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Abstract

The aim of this paper is to find an upper bound of the fourth Hankel determinant Hy(1) for
a subclass of analytic functions associated with the right half of the Bernoulli’s lemniscate
of the form (22 + y2)2 —2 (22 — y*) = 0. The problem is also discussed for 2-fold and 3-fold
symmetric functions. The key tools in the proof of our main results are the coeflicient
inequalities for class P of functions with positive real part.
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1. Introduction

Let A denote the family of all functions f which are analytic in the open unit disc
U:={z € C:|z| <1} and normalized by f(0) = f’(0) — 1 = 0. Therefore, each function
f € A has a power series expansion of the form

f(z):z—kianz", z e U (1.1)
n=2

Also, let 8 denote a subclass of A which contains the univalent functions.

If f and g are analytic functions in U, then we say that f is subordinate to g, denoted
by f < g, if there exists an analytic function w in U with w (0) = 0 and |w(z)| < |z| such
that f(z) = g (w(z)). Moreover if the function ¢ is univalent in U, then we have

f(z) < g(2) & f(0) = ¢(0) and f(U) C g(W).
Consider the subclass 8L of A defined by

<Zf’(2))2 .
f(2)
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The geometrical interpretation of the fact f € 8L is that, for any z € U, the ratio
2f'(2)
f(z)

the inequality ‘wQ — 1| < 1. We can easily see that a function f € A belongs to the class
8L, if and only if

lies in the region bounded by the right half side of the Bernoulli’s lemniscate by

2f'(2)
< V1+z, (1.2)
f(z)
where the square root function is considered at principal branch, that is

Vitz| =1 (1.3)

Remark that the class 8£ was introduced by Sokél and Stankiewicz [21], and further
studied by different authors in [2,11,17-20].

For a function f € A of the form (1.1), the ¢-th Hankel determinant H, (n), with ¢ > 1
and n > 1, was studied by Noonan and Thomas [14] and it is defined by

(079 Gp4+1  --- Qpi4qg-—1

An+1 Gn4+2 ... GOnpiq
Hq (n) =1 . . .

Gptq—1 Optq --- 0An42¢q—2

Remarks 1.1. (i) It is well-known that the Fekete-Szeg6 functional |as — a3| is Ha(1),
and Fekete and Szegd [9] generalized the estimate as |a3 — Aa3| with A € R and f € 8.

(ii) Moreover, we also know that the functional |asas — a3] is in fact Ha(2).

(iii) The sharp upper bound of the second Hankel determinant for the familiar classes
of starlike and convex functions was studied by Janteng, Halim, and Darus [12]. Thus, for
f € 8" and f € C they obtained that ‘a2a4 - a%] <1and8 ]a2a4 — a%\ < 1, respectively.
For second Hankel determinant see also [8].

(iv) In 2010, Babalola [5] considered the third Hankel determinant H3(1) and obtained
the upper bound of the well-known classes of bounded-turning, starlike, and convex func-
tions. Later, in 2013 Raza and Malik [16] investigated the upper bound of H3(1) for the

class 8£, and they obtained that |Hs(1)| < 56"

(v) Recently Arif et al. [3,4] have investigated H4(1) for some subclasses of univalent
functions.

In the present investigation, we determine the upper bound of Hy(1) for the subclass
8L of analytic and normalized functions in U. To prove our main results we need the
following definition and lemmas.

We recall the class P of analytic functions p of the form

p(z)=1+ Z 2", z e U, (1.4)
n=1

with Rep(z) > 0 in U. The class P is known as the class of functions with positive real
part.

It is well-known (see, for example, [6] or [10, p. 80]) that, if p € P and has the form
(1.4), then the following sharp coefficient estimates hold:

len] <2, neN. (1.5)

Lemma 1.2. If p € P and has the form (1.4), then

2 2

C C
oGl <o el

2 2

where the above inequality is proved in [1].
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Lemma 1.3. [7] If p € P and has the form (1.4), then
|tk — penck| < 2 for0 < p < 1.
This result is due to Ravichandran and Verma [15].
Lemma 1.4. If p € P and has the form (1.4), then
]Jci’ — Keies + LC3’ <2(|J|+|K —2J|+|J—K+1L|).

