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1. Introduction

Zadeh [1] proposed the concept of fuzzy sets which is very useful to deal the concept of imprecision,
uncertainty, and degrees of the truthfulness of values and is represented by membership functions which lie
in a unit interval [0,1]. Atanassov [2] developed the concept of intuitionistic fuzzy sets in 1983 which is a
generalization of fuzzy sets and is dealing with the concept of vagueness. This concept consists of both
membership and non-membership functions. In 1998, Smarandache presented Neutrosophic sets with three
components called truth membership function, indeterminacy membership function, and falsity membership
function [3,4].

In 1982, Pawlak [5] introduced the concept of rough sets which expresses vagueness in the notions of
lower and upper approximations of a set and it employs boundary region of a set. A hybrid structure of rough
neutrosophic sets was introduced by Broumi and Smarandache in 2014 [6]. Smarandache [7] and later Wang
et al. [8] studied the concept of single-valued neutrosophic sets which is very useful in real scientific and
engineering applications. Broumi et al. [9-11] solved the shortest path problem using Bellman algorithm
under neutrosophic environment. Then, a new hybrid model of single-valued neutrosophic rough sets was
introduced by Hai Long Yang [12].

Smarandache [7] firstly presented the refinement of the neutrosophic set and logic, i.e. the truth value T is
refined into types of sub-truths such as Ty, Ty, etc.; similarly indeterminacy 1 is split/refined into types of
sub-indeterminacies I, I, etc., and the sub-falsehood F is split into F;, F,, etc. Based on Belnap’s [13] four-
valued logic that is (Truth-T, Falsity-F, Unknown-U, Contradiction-C) Smarandache proposed the concept of
four numerical valued neutrosophic logic that is quadripartitioned single valued neutrosophic sets. In this set,
the indeterminacy is split into two parts known as unknown (neither true nor false) and contradiction (both

'mohanasundari@bitsathy.ac.in (Corresponding Author); “riyarajul116@gmail.com
'Department of Mathematics, Bannari Amman Institute of Technology, Sathya Mangalam, Tamilnadu, India
Department of Mathematics, Nirmala College for Women, Coimbatore, Tamilnadu, India



http://www.newtheory.org/
mailto:mohanasundari@bitsathy.ac.in
mailto:2riyaraju1116@gmail.com

Journal of New Theory 30 (2020) 86-99 / Axiomatic Characterizations of QSVNRS 87

true and false). Mohana and Mohanasundari [14] studied the concept of quadripartitioned single-valued
neutrosophic relations (QSVNR) and also studied some properties of a quadripartitioned single-valued
neutrosophic rough sets. Chatterjee et al. [15] studied the concept of some similarity measures and entropy
on quadripartitioned single-valued neutrosophic sets.

This paper is structured in the following ways. Section 1 provides a brief introduction. Section 2 delivered
the basic definitions which we need to prove the results in further. Section 3 defined the concepts of empty
guadripartitioned single-valued neutrosophic sets (QSVNS), full QSVNS and also singleton and its
complement of QSVNS. And also, we have studied some properties of quadripartitioned single-valued
neutrosophic rough sets. Section 4 deals the concept of axiomatic characterizations of quadripartitioned
single-valued neutrosophic rough sets in detail. Section 5 illustrates an example for quadripartitioned single-
valued neutrosophic rough sets in medical diagnosis. Section 6 concludes the paper.

2. Preliminaries

In this section, we recall the basic definitions of rough sets, Neutrosophic sets, QSVNS, and QSVNR, which
will be used in proving the rest of the paper.

Definition 2.1. [5] Let U be any non-empty set. Suppose R is an equivalence relation over U. For any non-
null subset X of U, the sets 4;(x) = {X:[x]g € X} and A,(x) = {X:[x]g N X # ¢} are called the lower
approximation and upper approximation respectively of X where the pair S = (U,R) is called an
approximation space. This equivalence relation R is called indiscernibility relation. The pair A(X) =
(A1 (X), A5 (X)) is called the rough set of X in S. Here [x] denotes the equivalence class of R containing X.

Definition 2.2. [4] Let X be a universe of discourse, with a generic element in X denoted by x, a
neutrosophic set (NS) is an object having the form,

A={<x:pus(x),v(x), ws(x) >,x € X}

where the functions u,v,w:X —]70,17[ define the degree of membership ( or truth) respectively, the
degree of indeterminacy, and the degree of non-membership ( or falsehood ) of the element x € X to the set
A with the condition, ~0 < u, (%) + v4(x) + w,(x) < 37,

