβ3
=

1√
2η2 +4

(
−ηT −ηN +2B

)
.

By differentiating (2.15) with the coefficients

σ1 =
1
η
+2

1
η3 +2

1
η ′

1
η
, σ2 =−1−3

1
η2 −2

1
η4 −

1
η ′

, σ3 =−
1

η2 −2
1

η4 +
1
η ′

we get

T ′
β3

=

√
2(

η2 +2
)2

(
−η

4
σ3T +η

4
σ2N +η

4
σ1B

)
.

By this way, geodesic curvature κ
β3
g for the involute curve of β3 is given by

κ
β3
g =

1(
2+ 1

η2

) 5
2

(
2

1
η

σ1−σ2 +σ3

)
. (2.16)

Definition 2.7. Let C1 be a spherical curve on S2and let TC1
, C1 ∧TC1

be the unit vectors of (C1). In this case β4(s) can be defined by

β4(s) =
1√
3
(C1 +TC1

+C1 ∧TC1
). (2.17)
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From the equations (1.3), (1.4) and (2.1) we can write that

β4(s) =
1√
3

(
−T +N +B

)
. (2.18)

Theorem 2.8. The geodesic curvature of β4(s)-Smarandache curve is given by

κ
β4
g =

(2 1
η
−1)ψ1 +(−1− 1

η
)ψ2 +(2− 1

η
)ψ3

4
√

2
(

1− 1
η
+

1
η2

) 5
2

.

Proof: By differentiating (2.18), we get

Tβ4
=

1√
2(1−η +η2)

(
−T +(η−1) N−ηB

)
. (2.19)

Considering the equations (2.18) and (2.19) it is easily seen that

β4∧Tβ4
=

1−2η√
6−6η +6η2

T − η +1√
6−6η +6η2

N +
2−η√

6−6η +6η2
B.

By differentiating (2.19), with the coefficients

ψ1 =−2+4
1
η
−4

1
η2 +2

1
η3 +2

1
η ′
(
2

1
η
−1
)
, ψ2 =−2+2

1
η
−4

1
η2 +2

1
η3 −2

1
η4 −

1
η ′
(
1+

1
η

)
, ψ3 = 2

1
η
−4

1
η2 +4

1
η3 −2

1
η4 +

1
η ′
(
2− 1

η

)
we can write that

T ′
β4

=
1

4
(

1+η +η2
)2

(
−ψ3η

4T +ψ2η
4N +ψ1η

4B
)

then we get geodesic curvature κ
β4
g , for the involute curve β4(sβ4

) as

κ
β4
g =

(2 1
η
−1)ψ1 +(−1− 1

η
)ψ2 +(2− 1

η
)ψ3

4
√

2
(

1− 1
η
+

1
η2

) 5
2

.

Example. Let us consider the unit speed spherical curve

α(t) =
(2

5
sin(2 t)− 1

40
sin(8 t) ,−2

5
cos(2 t)+

1
40

cos(8 t) ,
4
15

sin(3 t)
)

and evolute of this curve,

α1(t) =
( 1

40
16 sin(2 t)sin(3 t)cos(1)− sin(8 t)sin(3 t)cos(1)+8 cos(5 t)cos(1)

sin(3 t)cos(1)
− 1

40
8 sin(1)sin(2 t)−2 sin(1)sin(8 t)

sin(3 t)cos(1)
,

− 1
40

16 cos(2 t)sin(3 t)cos(1)− cos(8 t)sin(3 t)cos(1)
sin(3 t)cos(1)

+
1

40
8 sin(5 t)cos(1)−8 sin(1)cos(2 t)−2 sin(1)cos(8 t)

sin(3 t)cos(1)
,

1
60

7 cos(1)−16 cos(1)(cos(3 t))2 +12 sin(1)sin(3 t)
sin(3 t)cos(1)

)
and Frenet vectors of the evolute curve α1,

T1 =
(64

5
cos(1)(cos(t))5−16 cos(1)(cos(t))3 +4 cos(1)cos(t)+

128
5

sin(1)sin(t)(cos(t))7− 192
5

sin(1)sin(t)(cos(t))5

+16 sin(1)sin(t)(cos(t))3 ,
64
5

cos(1)sin(t)(cos(t))4− 48
5

sin(t)(cos(t))2 cos(1)+
4
5

cos(1)sin(t)+
24
5

sin(1)(cos(t))2 +
3
5

sin(1)