Proof. 1t is easy to see that

|Jc3 — Kciea + Leg| = |J (e3 — 2c1e2 4+ ¢3) + (K — 2J) (c3 — c1ca) + (J — K + L) c3|
< |J||es — 2¢1ca + 3| + |K — 2] |es — crco| + |J — K + L| |3
<2(J|+|K-2J|+|J— K+ LJ|),

where we have used the Lemma 1.3 for y =1, n =1, k = 2, and a result due to Libra and

Zlotkiewicz [13]. O
Lemma 1.5. [16] If f € 8L and has the form (1.1), then
1
‘CL3 — a%’ < 1

Lemma 1.6. If f € 8L and has the form (1.1), then

1 1 1
’a2| S 57 ’a3’ S Za ‘a4’ S 67 ‘a5’ < -.
These estimates are sharp.

The first three bounds were obtained by Sokél [19] and the bound for |as| was proved
in [15].

Lemma 1.7. If f € SL and has the form (1.1), then

1

2
_ < .
’a2a4 a3‘ <16

This result was found by Sokdl [19].

2. Main results
Theorem 2.1. If f € 8L and of the form (1.1), then
lagas — a3| < 0.080574496.

Proof. 1If f € 8L, by using the subordination relation (1.2), it follows that

2f'(2)
) < P(z), (2.1)

where ®(z) = /1 + z is considered at principal branch (1.3). From (2.1), there exists a
function w, analytic in the unit disk U, with |w(z)| <1 in U, such that

2f'(2)
= ®(w(z)), z € U. 2.2
i = o) (22)

Thus, if we define the function p by

1+ w(z) 2
=—=<=1 2.
p(2) = w(2) +eaz+e+..., zel, (2.3)
it follows that p € P and
—1
w(z) = p(2) zel
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From (2.2) and the above relation we obtain
) _ [ 2
f(2) p(z) + 1’

Now, according to the power series expansions (1.1) and (1.4), a simple computation
shows that

z e U (2.4)

2p(z) 1 1 5 2) ) (1 5 13 3> .
it o/ T _ = _ bl
p(z) + 1 tyart (462 320) 7 T a8 T 1692 T 1842
141 , 39 , 5, 1 5 ) .
— 27 _ 2 . 2.
+< soisl t 1o T3ty T gacs ) F s (29)
and
f'(2) =1+agz+ (2&3 — a%) 22 + (3@4 — 3azas + a%) B4, zell. (2.6)
f(2)
By comparing (2.5) and (2.6) , we have
L
as = 4 (27)
1 3
a3 = g ( Co — 80%) (28)
1 7 13
_ T 13 2.
ay 12 ( c3 8C1C2+ 6401> ( 9)
9 4 17, 1 1 1
_ _ - S 2.10
5 ( 61441 T 3412 T 1991638 3202 + 1604) (2.10)
223 4, 3 s 2 3
ag = C: C C1Cq4 — —CoC
6 T 768012 80” 1020712 7 621 T 962
181 . 1
oS Sy 2.11
* 20060 T 20 (2.11)
323 17 19 13 5, 19 NE L
a = —(C1C2C3 — —C9C4 — ——C1C
7 4608 123 T 3842 T 4180 T 576 T 1536 &
32303 ATIT 4 83 5 TAST 5, 30211 .
_ - TS A (212
117964807 ~ 1843201 T 10241 ~ 18432012 14745600162( )
From (2.8), (2.9), and (2.10) , we obtain
‘aa—a2‘ = ‘—8904 ik + 23000—L —l— L c—i—ﬁc6
395 = dal = T 474562 T 18432 €ics 4608 2717 7 256 & 128 24 ™ 1170648
50 3 1 2
— CqC C
368641 T 10241 T 113