Definition 2.3. [15] Let X be a non-empty set. A quadripartitioned single-valued neutrosophic set (QSVNS)
A over X characterizes each element x in X by a truth-membership function T, , a contradiction membership
function C,, an ignorance membership function U, and a falsity membership function F, such that for each,
X €X,Ty,Cyp, Uy, Fg €[0,1] and 0 < Ty(x) + Cu(x) + Ug(x) + F4(x) <4 when X is discrete, A is
represented as, A = Y (Ta(x;), Ca(x;), Us(x;), Fa(x;)) /x;, x; € X. However, when the universe of
discourse is continuous, A is represented as, A = fX(TA(x), Ca(x),Us(x), Fy(x)) /x,x €X

Definition 2.4. [14] A QSVNS R in U x U is called a quadripartitioned single-valued neutrosophic relation

(QSVNR) in U, denoted by,

R = {{(x, ), Tr(x,¥), Cr(x, ¥), Ur (%, ¥), Fr(x, )}/ (x.y) € U X U}

where Tg:U X U — [0,1],Cr:U X U - [0,1],Ux: U X U - [0,1], and F: U X U — [0,1] denote the truth
membership function, a contradiction membership function, an ignorance membership function and a falsity

membership function of R respectively.

Definition 2.5. [14] Let R be a QSVNR in U, the tuple (U, R) is called a quadripartitioned single-valued

neutrosophic approximation space VA € QSVNS(U), the lower and upper approximations of A with respect

to (U, R) denoted by R(4) and }_?(A) are two QSVNS’s whose membership functions are defined as V x € U,
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Trey @) = A FrRGI VT, TRy () =V, (Tr(6 ) AT4(9)
Crey®) = A UrGe)VEOD),  Cray(¥) =¥, (Cr(Y) A G ()
Upeay ) = ¥, (CeCo) AUAGD).  Ugeay®) = A Un(3) V Up )
Fay () = Y, T AEADD), Fr() = A (Fr(x3) V EA0)).
The pair (R(A), R(A)) is called the quadripartitioned single-valued neutrosophic rough set of A with respect

to (U,R). R and R are referred to as the quadripartitioned single-valued neutrosophic lower and upper

approximation operators, respectively.

Theorem 2.1. [14] Let (X, R) be a quadripartitioned single-valued neutrosophic approximation space. The
guadripartitioned single-valued neutrosophic lower and upper approximation operators defined in 3.4 have
the following properties. VA, B € QSVNS(X),

i. R(X)=X, R(@) =

ii. If A < Bthen R(A) S R(B) and R(A) € R(B)

iii. RGANB) = R(A) NR(B),R(AU B) = R(A) UR(B)
iv. RGAUB) 2 R(A) UR(B),R(AN B) € R(A) N R(B)
V. R(A9) = (R(A)¢, R(A9) = (R(A))©

3. The Properties of Quadripartitioned Single-Valued Neutrosophic Rough Sets
In this paper, QSVNS(X) will denote the family of all QSVNSs in X.

Definition 3.1. Let A be a QSVNS in X. If Vx € X, T4(x) = 0,C4(x) = 0 and U, (x) = 1, F4(x) = 1then A
is called an empty QSVNS, denoted by ¢. If Vx € X, T4(x) = 1,C4(x) =1 and U, (x) = 0, F4(x) = 0 then
A is called a full QSVNS, denoted by X.

Va,,ay a3, a4 € [0,1], ay a7 a3 a, denotes a constant QSVNS satisfying,

Talloﬁ_'a\&a[} (x) = ay, Cal,zﬁ_'a\3_a4 (x) = ay, Ual_oﬁ_'a\&a‘l(x) = a3, and Fal’a/zfa\&all(x) = Qay
Definition 3.2. For any y € X, a quadripartitioned single-valued neutrosophic singleton set 1,, and its
complement 1y_,; are defined as vVx € X,

1,x =
T, = 6,0 ={% 27

_ _(O,x=y
0,00 = P ={ 3 2
_ _(O,x=y
Ty () = Ciy () = {1,x *y
and
_ _(Lx=y
Uiy iy (%) = Fiy ) (%) = {O,x *y
Definition 3.3. If Vx € X,Vyex Tr(x,¥) = 1, Vyex Cr(x,¥) = 1, Ayex Ur(x,¥) = 0, and Ayex Fr(x,y) =
0, then R is called a serial QSVNR where " v " and " A " denote maximum and minimum respectively.
Theorem 3.1. Let (X,R) be a quadripartitioned single-valued neutrosophic approximation space. The

guadripartitioned single-valued neutrosophic lower and upper approximation operators defined in 2.5 have
the following properties. VA, B € QSVNS(X),Va,, ay, az, a4 € [0,1],
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(DR(AVay @@z a,) = R(A) U ay a3 @5 ay, and R(A N ay, @ 03,a4) = R(A) N ay @5 @3 ay;