−128
5

sin(1)(cos(t))8 +
256
5

sin(1)(cos(t))6−32 sin(1)(cos(t))4 ,−3
5

cos(1)− 16
5

sin(1)sin(t)(cos(t))2 +
4
5

sin(1)sin(t)
)
,

N1 =
(
− 4

5
cos(2 t)+

1
5

cos(8 t) ,−4
5

sin(2 t)+
1
5

sin(8 t) ,−4
5

cos(3 t)
)
,

B1 =
(
− 128

5
sin(t)(cos(t))7 cos(1)+

192
5

sin(t)(cos(t))5 cos(1)−16 sin(t)(cos(t))3 cos(1)+
64
5

(cos(t))5 sin(1)

−16 (cos(t))3 sin(1)+4 cos(t)sin(1)− 24
5

(cos(t))2 cos(1)−3/5 cos(1)+
128

5
(cos(t))8 cos(1)

−256
5

cos(1)(cos(t))6 +32 (cos(t))4 cos(1)+
64
5

sin(t)(cos(t))4 sin(1)

−48
5

sin(1)sin(t)(cos(t))2 +4/5 sin(1)sin(t) ,
16
5

sin(t)(cos(t))2 cos(1)−4/5 cos(1)sin(t)−3/5 sin(1)
)
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where c = 1 and t = 0 to 2π .

Figure 2.1. C1TC1
-Smarandache curve (β1-curve)

β1(t) =
(
− 128

5
sin(t)(cos(t))7 +

192
5

sin(t)(cos(t))5−16 sin(t)(cos(t))3 +
64
5

(cos(t))5−16 (cos(t))3 +4 cos(t) ,

−24
5

(cos(t))2− 3
5
+

128
5

(cos(t))8− 256
5

(cos(t))6 +32 (cos(t))4 +
64
5

sin(t)(cos(t))4− 48
5

sin(t)(cos(t))2 +
4
5

sin(t) ,

16
5

sin(t)(cos(t))2− 4
5

sin(t)− 3
5

)

Figure 2.2. C1(C1 ∧TC1
)-Smarandache curve (β2-curve)

β2(t) =
(
−8 (cos(t))2 +1+

128
5

(cos(t))8− 256
5

(cos(t))6 +32 (cos(t))4− 128
5

sin(t)(cos(t))7 +
192

5
sin(t)(cos(t))5−16 sin(t)(cos(t))3 ,

−16
5

sin(t)cos(t)+
128
5

sin(t)(cos(t))7− 192
5

sin(t)(cos(t))5 +16 sin(t)(cos(t))3− 24
5

(cos(t))2− 3
5
+

128
5

(cos(t))8

−256
5

(cos(t))6 +32 (cos(t))4 ,−16
5

(cos(t))3 +
12
5

cos(t)+
16
5

sin(t)(cos(t))2− 4
5

sin(t)
)
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Figure 2.3. TC1
(C1 ∧TC1

)-Smarandache curve (β3-curve)

β3(t) =
(
−8 (cos(t))2 +1+

128
5

(cos(t))8− 256
5

(cos(t))6 +32 (cos(t))4 +
64
5

(cos(t))5−16 (cos(t))3 +4 cos(t) ,

−16
5

sin(t)cos(t)+
128

5
sin(t)(cos(t))7− 192

5
sin(t)(cos(t))5 +16 sin(t)(cos(t))3 +

64
5

sin(t)(cos(t))4

−48
5

sin(t)(cos(t))2 +
4
5

sin(t) ,−16
5

(cos(t))3 +
12
5

cos(t)− 3
5

)

Figure 2.4. C1TC1
(C1 ∧TC1

)-Smarandache curve (β4-curve)

β4(t) =
(
− 256

15
sin(t)(cos(t))7 +

128
5

sin(t)(cos(t))5− 32
3

sin(t)(cos(t))3 +
128
15

(cos(t))5− 32
3

(cos(t))3 +
8
3

cos(t)− 16
3

(cos(t))2 +
2
3

+
256
15

(cos(t))8− 512
15

(cos(t))6 +
64
3

(cos(t))4 ,−16
5

(cos(t))2− 2
5
+

256
15

(cos(t))8− 512
15

(cos(t))6 +
64
3

(cos(t))4

+
128
15

sin(t)(cos(t))4− 32
5

sin(t)(cos(t))2 +
8
15

sin(t)− 32
15

sin(t)cos(t)+
256
15

sin(t)(cos(t))7− 128
5

sin(t)(cos(t))5

+
32
3

sin(t)(cos(t))3 ,
32
15

sin(t)(cos(t))2− 8
15

sin(t)− 2
5
− 32

15
(cos(t))3 +

8
5

cos(t)
)
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