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Abstract: Modularity is a well-known technic to analyze datasets that are in the form of graphs. The modularity divides the 
network into clusters concerning the connections between nodes. The clusters present the existence of shared properties between 
the nodes in the same clusters. In the present study, we analyze the 4×4 knight’s graph by modularity to seek the relation with 
Knight Covering Problem solutions (for the specified problem a.k.a. 4-KCP). Our investigation is completed for resolutions from 
0.2 to 3.2. The maximum modularity score is 0.417 which is found for the resolution = 0.6, 0.8, 1, and 1.4.  Moreover, resolution 
1.4 is the optimum resolution to find some solutions of 4-KCP. Also, the analyses show that resolution 0.2 is the best resolution 
to find all solutions of 4-KCP since it approximates the permutation algorithm. 

Keywords: Knight’s graph; modularity, 4-KCP  

Modülerlik ile 4×4 At Graf Analizi: At Graf Uygulaması 

Öz: Modülerlik graf biçimli verilerin analizinde iyi bilinen bir tekniktir. Modülerlik düğümler arasındaki bağları göz önünde 
bulundurarak anlamlı gruplara ayırır. Gruplar aynı gruptaki düğümler arasındaki ortak özelliklerin varlığını tanımlar. Bu 
çalışmada At Kaplama Problem çözümleri ile 4×4 at grafını (bu çalışmada tanımlan problem için kısaca 4-KCP) modülerlik 
analizi arasındaki ilişkiyi araştırıyoruz. Araştırmamız çözünürlüğün 0.2 ile 3.2 olduğu aralık için tamamlandı. Maksimum 
modülerlik puanı 0.417’dir ve bu modülerlik puanı 0.6, 0.8, 1, ve 1.4 çözünürlükleri için hesaplanmıştır. Buna ek olarak 1.4 4-
AKP’nin bazı çözümlerini bulmak için ideal çözünürlüktür. Ayrıca, analizler 0.2 çözünürlüğünün permutasyon metoduna 
yakınsadığından dolayı 4-AKP’nin tüm çözümleri bulmak için en iyi çözünürlük olduğunu gösterdi. 

Anahtar kelimeler: At grafı; modülerlik, 4-AKP 

1.  Introduction 

The moves of a knight on the chess introduces surprise attacks against to opponent beyond the regular moves 
such as jumping over pieces. The generated problems by knights movements on the board have been subject to the 
many types of research, for instance, the knight's tour problem is investigated to obtain a solution  [1-3]. The moves 
are used for encryption images [4-6]. Additionally, to position a certain number of knights on a board based on the 
movements which are the various versions of the Knight Covering Problem (KCP) [7-14]. There are methods are 
developed to solve by the means of the knight graph to find solutions for knight covering problems such as the 
independent set [15, 16] and the Girvan-Newman clustering algorithm [17]. 

The network analyses are intensively utilized to extract information in data networks such as social networks 
[18-20], computational networks [21-23], word networks [24-26], biological networks [27-29], infection networks 
[30, 31]. There are plenty of analysis methods such as statistical analysis, power graph analysis, visual analysis,  and 
clustering. Clustering divides the whole network to clusters of the nodes. The clusters present the common properties 
of nodes in the same cluster. The clustering method is one of the first attempts to understand the considered graph 
since it generates intuitive results in a computationally efficient manner. There are various clustering algorithms 
based on the properties of the network. For example, the Girvan-Newman algorithm uses edge betweenness, Highly 
Connected Clusters uses graph connectivity, k-means clustering uses the mean value, and Modularity uses the 
strength of division of a network into modules (a.k.a. clusters). The modularity algorithm has flexibility based on 
the resolution for different graphs. Higher resolutions divide the network to greater clusters and lower resolutions 
are otherwise. The optimum resolution changes respect to the network and the intent. We intend to understand the 
response for various resolutions in the search of 4-KCP solutions. Thus, we have investigated a range of resolutions 
to obtain the resolution which is computationally most efficient and extracts all solutions of 4-KCP. 

In the present study, the knight graph illustration of 4-KCP is investigated by the modularity of the graph.  4-
KCP has 16 cells to be occupied by the knights (See Figure 1). The cells on the corners can attack 2 cells. The cells 
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on the edges can attack 3 cells, and the cells in the middle can attack 4 cells. Additional to cells which knight attacks, 
an extra cell is occupied by the particular knight. 