(2) E(%,‘X/Z,\%,‘M) =y, a3, < R(P) = ¢, and E(“1,a/2,53,a4) = ay,05, 03,0y & RW)=U
Proor. By definition 2.5, Vx € U, we have
TE(AUal,a/ZTE3,a4) (x) :y/E\X (Fr(x,y) Vv TAUal,a’zfo‘c3,a4 62))
= A, FrCo)V 40DV Tz 0, )
=N (Fr(x,y) VT4(y) Vaq)
yeX
= (., FrN VTN Ve
yEX

= TE(A)(‘X) \ aq

CQ(AUal,aﬁg,,oq) (x) :y{;\X (Ur(x,y) vV CAUal,a/Z,ﬁs,oq )
= &, WUr(3) V (G4 V Cay iz, )
= A (Ur(x,y)VCi(¥)V a3)
yex
= (A, Wa(x9)V G0NV ey
yex

= CE(A)(X) Va,

UQ(Aual,mg,,oq) ) :y\e/X (Cr(x,y) A UAual,aﬁ3,a4 62))
= V. (Ca(%,) A (Ua() A Uy, )
=V (Cr(x,y) AU (¥) A aa3)
yeX
= (v, () AUGD) Aas
yeEX

= UE(A)(x) A as

FQ(AUal,aﬁg,a4)(x) :y\E/X (Tr(x,y) A Fpva, aomsa, 6%))
=V (TrCo ) A (FA(D) A Fay s, ()
=V (Tr(x,y) NEa(y) Aty
yeEX
= (v, Tr(x) ARG ) A ey
yeEX
= FE(A)(x) A Ay
S0, R(AV ay,a; a3 ay) = R(A) U a1, @ @3 4.
Similarly, we can show that R(A N &y @7 @ a,) = R(A) N ay @703 ay.
(2) If R(¢p) = ¢, then we have,
R(ay,az03a,) = R(P U ay,a3,03,04) = R(P) U g @ a3 a4 = 4,03 d3,04 by (1)
Conversely, if Va, a; a3 ay € [0,1],

R(aya; a3 a4) = ay @; 03 ay, takea; = a; = 0andaz = a, =1
l.e.,a, 0 a3 &, = P, thenwehaveR(Pp) = ¢

Similarly, we can show R (e @z a3 a,) = ay @7 @3,.a, < R(U) = U.
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Theorem 3.2. Let (X, R) be a quadripartitioned single-valued neutrosophic approximation space. R(A) and
R(A) are the lower and upper approximation in Definition 2.5 then we have,

(1) R |S Serial (=4 B(al, aﬁ3, a4) = aq, aﬁ3,a4, V(Xl, Ay, A3, Ay € [0,1]

SR@P)=¢
= ﬁ(al,aﬁ3,a4) = qq,dy, 03,04, Y, 0z, A3, 4 € [0,1]
S RWU)=U

& R(A) € R(A),VA € QSVNS(X)
(2) R is reflexive & R(A) c A,VA € QSVNS(X),
& A c R(A),VA € QSVNS(X)

(3) R is symmetric & R(1x_(;) () = R(1x-(p3) (%), Vx,y € X

e R(1,)WY) = ﬁ(ly)(x), Vx,y € X
(4) R is transitive & R(A) € R(R(A)),VA € QSVNS(X)
& R(R(A)) € R(4),VA € QSVNS(X)

Proor. Since quadripartitioned single-valued neutrosophic approximation operators satisfy the duality
property, it is enough to show us the properties for upper quadripartitioned single-valued neutrosophic
approximation operator.

Based on Theorem 2.1(1), 3.1(2) we only need to show

Risserial & R(aq,d3,03,a4) = @1, 0y, 03, a4, V1, ay, a3, a4 € [0,1],
& R(A) c R(A),VA € QSVNS(X)
() We first prove

Risserial © R(aq, 03, 03, 4) = aq, 03, 03, 0y, Va1, Ay, a3, 4 € [0,1].
First assume that Risserial, then Vx € X,
Vyex Tr(,¥) = LVyex Cr(x,y) = 1and Ayex Up(x,y) = 0,Ayex Fr(x,¥) = OVay, @y, a3, a4 € [0,1]
By Definition 2.5, Vx € X,
Ta @@ = A FeCon) Y To qaa, )
=y/E\X (Fr(x,y) V ay)

=a, VA Fp,y)=a;vV0=0a,
yEX

Cg(al,a/zfa\g,a4) (x) :y/E\X (Ur(x,y) V Cal,a/zfﬁ3,a4 62))
=y/E\X (Ur(x,y) V a2)

=a, VA Ug(x,y)=a, V0 =a,
yex

Ug(al,aﬁ3,a4) x) :y\E/X (Cr(x,y) A Ual,aﬁ3,a4 )
=y\E/X (Cr(x,y) A az)