Now, re-arranging the above equation, we have

’a3a5_ai‘ _ ‘_ 103 C%<2_c2{>+ 27 (253 _CQ><2_C%>
589824 163842 \ 186 2
B (D5 (2B
9216 (9261 C2> NEYVi (640162 c3>

L (37, 1 /3,
5672\ 64 2 ) T a5\ 1T T )

Applying the triangle inequality, Lemma 1.2, and Lemma 1.3, we have

103 le1]? 27 le1)? 23 17
—a?l < — et 2= 2 2.13
’a?’% a4‘ < 50824 !l 5 |t 1006 2 | toz0a 10 T ogg (219)
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Taking |c1| =y € [0,2] in (2.13), it gives

103 y2 27 y2 23 17
—a2| < 42— —(2- . 2.14
’a?’% “4| = 539824 * 1006 * 93047 T 288 (2.14)

The above function gets its maximum value at y = 1.573483035, in (2.14) , we have

‘agag, — a}] < 0.080574496.

Theorem 2.2. If f € 8L and of the form (1.1), then
lasas — asas| < 532224\/3996 + —4 ~ 0.1066468.
Proof. From (2.7), (2.8), (2.9), and (2.10), we have
59 . 1T
191521 T 30721 7 g6
By re-arrangement of the above equation, we get

lazas — azas| = 127278801 (%C% - 02) (02 - ﬁ) + 916 (192386102 - 03)

—6i461 (30163 — C4> ‘

Now applying the triangle inequality, Lemma 1.2, and Lemma 1.3, we have

clcg +

0103 + —C1C4 — —C2C3]| .

64 96

lasas — agas| = ‘ -

7 le1|? 11
lasas — azas| < 6144| 1|< — | Tty lal (2.15)

Let |c1] =y € ]0,2], then (2.15), becomes
| < 7 5 v ‘s 1 - 1
asa4 — aa — 4+ —
804 T 42051 = 799887 2 32"
The above function has its maximum value at y = %\/ 39963. This implies that

173
~ 532224

1
lagay — azas| < V39963 + B ~ 0.1066468.

Theorem 2.3. If f € 8L and of the form (1.1), then

las — azaq| < 6

Proof. From (2.7), (2.9), and (2.10), we obtain

las — agaq| = |— (25 1 c—|—5 >_1 é—c
b Al = 20481 T 169 T 64© 6\2 4

Now by using the triangle inequality, Lemma 1.3, and Lemma 1.4, we have

las — agaq| < 16

Theorem 2.4. If f € 8L and of the form (1.1), then

las — asas] <

This result is sharp for the function f(z) = zexp ( .

oO—

mdt> :Z+%Z4—144Z N
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Proof. From (2.7), (2.8), and (2.9), we have
11 ) 1

— —cC1C9 + —c3| .

a4 — azas| = 384 48 12

Using Lemma 1.4, we obtain

1
as — asaz| < —.
|aq 23|_6

0
Theorem 2.5. If f € 8L and of the form (1.1), then
asr — asag] < 129999
= 589824
Proof. From (2.8), (2.9), (2.11), and (2.12), we have
19 , 4493 1 17 T
lasa7 —aaas] = 75085 + 3333608071 2700305 ~ 30722 + 1508
1 21 25 54, 9799 4,
T193%2% ~ 147256012 ~ 521615 T 5R08240°1
31, 127 a0 1o 73 . AT,
307201 T 6144073 T 5121 T 30321601~ 655361
29 o, 1 _ B 11
T 1823301 5% ~ 7gg°1025 ~ Tgmaggicacs + prascicacs
—i—ﬁclcgq‘

By re-arranging the above equation, we obtain

241 (299 > 149 2 ( 299 >
C2 c2C1 —C3 | + C3C] — ¢4

lasay — agag| =

92160 964 24576 2 \ 2235
149, [ 4537 1
T 191522 (4768062 - 64) ~ 7ggC2 (16— <o)
331, (2319 , 31 /331
1474560 1 (2648 CQ) " 307201 (14880263 - C5>