 
Figure 1. 4-KCP has 16 cells to place the knight 

4-KCP board is indexed and presented color-coded respect to the degree of each node in Figure 2. 4-KCP is the 
graph which has 16 nodes and 24 edges. There are nodes with 2, 3 and 4 degrees. They are the portion of the whole 
graph respectively 25%, 50%, and 25%. The knights are on the corner cells (orange) can attack to 2 cells located in 
the center. The cells on the edges (purple) with 3 degrees can attack 2 cells on the edges and 1 cell on the center. 
The cells on the center can attack 4 cells which are 2 of them on the edges and 2 of them on the corners (see Figure 
1). 

 

 

Color 
code 

Degree Percentage in the graph 
(%) 

 2 25 

 3 50 

 4 25 

Figure 2. 4-KCP graph is shown by the degrees of nodes 

Many algorithms are built on knight graphs to solve N-KCP [15]. The algorithms use the graph theory properties 
such as the independent set. In Figure 3, the solutions of 4-KCP are found by the independent set algorithm. In the 
presented solutions exactly 4 knights are placed to cover 4x4 board. The found solutions are rotationally symmetric. 
With similar utilization of graphs, in this study, we use modularity to analyze the 4-KCP graph to find solutions. 
The network analysis method divides the 4-KCP graph into densely connected clusters. The clustered nodes show 
a strong relationship between the knights. Thus, they highlight the knights which are less likely to be in the same 
solution. The details of the modularity and the algorithm is discussed in the following sections. 
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Figure 3. 4-KCP solutions by 4 knights only 

2.  Modularity 

In the present study, we used the modularity to identify the close connected knights for the 4-KCP problem. The 
modularity score is formulated by various formulas. The formula which is utilized is as follows [32]: 

𝑄 =
1
2m

&'𝐴)* − 𝛾
𝑘)𝑘*
2𝑚 /𝛿(𝑐) , 𝑐*)

),*

 (1) 

where 𝛿-function is 1 if 𝑐) = 𝑐*; in other words, node 𝑖 and 𝑗 are in the same cluster. m stands for the number of 
edges in the graph. 𝛾 is the resolution. 𝑘) is the degree of node 𝑖 and 𝑘*  is the degree of node 𝑗. 𝐴)* represents the 
weights of the edge between nodes 𝑖 and 𝑗. It is the same for all since the effect of all knights is equal.  

Our analysis is completed by the Gephi [33-35]. We applied the resolution from 0.2 to 3.2. The implementation 
and analysis will be given in the Results and Discussion section. 

3.  Results and Discussion 

In the present study, we have investigated the relational information of the 4-KCP graph by modularity score. 
There are extracted communities from 1 to 8 respect to resolution. 

The modularity phenomena built on the strong relationships between nodes. On the other hand, the N-KCP 
solutions are to place the knight which has weak/no relations. Thus, the extracted clusters show the list of positions 
that are the least likely to be in the same solution. 

In Figure 4, modularity results on 4-KCP (for resolution = 0.2 - 3.2) graphs are presented. The resolution 3.2 is 
extracted 1 cluster in Figure 4.p. Thus, in the generated solutions shows that no two nodes could be included 
simultaneously in a solution. Also, there is no solution by one knight, so 17 permutations which include no knight 
are not solutions for 4-KCP. In Figure 4.o, 2 clusters are generated which are (1, 2, 7, 8, 9, 10, 15, 16) and (3, 4, 5, 
6, 11, 12, 13, 14). Similarly, 2 nodes / 2 knights solutions do not exist for 4-KCP. 80 combinations of the two 
clusters are not the solutions. Likewise, modularity application for resolutions = 2.8, 2.6, 2.4, 2.2, 2.0, 1.8, and 1.6 
cannot generate 4-KCP solutions. For the resolution = 1.4 in Figure 4.g, the 4-KCP graph is divided into 4 clusters. 
8 out of 9 solutions with the length of 4 are generated by the permutation 499 combinations (See Table 1). 

Table 1. The solution generated by modularity application for the resolution 1.4. 8 out of 9 solutions for length 4 
are generated. 

(2, 3, 6, 7) 
(2, 6, 10, 14) 
(3, 7, 11, 15) 

(5, 6, 7, 8) 
(5, 6, 9, 10) 

(6, 7, 10, 11) 

(7, 8, 11, 12) 
(9, 10, 11, 12) 

(10, 11, 14, 15) 
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3 clusters are introduced by the resolution 1.2, and there is no such solution with length 3. For the resolutions 
1.0, 0.8 and 0.6, 4 clusters are generated. This modularity is similar to resolution 1.4, so the generated solutions. 
The modularity is divided into 6 clusters for the resolution 0.4. Clusters make 2159 combinations length varies from 
1 to 6. This generates 13 solutions of 4-KCP. 