=a3 AV Cr(x,y)=az A1l =ay
YyEX
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Fraazasao @ =Y, Tr(%) Aoy, )
=V, (Ta(x,7) Aay)
=aq, /\y\E/XTR(x,y) =a, N1 =aqay,.
Therefore, Vay, @y, a3, a4 € [0,1], R(aq, @3, X3, Q4) = a1, 03, 0z, Ay
Conversely, assume that Va4, a;, a3, a4 € [0,1],R(aq, @3, X3, a4) = a1, 07, 03, QY.
Take a; = @, = 0 and a3 = a, = 1, then by Definition 2.5, Vx € X,
0 = Treooz,1) () =y/€\X (FrC, ) VToot1(V)) =y/e\X (Fr(x,y) v 0) =y/e\X Fr(x,y)
0 = Creopr) (™) =y/€\X (Ur(x,¥)V Cor11(¥)) =y/€\X (Ur(x,y)V0) =y/e\X Ur(x,y)
1 = Ugpzn®™) :y}E/X (Cr(x, ) ANUo5121()) :y\E/X (Cr(x,y) A1) :y\E/X Cr(x,y)
1= Fromn(®) = Y, Ta(%9) AFogia0)) = V, (Ta(x, ) A1) =V, Ta(x,)
Then, R is serial.
Hence, R is serial © R(aq, a3, 03, ay) = @, (5, A3, A4, VA, Az, 23,4 € [0,1].
(i) Next, we prove that R is serial & R(A) c R(A), VA € QSVNS(X).

First, assume that R is serial. Since X is finite, there exists z € X such that T (x,z) = Cx(x,z) = 1 and
Ur(x,z) = Fr(x,z) = 0. Then by Definition 2.5, Vx € X,

Treay(x) =y/€\X (Fr(x,y) VTA(¥) =yEXA—{z} (FrC, ) VTA(0)) A (Fr(x,2) V Ty(2))
A (Freay) VT (D) ATy(2) < Ty(2)

=y€X -{z}

Txea)(®) =y\E/X (Tr(x,¥) ATA(¥)) =yEXV_{Z} (Tr(x,y) ATA(¥)) V (Tr(x,2) ATy(2))
= Y oy TR ATLOD VT4 () = Ty ()

Then, TE(A) (x) < TE(A) (x)

Similarly, we can prove that Cga)(x) < CE(A)(x)' Urcay(x) = Uﬁ(A)(x), and  Fgeay(x) = Fﬁ(A)(x).
Therefore R(A) € R(A).

Conversely, assume that R(A) c R(A),VA € QSVNS(X). Take A =X, then by Theorem 2.1(1) and
Definition 2.5, then we have

1=Tx(x) =Trexy(x) < R(X)(x) =Vyex (Tr(x, ) ATx(¥)) =Vyex Tr(x,y)
which means V,ex Tr(x,y) = 1. Similarly, we can prove that

Vyex Cr(%,¥) = LAyex Ug(x,y) = 0,and Ayex Fr(x,y) =0
Hence, R is serial.

(1) = R is reflexive, then Vx € X, we have
Tr(x,x) = Cr(x,x) =1and Uy (x,x) = Fr(x,x) =0
By Definition 2.5, VA € QSVNS(X), Vx € X,

Trey () = A (Fr(x,y) VTa(1)) < Fp(r, %) VT4 (%) = 0V Ta(x) = Ta(x)

Crey () = A (Ur(%,7) V Ea() < Ur(x,X) V G4 (x) = OV G4(x) = G4 (%)
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Ura)(X) =y\€/X (Cr(x, ) ANUL(Y)) = Cr(x,x) AUp(x) = 1A UL (x) = Uy(x)
Freay(x) =y\E/X (Tr(x,y) NFA(¥)) = Tr(x,x) AFp(x) = 1A F4(x) = Fu(x)

So, R(4) c A.
" < " Now assume that VA € QSVNS(X), R(A) c A.

Vx € X, take 4 = Iy then we have

0= Tlx_{x} (.X') = TB(IX_{X}) (x) :AyEX (FR (x' y) v Tlx_{x} (y))
= (Fr(x,x) v T1X_{x}(x)) Myex—xy (Fr(x,y) V T1X_{x}(Y))
= (Fr(x,x) VO) A1l = Fr(x,x),thenFgz(x,x) =0

0= Clx_{x} (x) = Cﬁ(lx_{x}) (x) =/\yEX (UR(x’ y) \4 Clx_{x} (y))
= (Ur(%,2) V Ciy_ (1) Myex—g) (Ur(2 )V Ciy_y )
= (Ur(x,x)VO) A1l =Up(x,x),then Ug(x,x) =0

1= le_{x} (x) < UB(]-X—{X}) (x) =VyEX (CR( X, y) A le_{x} (y))
= (CR(x,%) AUy (1) Wyex—gzy (CR(%,9) AUsy_ ()
= (Cr(x,x) A1) VO = Cr(x,x),then Cx(x,x) =1

1= le_{x} (x) < Fﬁ(lx_{x}) (x) =VyEX (TR(x’ y) A le_{x} (y))
= (T(%,2) A Fyy_ o (0) Wyex—gyy (Tr(%,9) APy ()
= (Tr(x,x) A1) VO =Tr(x,x),then Tr(x,x) =1
Thus, R is reflexive. So, R is reflexive & R(A) c A,VA € QSVNS(X).