144139 ( 40437 ) c% L1 (15 C)
— - - = —c ciey —
1887436801 \ 2882781 ~ %) | 2403\ 16914~ &
9619 (169429 C) . _c§ PRREL 2 &
" 5242880 2 \ 173142 2) (™2 307203\ 27 9

+416(47 —c)c—c% —i—ic c—ﬁ
163844 821~ ) |27 73 256 °\ 2 2 )|

Applying the triangle inequality, Lemma 1.2, and Lemma 1.3, the above equation becomes

144139 4 (o Ja) | 96409 jea?
_ < 29 2 2- -
lasar —asao] < G 1 ( 2 ) T 1966080 2

L 25, 10649
—— ¢
73728
Let |c1| =y € [0,2], then (2.16) becomes

| < 14139 () Y2 L 96109 [, y2 L 205 g 10619
— a4a —_ - = — |2 - = —
4307 = A446] = 913718407 2 1966030 737287 T 92160

Clearly, the above function is decreasing so by putting y = 2, we have
125999
~ 589824 °

. 2.16
92160 ( )

|a3a7 - a4a6|
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Theorem 2.6. If f € 8L and of the form (1.1), then
lagar — asag| < 0.2210481986.

Proof. From (2.9), (2.10), (2.11), and (2.12), it follows that
1

1
lasar —asag| = |=gaprencscs + qg g e10as — gageacacs — gagicicacy
583 669 L, 1,

312+

737280 L2 655360 640 2 7 18432

499 5o o BT Lo

T 18432012 T 1843201¢
, 20131 4 1 137 9259

610265

3 R
0134 46080

128

3
110224~ 1811030328 L ~ 320745 13107200164 * 73728012

18 4 5 13 527 45 10271

T 69127 18432 ¢ics + i3 18432 1% + 105920 1105920 1% ~ 23592960

L 439633 o 3 5. IR
4529848320 1% T 819213 T 171859214

18934 (2575 5 ) 3
CiC Ci — C co — —
11796480 12\ 18934+ )\ 2
L ! (2167 ) c L3 e
C Cc3Co2 — C co — — C1C
3840 2\ 256 ° 2 ) T 2 1024 174
3002 C% +13 (560—0) c—cj
10061 |2~ 9216\ 13 7@ ) (2T
N 323519 4 , c% N 10739 3 c?
———————CjC - = — 2 — =
566231040 12 | 56623104 279

N 3431 (1233 ) _ﬁ
2949120 "4 \ 68621 ~ )\ 2?7 3

C3Cq| -

1
288
This implies that

|a4&7 - a5a6| =

1783

4

5 2
162

N 169489 <100655 ) c% N 3 c
— C: Cco — —C3C cCo — —
1132462080 1 \ 677956 1 ~ ) 640 >4\ 9

1 (13 ) n 793056 ( 45761 )
—— Cs —c
288 3\ 247~ 283115520 793056 K

459 <695 )+1 (72 >
11520 2@ \ggg 13 — A ) T 3909\ 122~ ™

L5 (413 ) 1
307212 \ 1600 2~ ) T 2304 1|

Using the triangle inequality, Lemma 1.2, and 1.3, we have

9467 ) le1)? 15109 eaf”
_ < 2— 2-
|a4a7 a5@6| = 1474560 |Cl| < 9 + 368640 2

322063 le1]? 323519 5 le1]?
oo 2 — 92 _
*+ 35380440 1°!! ( > |+ Tass7760 1! 2

169489 2 23 20677
e TLCTN (2—’61’ >+

*566231040 |° 2 1152 1+ Tga3a0°

(2.17)
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Let |c1] =y € ]0,2], then (2.17) becomes
9467 y? 15109 y? 322063 y?
— < 0 2l L PR bVl ) B
(a7 —asas| < TmEegY ( 2 ) * 368640 > ) " 353304407 2

323519 3< y2> 169489 5< y2> 23 20677

1415577607 2 ) T 5662310407 11527 T 184320°

2

As the above function attains its maximum value at y = 1.082047787, so the above equa-
tion becomes
lagar — asag| < 0.2210481986.

