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Abstract

The main purpose of the paper is to investigate geodesics on the tangent bundle with respect to the
twisted-Sasaki metric. We establish a necessary and sufficient conditions under which a curve be a
geodesic respect. Afterward, we also construct some examples of geodesics.
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1. Introduction

The geometry of the tangent bundle T'M equipped with Sasaki metric has been studied by many authors such as
Sasaki, S. [18], Yano, K. and Ishihara, S. [20], Dombrowski, p. [6], Salimov, A., Gezer, A., and Cengiz, N. [2, 7, 14-16].
The rigidity of Sasaki metric has incited some geometers to construct and study other metrics on 7M. Musso, E. and
Tricerri, F. have introduced the notion of Cheeger-Gromoll metric [13], Jian, W. and Yong, W. have introduced the
notion of Rescaled Metric [9], Zagane, A. and Djaa, M. have introduced the notion of Mus-Sasaki metric [12, 21, 22].

The main idea in this note consists in the modification of the Sasaki metric. First we introduce a new metric
called twisted-Sasaki metric on the tangent bundle 7M. This new natural metric will lead us to interesting results.
Afterward we establish a necessary and sufficient conditions under which a curve be a geodesic with respect to the
twisted-Sasaki metric.

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold and (T'M, 7, M) be its tangent bundle. A local chart
(U, 2");_17 on M induces a local chart (! (U), z*,y") on T'M. Denote by I'Y; the Christoffel symbols of g and

m
by V the Levi-Civita connection of g.

i=1m

We have two complementary distributions on 7'M, the vertical distribution V and the horizontal distribution H
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defined by :
V(w,u) = Ke’l"(dﬂ'(w u)) = {CL |(w u); ai c R},

7_l(m,u) = {CL %k@u) ujrfja k| (z,u) (S R}a

where (z,u) € TM, such that T, )y TM = Hzu) © Vizw)-
Let X = X2 be alocal vector field on M. The vertical and the horizontal lifts of X are defined by

0

XV o= Xxi_= (2.1)
oyt
5 . a 0
H _ % — Y . _] k.

For consequences, we have (52 ) = 52 and (52;)" = 821 , then (52, a‘z )i—1m is a local adapted frame on TT M.

w2 e T(z,u)T' M, then its horizontal and vertical parts are defined by

. 0 0
h % ) k
wo=w oxt —w JFzga k G/H(m u)» (23)
0
w’ = (@W* + w qufJ)a = € Vo) (2.4)

Lemma 2.1. [20] Let (M, g) be a Riemannian manifold, V be the Levi-Civita connection and R its tensor curvature, then for
all vector fields X, Y € T'(T M), we have following relations

L (X Y7, = (X, Y]~ (R(X.Y)u)",
2. X YV], = (VxY)Y,
3. XV, YV], =0,

where p = (z,u) € TM.

3. Twisted-Sasaki metric

3.1 Twisted-Sasaki metric
Definition 3.1. Let (M, g) be a Riemannian manifold and f : M — [0, +o00[ be a positive smooth function on M.
On the tangent bundle 7'M, we define a twisted-Sasaki metric noted g/ by

1 g/ (XHYH) () = 9.(X,Y),

2 g/ (X7 YY) () =0,

3 97 (XY YY) = 0:(X,Y) + [(2)92(X, u) g (Y, ),

where X, Y e (T M), (z,u) € TM, f is called twisting function.
Remark 3.1. 1 If f = 0 g7 is the Sasaki metric [20],

2 gf(XV7UV) = O[g(XﬂL), a=1+ fTQ and r? = g(u7 u)/

where X, U e I'(TM), U, =u € T, M and (z,u) € TM.

In the following, we consider f # 0, « = 1 + fr? and r* = g(u,u) = ||ul|* where ||.|| denote the norm with
respect to (M, g).

Lemma 3.1. Let (M, g) be a Riemannian manifold and p : R — R a smooth function. Forall XY e T(TM), p = (z,u) €
TM and u € T, M, we have following relations

L X" (p(r*))p = 0,
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2. XV (p(r?)p = 20 (r?)g(X, 1)z,
3. XH(g(Y,u)), = g(VxY,u),
4. XV(g(Y,u), = g(X,Y),.