(2) By Definition 2.5, Vx,y € X
TrR(1x_(ap) ) =Agex Fr(y,2) V Ty (2)
= (FRW, ) V Ty (X)) Myex—py Fr(y,2) V Ty, (2))
= (Frx)VO)AL = Fr(y,x)

Tr(1x_(yp) (%) =Agex (Fr(x,2) Vv Tiy @)
= (Fr(x,y) vV Ty o ) Mzex—gyy (Fr(x,2) v Ty (2))
= (Fr(,y) VO) AL = Fr(x,y)

CRrax_ (V) =Azex Wr(y,2) V Ciy_,(2))
= (Ur(y,x) V Clx_{x} (X)) Mzex—y Ur(y,2) V C1X_{x} (2))
= (Ur(y,x)VO) AL = Ur(y,x)

Crax () =Azex Ur(x,2) V Ciy () (2))
= (Ur(%,¥) V Ciy_(,, (1) Mzex—(y3 (Ur(X,2) V Gy, (2))
= (Ur(x,y) VO) AT =Up(x,y)

Ur(yx_pp (V) =Vzex (Cr(¥,2) AUy, (2))
= (Cr(¥,x) AUy, (%)) VVzex—1xy (CR(Y,2) AUy, (2))
= (Cr(y,x) A1) VO =Cr(y,x)
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Ug(lx_{y]) (X) =Vzex (CR(x' Z) A le_{y} (Z))
= (Cr(%,¥) AUy, (1)) VWaex—(yy (Cr(X,2) AU, (2))
= (Cr(x,) A VO =Crxy)

FB(IX_{X}) (y) =Vzex (TR(y' Z) A FlX—{x} (Z))
= (Tr(y,x) A Fiy (X)) Waex—gg (Tr(y,2) A le_{x}(z))
= (Tr(y,x) A1) VO =Tr(y,x)

Fg(1x_{y})(x) =Vzex (Tr(x,2) A F1X_{y} @)
= (Tr(%,Y) A Fiy_ ), 0) Waex—gy) (Tr(%,2) AFry_ (2))
= (Tr(x,y) A1) VO =Tg(x,y)
R is symmetric iff,

Vx,y € X,
Tr(x,y) = Tr(y, %), Cr(x,¥) = Cr(y,x)
Ur(x,y) = Ur(y, x), Fr(x,y) = Fr(y,x)

Then, R is symmetric iff,

Vx,y € X,
TE(lx—{x}) o) = Tﬂ(lx—{y}) (), Cﬂ(lx—{x}) o) = CE(lx—{y}) (x)
Uﬂ(lx—{x}) ) = UE(lx—{y}) (%), Fﬂ(lx—{x}) ) = FE(lx—{y}) (x)

which implies that R is symmetric iff Vx,y € X, R(1x_,) (¥) = R(1x_53) (X).
(3) Assume that R is transitive, then

Vx,y,z € X,
Vyex Tr(6,¥) ATR(Y,2)) < Tr(x,2) Vyex (Cr(x,¥) A Cr(¥,2)) < Cr(x,2)
Ayex (Ur(x,y) VUR(Y,2)) = Ur(x,2) Ayex (Fr(x,¥) V Fr(y,2)) = Fr(x,2)

By Definition 2.5, Vx € X, we have

Trer(a))(X)  =Ayex (Fr(6,¥) V Treay(¥))
=Ayex (Fr(x,¥) VAzex (Fr(¥,2) V T(4y(2))
=NzexNyex (FrR(%,Y) V Fr(y,2) V T(4)(2))
=Nzex (AyEX (Fr(x, ) V Fr(y,2)) V T(n) (2))
ZNzex (Fr(x,2) V Ty(2))
= Tray(x)

Crr(a)(X)  =Ayex (Ur(x,¥) V Cray(¥))
=Ayex (Ur(x,¥) VAzex (Ur(y,2) V Ciay(2))
=AzexNyex (Ur(x,y) VUR(Y,2) V C4)(2))
=Nzex (/\yex (Ur(x,y) VUR(¥,2)) V Cay (2))
2Nzex (Ur(x,2) V Cy(2))
= Cra)(x)
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Urreay )  =Vyex (Cr(x,¥) AUr@)(¥))
=Vyex (Cr(x,¥) AVzex (Cr(Y,2) AUay(2))
=VzexVyex (Cr(x,Y) A Cr(y,2) AU4(2))
=Vzex (VyeX (Cr(x,y) ANCr(Y, 2)) A U(A)(Z))
<Vzex (Cr(x,2) AUy (2))
= Ug(a)(x)

Frireany ) =Vyex (Tr(x,¥) A Fray(¥))

=Vyex (Tr(%,¥) AVzex (Tr(Y,2) A Fay(2))
=VzexVyex (Tr(x%,Y) ATr(Y,2) A F4)(2))
=Vzex (VyeX (Tr(x,y) ATR(¥,2)) A Fy) (2))
SVizex (Tr(x,2) A Fy(2))
= Frea) x)

Hence, R(4) < R(R(A)).