O
Theorem 2.7. If f € 8L and of the form (1.1), then
43
H;(1)| < —.
Hy (1) < o
Proof. Since
ai az as
|H3 (1)| = a2 az a4
az a4 as
= Jasg| ‘a2a4 — a%’ + |ag| |ag — azas| + |as| ’(13 — a2’ .
Using Lemma 1.6, Lemma 1.5, and Lemma 1.7, we get
43
H; (1) < —.
Hy (1) < o=
O

Theorem 2.8. If f € 8L and of the form (1.1), then
|Hy (1)] < 0.06786551485.
Proof. Since

Hi ()] < |asas — a3 lasar — asag| + asas — au] [aaar - asagl
+ |as] {’ag‘ ‘a3a5 — ai’ + |as||as — agaq| + |ag| |as — agag‘}

+ |ay| {]a4| ‘agag, — ai’ + |as| |azas — asaq| + |ag] ‘a2a4 — ag‘} .
Using Theorem 2.1, Theorem 2.2, Theorem 2.3, Theorem 2.4, Theorem 2.7, Theorem

2.5, Theorem 2.6, and Lemma 1.6, we have
|Hy (1)] < 0.06786551485.

3. Bounds of |H,; (f)| for the sets $£® and $£®

Let m € N = {1,2,...}. A domain A is said to be m-fold symmetric if a rotation of A
about the origin through an angle 27/m carries A on itself. It is easy to see that, an
analytic function f is m-fold symmetric in U, if

f(e2miimz) = e2imp(z), (2 e W),

By 8™, we mean the set of m-fold univalent functions having the following Taylor series
form

f(z)=z+ i i1 2™ (zeW). (3.1)
k=1
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The sub-family 8L of 8™ s the set of m-fold symmetric starlike functions associated
with lemniscate of Bernouli. More intuitively, an analytic function f of the form (3.1)

belongs to the family 8£0™ if and only if

/
) () e P,

f(2) p(z) +1
where the set P(™ is defined by

Pplm) — {p eEP:pz)=1+ Zcmkzmkv (z € U)}
k=1

Now we can prove the following theorem.

Theorem 3.1. Let f € 8L be of the form (3.1). Then

13
H < —.

Proof. Since f € £ therefore there exists a function p € P such that
2f'(2) 2p(2)

f(z) p(z) +1°
For f € 8L, using the series form (3.1) and (3.2) when m = 2, we can write
1 Lo, 2 19 4 17 1
as = =Cg, G5 = —==C3 + ——C4, A7 = ———C5 — == C4C2 + —Cg.
T T 3 e T 153677 384 1 T

It is clear that for f € SL(Q),

Hy (f) = agasar — a§a7 + a%a% - ag.

Therefore

i1 () =~ (365~ o0) (20 (35 o) &+ (160 48 (a0 - 3)) ).

Using Lemma 1.3 and the triangle inequality, we get

13
3072

|Hyy (f)] <

Hence the proof is complete.

1 44192) =
786432( 60 + 64 + 192)

Theorem 3.2. If f € 8£®) be of the form (3.1), then

| < L
3456

Proof. Since f € $£®), therefore there exists a function p € P®) such that

2f'(2) 2p(2)

|Hy1 (f)

f(z) p(z) +1
For f € 8L using the series form (3.1) and (3.2) when m = 3, we can write
1 13, 1
a4 = —C3, a7 =

12 “516 T g
It is clear that for f € 8.3,

H471 (f) = —aia7 + ai.
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Therefore

17 4 1 5
82944 3 3456 370

3 ( 58752 2)
— Ccg — C .
3456 \° 8294473

Hyy(f)

Using Lemma 1.3 and triangle inequality, we get

8

. < —.

Hence the proof is complete. ]
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