Proof. Locally,ifU:ze M - U, =u= u’% € T, M be a local vector field constant on each fiber T, M, then we
have

; 0 i i O
Lo XMy = [X'gm(e(r®) = T5XY 5p(e(r)],
i 0 , 0
= [X pl<r2>a$i (TZ) - p/(TQ)F']f]X yJW(T2)]p
_ /0.2 Xz 0 s, t I\k‘ X’i i 0 s, t
= P(T)[ @gstyy — L yaT/kgStyy]P
p' () [Xg(U,U)s — 205 X"y gory®),)
= p()Xg(U,U)s —29(U,VxU),]
= 0.
- 0
2. XV(P(TQ))IJ = [XZP/(TQ)a*yigstysyt]p

_ 2p'(r2)Xigitut
= 20'(r)g(X, u)s.

The other formulas are obtained by a similar calculation. O

Lemma 3.2. Let (M, g) be a Riemannian manifold, we have the following

) XHgl(y", z%) = Xg(Y,2),

2) XxVgl(YH,ZH) = o,

)XYV, 2V = gV, ZV)+ g (VY (Vx2)Y) + X (fg(Y,u)g(Z,u),
) XVgl (Y, Z") = flg(X,Y)g(Z,u) + g(Y,u)g(X, Z)],

where XY, Z € T(TM).

Proof. Lemma 3.2 follows from Definition 3.1 and Lemma 3.1. O

3.2 The Levi-Civita connection

We shall calculate the Levi-Civita connection V/ of TM with twisted-Sasaki metric g/. This connection is
characterized by the Koszul formula

20/ (VLY. 2) = Xg/(Y,2)+Y¢/(Z,X) - Zg'(X,Y)
+gf(27[)27}7])+9f(?7[27)2])_gf()zv [}7’2}) (3.1)

forall X,Y,Z € T(TM).

Lemma 3.3. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki metric.
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If V (resp V/) denotes the Levi-Civita connection of (M, g) (resp (T M, g')), then we have following relations
1) ¢! (VI , Y, Z2H) =¢7 (VxY)H, ZH),
2) g (Viw V', 2%) = = Lo/ (ROX Y)Y, 27),
3) ¢! (Vieu ¥V, 21) =1 o (R(w,V)X)", 27),
) g (T ¥V, 27) =g (Vx1)V.27) + 5o X (DY )y 0V, 27),
5) g (Vi YT, ZH) :%gf((R(u,X)Y)H, z1),

6) 0! (Vi Y1, 2%) =5 ¥ (£)o(X,wg' (0, 2Y),

0) ¢! (Vi YV, 27) = (X g (Y u)g (grad )Y, 27,
9 ! (Vv 2%) =Logox gl 07, 27)

for all vector fields X, Y, U € T'(TM), Uy = uw € T, M and (x,u) € T M, where R denotes the curvature tensor of (M, g).

Proof. The proof of Lemma 3.3 follows directly from Kozul formula (3.1), Lemma 2.1, Definition 3.1 and Lemma 3.2.
1) The statement is obtained as follows

207 (V1w YH, 27y =x "ol (YH, ZH) 1 YH gl (28, XH) - 2H gf (XH YH)
+g (21 [XH Y H]) 4+ gt (VI (27, X)) - T (X, [V, 21))
=Xg(Y,2) +Yg(Z,X) = Zg(X,Y) +¢' (2", [X,Y]")
+g" (Y7, (2, X)) — g! (X", [Y, Z]")
=Xg(Y,2) +Yg(Z,X) = Z9(X,Y) + g(Z,[X, Y])
+9(Y,[Z,X]) = 9(X, [V, Z])
=2¢(VxY, Z)
=297 (VxY)", 2.
2) Direct calculations give
20/ (Vieu Y™, 2V) =X g/ (Y, 2V) + Y gl (2V XT) — 2Vl (XM Y1)
+g (ZV XY ) + gt (Y7 2V, X)) — T (X7, YT, 2Y))
=g" (2", [x", Y1)
=g (RX,Y)w)", Z").
The other formulas are obtained by a similar calculation. O

As a direct consequence of Lemma 3.3, we get the following theorem.