Conversely, assume that VA € QSVNS(X), R(4A) € R(R(A)).

Vx,y,z € X, take A = 1x_(z), We have

Tr(x,2) = Fray_,p(X) 2 Frr(iy_ ) (%)
:VyEX (TR (x' y) A FB(lx—{z}) (y))
:VyEX (TR (x' y) A TR (y' Z))

Cr(%,2) = Up(1y_;)(X) 2 Ur(r(1x-(z) (%)
:VyEX (CR( X, y) A Ug(lx_{z}) (y))
=Vyex (Cr(x,¥) A Cr(y,2))

Ur(x%,2) = Craay_,p(®) = Crr(ax—z) )
=Ayex (Ur(x,¥) V Cg(1x_{z})(3’))
=Ayex (Ur(x,y) VUR(Y, 2))

Fr(x,2) = Tray_,p () < Trr(1x () X)
=AyEX (FR ( X, y) \ TE(IX_{Z}) (y))
=Ayex (Fr(x,¥) V Fr(y,2))

So, R is transitive.

4. Axiomatic Characterizations of Quadripartitioned Single-Valued Neutrosophic
Rough Sets

This section will provide the axiomatic characterizations of quadripartitioned single-valued neutrosophic

rough sets by defining a pair of abstract operators. Consider a system of quadripartitioned single-valued

neutrosophic rough sets (QSVNS(X),u,n,c,L, H) where L,H: QSVNS(X) - QSVNS(X) are two operators

from QSVNS(X) to QSVNS(X) LetT(X), C(X), U(X), F(X) denote truth, contradiction, ignorance and falsity
membership function respectively.

Define A € QSVNS(X),L = (Ly,L¢, Ly, Lg) and H = (Hy, H¢, Hy, He) Where,
Lr,Hp:T(X) > T(X),Lc,He: C(X) = C(X), Ly, Hy: U(X) = U(X),Lg, Hr: F(X) = F(X)
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For A € QSVNS(X), L(A) = (L(Ty),Lc(Cy), Ly (Uy), Lr(E4)) which implies that,
TL(A) = Lp(Ty), CL(A) = Lc(Ca), UL(A) = LU(UA):FL(A) = Lp(Fy)
H(A) = (Hp(T,),He(Cy),Hy(Uy), Hr(F4)) which implies that,
Tycay = Hr(Ta), Cycay = He(Ca) , Uncay = Hy(Uya), and Fyyay = Hp(Fy).

Definition 4.1. Let L, H: QSVNS(X) — QSVNS(X) be two quadripartitioned single-valued neutrosophic set
operators. Then, VA = {{x, T4(x), C4(x), Us(x), F4(x))|x € X} € QSVNS(X), L and H are known as dual
operators if they satisfy the following axioms.

(QSVNSL1)L(A) = (H(A))C i.e., Vx € X,

I. Lp(Ty) (x) = Hp(Tp) (x)
ii. Lc(Cy) (x) = Hy(Cy) (x)
iii. Ly(Uy) (x) = He(Uy) (%)
V. Lp(Fy) (x) = Hp(Fy) (x)

(QSVNSUD)H(A) = (L(A))  i.e., Vx € X,

I. Hp(Ty) (x) = Lp(Ty)(x)

il He(Cg) (%) = Ly (Cy) (x)

. Hy(Ug) (x) = Lc(Uy) (x)

iv. Hp(Fy) (x) = Lr(Fy) (%)
Theorem 4.1 Let L, H: QSVNS(X) —» QSVNS(X) be two dual operators. Then, there exists a QSVNR R in X
such that, L(A) = R(A) and H(A) = R(A) for all A € QSVNS(X) iff L satisfies the following axioms
(QSVNSL2) and (QSVNSLJ), or equivalently, H satisfies axioms (QSVNSU2) and (QSVNSU3):

VA,B € QSVNS(X),Va,, a3, a3, a4 € [0,1],
(QSVNSL2)L(AVU a4, a5, a3,a,) = L(A) U aq, &y, a3, a4, i.6., VX € X,