The modularity by resolution 0.2 divides the particular graph to 8 clusters. The number of permutations is 6560 
length varies from 1 to 8. This permutation includes all 31 solutions of 4-KCP. 

 

    
a) Resolution = 0.2 b) Resolution = 0.4  c) Resolution = 0.6 d) Resolution = 0.8 

    
e) Resolution = 1.0 f) Resolution = 1.2 g) Resolution = 1.4  h) Resolution = 1.6 

    
i) Resolution = 1.8  j) Resolution = 2.0  k) Resolution = 2.2 l) Resolution = 2.4 

    
m) Resolution = 2.6  n) Resolution 2.8 o) Resolution 3.0 p) Resolution 3.2 

Figure 4. Modularity is applied to 4-KCP graphs for various resolutions from 0.2 to 3.2 

The applied modularity for various resolutions divided the 4-KCP graph to the various number of clusters. In 
Figure 5, pie charts are shown which are greater to highlight the direction of the increasing number of clusters. The 
decreasing resolutions divide the network into smaller clusters. The increasing number of clusters more likely to 
generate 4-KCP solutions. In Figure 6, the number of permutations is compared with the number of solutions for 
the resolution from 0.2 to 3.2. There are no solutions obtained for the resolutions 1.6-3.2. Similarly, resolution 1.2 
divides the 4-KCP graph to insufficient clusters. The resolutions 1.4 (number of permutations = 499) and 0.6-1 
(624) generates 8 solutions. Resolution 1.4 generates the same number of solutions by less number of permutations. 
Thus, resolution 1.4 extracts relatively more meaningful clusters. All the solutions are obtained by the maximum 
number of permutations. The maximum number of permutations are generated for resolution 0.2. The 4-KCP graph 
is divided into 8 clusters with two nodes for each. Thus, it approximates the permutation solution algorithm [15]. 
It is computationally more efficient than permutation solutions since reduces the number of permutations. Thus, 
we conclude the existence of an explicit correlation between generated permutations and related solutions. 

Based on the modest comparison of the number of generated permutations with the number of found solutions, 
the computational efficiency of clustering is obtained with respect to the resolution in Figure 7. The computational 
efficiency is calculated as: 
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𝐸𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦	𝑜𝑓	𝑡ℎ𝑒	𝑐𝑙𝑢𝑠𝑡𝑒𝑟 =
𝑁𝑢𝑚𝑏𝑒𝑟	𝑜𝑓	𝑓𝑜𝑢𝑛𝑑	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 ∗ 100

𝑁𝑢𝑚𝑏𝑒𝑟	𝑜𝑓	𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠                                                     (2) 

Resolution 0.2 introduces the best clustering which obtains all solutions, but it is not computationally efficient 
(0.47256) because the highest number of permutations are generated. The most computationally efficient resolution 
is 1.4 by 1.60321. It finds 8 solutions by 499 permutations. All clustering could not identify a solution. Between the 
clusters which find a solution, resolution 0.4 is the least efficient (0.60213) since it finds 13 solutions in 2159 
permutations.

Figure 5. Increase resolution causes to decrease to the number of communities for 4-KCP graph 

 
Figure 6. (Color online) Generated permutations have correlations with the found solutions 

The modularity score which identifies the quality of clustering has no explicit correlation with the number of 
found solutions for the specified resolutions (Figure 6 and Figure 8). The highest modularity score is 0.417 (for 
resolution = 0.6, 0.8, 1, and 1.4). Thus, clustering presents the best sub-communities. 

Resolution 1.4 identifies computationally as the most efficient clustering to find solutions with fewer 
permutation. However, all solutions are found for resolution 0.2 which is the computationally least efficient between 
the clusters that can lead to some solution. 
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Figure 7. Computational efficient clustering is obtained by resolution 1.4. However, all solutions are obtained 

by the resolution 0.2 which is the computationally least efficient resolution between the solutions found  

 
Figure 8. Modularity score versus Resolution 

4.  Conclusion 

In this study, we have applied the Modularity 4×4 knight graph. Thus, an analysis is applied to solve the Knight 
Covering Problem (N-KCP). Our analysis is limited to the 4-KCP graph. The analyses show resolution 1.4 is the 
computationally optimal resolution to find some solutions of 4-KCP. Moreover, the analysis shows resolution 0.2 
is the best resolution to find all solutions of 4-KCP. 

Based on our analysis, the modularity is a promising method to solve N-KCP. Thus, in future studies, the 
analyses will be extended around the N-KCP with modularity.  
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