Theorem 3.1. Let (M, g) be a Riemannian manifold and (T M, g/) its tangent bundle equipped with the twisted-Sasaki
metric. If V (resp V') denotes the Levi-Civita connection of (M, g) (resp (T M, g7) ), then we have:

L(Vh ™), = (V) - LR ),

2 (ViaY )y = (VY)Y 4 5 XalDgelV )l + 5 (e, ¥)X),
3(VE Y™y = o ValDa(X w4 5 (Rul, X)Y),

LV YY), = FeX e uorad N+ Lo 0x oY

for all vector fields X, Y, U € ITM), Uy = u € T, M and p = (z,u) € TM, where R denotes the curvature tensor of
(M, g).
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4. Geodesics of twisted-Sasaki metric.

Lemma 4.1. Let (M, g) be a Riemannian manifold. If X, Y € T'(T M) are vector fields on M and (z,u) € TM such that
Y., = u, then we have

d.Y (X2) = X3y + (VXY) -

Proof. Let (U,z") bealocal charton M inz € M and 7~ *(U), 2", y) be the induced chart on TM, if X, = X'(2) 52|,
and Y, = Y'(2) 52|, = u, then

oY’k 0

7 a 7

Thus the horizontal part is given by:

) 0 , . 0
h _ % % k
_ H
= Xy

and the vertical part is given by:

k
@YX = (XK@

= (VxY)(,

(z,u)

(2) + X ()Y ()T, <x>}%|<x,u>

O

Let (M, g) be a Riemannian manifold and z : I — M be a curve on M. We define a curve C' : I — T'M by for all
teI,C(t) = (x(t),y(t)) where y(t) € T,y M i.e. y(t) is a vector field along x(t).

Definition 4.1. ([17, 20]) Let (M, g) be a Riemannian manifold. If () is a curve on M, the curve C(t) = (x(t), (t))
is called the natural lift of curve z(¢).

Definition 4.2. ([20]) Let (M, g) be a Riemannian manifold and V denotes the Levi-Civita connection of (M, g). A
curve C(t) = (x(t), y(t)) is said to be a horizontal lift of the cure x(¢) if and only if V;y = 0.

Lemma 4.2. Let (M, g) be a Riemannian manifold and ¥V denotes the Levi-Civita connection of (M, g). If x(t) be a curve on
M and C(t) = (x(t),y(t)) be a curve on TM, then

C =z +(Viy)V. (4.1)
Proof. Locally, if Y € I'(T'M) is a vector field such Y (x(t)) = y(¢), then we have
C(t) = dC(t) = dY (z(t)).

Using Lemma 4.1, we obtain
C(t) = dY (a(t)) = & + (Vay)¥.

a
Theorem 4.1. Let (M, g) be a Riemannian manifold and (T M, g/) its tangent bundle equipped with the twisted-Sasaki

metric. If V (resp. V) denotes the Levi-Civita connection of (M, g) (resp. (TM, g%)) and C(t) = (z(t), y(t)) is the cure on
T M such y(t) is a vector field along x(t), then

VLC = (V) (Rl Vi)d)! — 30V 400 (grad )P

HViViy)¥ + é[?’f(f)g(vj;y,y) + FIIVyllP]yY (4.2)
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Proof. Using Lemma 4.2, we obtain

vfc.c' = V{iH (Ve (27 + (Vay)Y]
- v;H:'cH + v;H (Vi) + vf(‘vmvi:h’ + vf(‘viy)v (Vay)"
= (V) — L (RG#W)Y 4 (VaVan)” 4 5 (Da(V )"
5 (R, V)i + 5 i(Pa(V iyl + 3 (R(5, Vg9)i) "
—%Q(Vggy,y)g(viy,y)(gmd N+ ég(%y, Viv)y”
= (V) + (R V) — 2g(V 4,9 (grad )"

2
HVaV30)Y + = [H()0(Va99) + FIV300y"
O

Theorem 4.2. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. If C(t) = (x(t),y(t)) is the cure on (T M, g¥) such y(t) is a vector field along x(t), then C(t) is a geodesic on T M if
and only if

o1 .
Vid = ig(V;by?y)zgmdf — R(y,Vy)&

(4.3)
ViViy = —é [#(Ha(Vzy,9) + IVl
Proof. The statement is a direct consequence of Theorem 4.1 and definition of geodesic. O
Using Theorem 4.2, we deduce following.

Corollary 4.1. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. The natural lift C(t) = (x(t),&(t)) of any geodesic x(t) on (M, g) is a geodesic on (T M, g').