I Lr(Ta U @) (x) = Ly(Tp)(x) Vay
il Le(CaU @z) (x) = Le(Cp) (X)) V ay
iii. Ly (Uan az)(x) = Ly(Uy) (x) Az
V. Le(Fan @y) (x) = Lp(Fa) (x) A ay
where g; is a constant fuzzy set in X satisfying,
vx €X,ai(x) =a;(i=1234)
(QSVNSL3)L(ANB) =L(A)NL(B)i.e,Vx €X,
I. Lr(Tang) (x) = Lp(Ty N Tp)(x) = Ly (Tp) (x) A L (Tp)(x)
il. Lc(Canp) (x) = Le(Cun Cp)(x) = L (Cp) (x) AL (Cp) (%)
iii. Ly(Uang) (x) = Ly(UsV Up)(x) = Ly(Us) (x) V Ly (Up) (x)
IV. Lp(Fang) (x) = Lp(F4U Fg)(x) = Lr(Fa) (x) V Lp(Fg) (x)
(QSVNSU2)H(AN aq,ay,a3,a,) = H(A) Nag,ay,a3,a, 1.6, Vx € X,
I. Hp(Ty N ay)(x) = Hp(Tp))(x) Ay
il He(Can @2) (%) = He(Cp) (X) A axy
iii. Hy(UsU a3)(x) = Hy(Uy) (%) V a3
Iv. He(FpU @4)(x) = Hp (Fy) (X) V ay
where @; is a constant fuzzy set in X satisfying Vx € X, @;(x) = a;(i = 1,2,3,4)
(QSVNSU3)H(AUB) =H(A)UL(B)ie,Vx€X,

i. Hr(Tyyp)(x) = Hp (T4 U Tp)(x) = Hy(T4)(x) V Hr(Tp) (x)
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iil. He(Caup) (%) = He(C4U Cp)(x) = He(Cy) (%) V He(Cp) (%)

iii. Hy(Uaup) (x) = Hy(UyN Up) (%) = Hy(Uy) (x) A Hy(Up) (x)

V. Hp(Faup) (x) = Hp(F4N Fg)(x) = Hp(Fy) (x) A Hp(Fp) (%)
Proof: " =" It follows immediately from Theorem 2.1,3.1. " & " Suppose that the operator H satisfies
axioms (QSVNSU2) and (QSVNSU3). By using H, we can define a QSVNR
R ={{(x,¥), Tr(x,y), Cr(x,y), Ur(x,¥), Fr(x, ¥))|x, y € X} as follows

Vx,y € X,Tr(x,y) = Hr(T1,) (%), Cr(x,y) = Hc(Cqy) (%), Ur(x,y) = Hy(Uyy) (x), and  Fr(x,y) =
HF(Fly) ().

Clearly, VA € QSVNS(X), we have,

T = 0Tiom. €4 = | J€yn Tt va = [ W Taom. a = [ |y EaO)).

yeX yEX yeX yEX

By definition 2.5, (QSVNSU2) and (QSVNSU3) we have
Taw () =Y, Tr@Y) ATI0)) =V, Hr(T1y) () ATy )
=y\e/X Hr (TN T4(y))(x)

= Hy (U(Tw” TA(y))> ()

yeX
= Hp(Ty)(x) = TH(A)(x)
Cray() :y\E/X (Cr(x, ) ANC4(Y)) :y\E/X (Hc(Cry) () A G4 ()
:y\E/X He(CiyN Ca(y))(x)

= He (U(cwn cA(y») ()

yEX
= Hc(Cp) (x) = Cheay(x),
Uray(®) = A (Ur(x,7)VUL(¥)) = A (Hy(Usy) (x)VUs(¥))
yeX YEX
= A Hy(Uiy LUy () x)

= Hy (ﬂ(uly U UA<y))> ()

YEX
= Hy(Uy) (x) = Ugay(x)
Fan @ = A, Fr(x0)VEGY) = A (Hr(Fiy) ()Y E(0)
=y/E\X Hp(F1yU F4(y))(x)

= H (ﬂ(Flyu FA(y))> ()

yex
= Hp(Fy) (x) = Fya)(x)

H(A) = R(A). Since L and H are dual operators and H(A4) = R(A), we can easily show that L(A) = R(A).
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From Theorem 4.1, it follows that axioms (QSVNSUL1), (QSVNSL1) — (QSVNSL3), or equivalently,
axioms (QSVNSL1), (QSVNSU1) — (QSVNSU3) are the basic axioms of quadripartitioned single-valued
neutrosophic approximation operators. Then we have the following definition.

Definition 4.2. Let L, H: QSVNS(X) — QSVNS(X) be two dual operators. If L satisfies axioms (QSVNSL?2)
and (QSVNSL3) or equivalently H satisfies axioms (QSVNSU2) and (QSVNSU3), then the system
(QSVNS(X),u,n,c, L, H) is known as quadripartitioned single-valued neutrosophic rough set algebra, and L
and H are called quadripartitioned single-valued neutrosophic lower and upper approximation operators
respectively.