Corollary 4.2. Let (M, g) be a Riemannian manifold, (T M, g') its tangent bundle equipped with the twisted-Sasaki metric.
The horizontal lift C(t) = (x:(t),y(t)) of the curve x(t) is a geodesic on (T M, g7) if and only if x(t) is a geodesic on (M, g).

Remark 4.1. Let (M™, g) be an m-dimensional Riemannian manifold. If C(t) = (z(t), y(t)) horizontal lift of the
curve z(t), locally we have

dy* kA

e yYt) = A(t).yt),
where, A(t) = [akj] , akj = Z

i=1

dz?
k=
Yodt
Remark 4.2.
Using the Remark 4.1, we can construct an infinity of examples of geodesics on (T'M, g/).
Example 4.1. We consider on R the metric g = e*dz?.
The Christoffel symbols of the Levi-cita connection associated with g are

5"

11(3911 dg11 3911) 1
Ozt Ozt Ozt

1
Iy, =

11 29
1)The geodesics z(t) such that (0) = a € R, 2/(0) = v € R of g satisfies the equation

d2a* " dat da? 1
- s = " - /2: )
aw T — dt dt 0&a"+3()" =0

1,j=
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Hence, we get 2/(t) =
Then, the natural lift

2 t
> +”vt and z(t) = a + 2In(1 + %).
2v

Ca(t) = (a(0), /(1) = (a+2Mm(1 + 5), =)

2
is a geodesic on TR.
2) The curve Cs(t) = (z(t), y(t)) such V;y = 0 satisfies the equation
dy®
dt

. dzd 1
T8 —0ey +-ya’ =0
+yly; 7 Sy +2y:c ,
after that y(t) = k.exp(—%) , keR.
v

Then, the horizontal lift

Calt) = (alt),y(0) = (a+ 2101+ ), k. exp(— 3 —)

is a geodesic on TR.

Corollary 4.3. Let (M, g) be a Riemannian manifold and (T M, g¥) its tangent bundle equipped with the twisted-Sasaki
metric. If f be a constant function, then the curve C(t) = (z(t), y(t)) is a geodesic on (T M, g*) if and only if

5 (4.4)
ViViy = —aI\V;'cyHQy-

Proof. The statement is a direct consequence of Theorem 4.2. O

Theorem 4.3.

Let (M, g) be a Riemannian manifold, (T M, g') its tangent bundle equipped with the twisted-Sasaki metric and x(t) be a
geodesic on M. If C(t) = (x(t), y(t)) is a geodesic on T M such that ||y(t)|| is not a constant, then f is a constant along the
curve z(t).

Proof. Let x(t) be a geodesic on M , then V ;i = 0. Using the first equation of formula (4.3), we obtain

.. 1 . ..
9(Vid, ) =0 = S9(Viy, y)’g(grad f, &) — g(R(y, V)&, &) =0

= oYy ) =0
= i) =0,

as ||y(t)|| is a constant < #g(y,y) = 0 < g(V;y,y) = 0. O

Corollary 4.4. Let (M, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with the twisted-Sasaki
metric. If C(t) = (z(t),y(t)) is the cure on (T M, g”) such ||y(t)| is a constant, then the curve C(t) = (x(t),y(t)) is a
geodesic on (T M, g¥) if and only if

Vi =—R(y,Viy)t

f (4.5)
ViViy = = =lIVaylPy.
Proof. The statement is a direct consequence of Theorem 4.2, and we have
ly(t)|l is a constant < #g(y,y) =0 < g(V,;y,y) = 0. O

Theorem 4.4. Let (M, g) be a flat Riemannian manifold and (T M, g) its tangent bundle equipped with the twisted-Sasaki
metric. Then, the cure C(t) = (x(t), y(t)) is a geodesic on T M if and only if

1
Vit = 59(Viy,y)*grad f
(4.6)

ViViy =~ [#(o(Vs00) + IVl
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Proof. The statement is a direct consequence of Theorem 4.1. O

Corollary 4.5. Let (M, g) be a flat Riemannian manifold and (T M, g') its tangent bundle equipped with the twisted-Sasaki
metric. If f is a constant function, then the curve C(t) = (x(t), y(t)) is a geodesic on T M implies that x(t) is a geodesic on

M.

Proof. The statement is a direct consequence of Theorem 4.4. O
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