Next, we study axiomatic characterizations of some special classes of quadripartitioned single-valued
neutrosophic approximation operators.

Theorem 4.2. Let L, H: QSVNS(X) — QSVNS(X) be two dual operators, then there exists a serial QSVNR R
in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(A) if and only if L satisfies axioms (QSVNSL2),
(QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms (QSVNSU2),
(QSVNSU3) and one of the following equivalent axioms:

i. (QSVNSL4)L(¢) = ¢

ii. (QSVNSU4)H(U) =U

iii. (QSVNSL5)L(aq, a7, 03, @) = 1,5, A3, 04

iv. (QSVNSU5)H (ay, @y, 03, Q) = @1, 0, A3, Ay

V. (QSVNSLU 5)L(A) € H(A),VA € QSVNS(X)
Proor. It follows from Theorem 3.2(1) and 4.1.

Theorem 4.3. Let L,H:QSVNS(X) - QSVNS(X) be two dual operators, then there exists a reflexive
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(4) if and only if L satisfies axioms
(QSVNSL2), (QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms
(QSVNSU2), (QSVYNSU3) and one of the following equivalent axioms:

i. (QSVNSL6)L(A) c A, VA € QSVNS(X)

ii. (QSVNSU6)A c H(A),VA € QSVNS(X)
Proor. It follows from Theorem 3.2(2) and 4.1
Theorem 4.4 Let L,H:QSVNS(X) - QSVNS(X) be two dual operators, then there exists a symmetric
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(4) if and only if L satisfies axioms

(QSVNSL2), (QSVYNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms
(QSVNSU2), (QSVYNSU3) and one of the following equivalent axioms:

I. (QSVNSL7) L(1x-(x) (V) = L(1x—p) (%), VX, ¥y € X

ii. (QSVNSU7) H(1,)(y) = H(1,)(x),Vx,y € X
Proor. It follows from Theorem 3.2(3) and 4.1
Theorem 4.5. Let L,H: QSVNS(X) —» QSVNS(X) be two dual operators, then there exists a transitive
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A) and H(A) = R(A) if and only if L satisfies

axioms (QSVNSL2), (QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies
axioms (QSVNSU2), (QSVNSU3) and one of the following equivalent axioms:

i. (QSVNSL8)L(A) < L(L(A)), VA € QSVNS(X)
ii. (QSVNSU8)H(H(A)) < H(A),VA € QSVNS(X)

Proor. It follows from Theorem 3.2(4) and 4.1
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5. An application of Quadripartitioned Single-Valued Neutrosophic Rough Sets

Definition 5.1. Let n = (T,, C,, U,, F,) be a quadripartitioned single-valued neutrosophic number, n* =
(Tp#, Cpr, Uy, Frx) = (1,1,0,0) be an ideal quadripartitioned single-valued neutrosophic number, then the
cosine similarity measure between n and n* is defined as follows.
T, Tp + C,Cps + U, Uy + FE, F oy
VTF + CF + Uj + E3(Tne)? + (Co)? + (Une)? + (Fye)?
Definition 5.2. Let A and B be two QSVNSs in X. We define the sum of 4 and B as
A® B ={{(x,A(x) ® B(x)|x € X)}; i.e.

Tp(x) + Tp(x) — Ta(x)Tp(x), C4(x) + Cp(x) — C4(x) CB(’O:)
Ug(x) + Up(x) — Uy (x) U (), Fo(x) + Fg(x) — Fy(x)Fp(x)

Example 5.2. Consider the medical diagnosis decision procedure based on quadripartitioned single-valued
neutrosophic rough sets on two universes. Let us consider the two universes. U = {x4, x,, x3} which denotes
the set of diseases viral fever, common cold and stomach problem and V = {y,,y,,y3} be the set of
symptoms tired, dry cough and stomach pain respectively. Let R € QSVNR(U x V) be a QSVNR from U to
V, where V(x;,y;) € UXV,R(x;,y;) denotes the degree that the disease x;(x; € U) has the symptom
yj(y; €V). According to medical knowledge statistic data, we can obtain the relation R.

S(n,n") =

A@B:(

Table 1. QSVNR R

R Xq Xy X3

X1 (0,0.3,0.5,0.4) (1,0.7,0.5,0.4) (0.3,0.1,0.6,0.2)
Xy (0,0.9,0.8,0.5) (0.5,0,0.3,0.4) (0.3,0.2,0.6,0.8)
X3 (1,0.2,0.5,0.6) (0.6,0.2,0.3,0.5) (0,0.3,0.7,1)

Let A = {< x,(0.3,0.6,0.7,0.5) >, < x,, (0,0.2,0.5,0.3) >, < x3, (0.4,0.9,0.7,0.6) >}. By the Definition 2.5
the lower and upper approximations are calculated and hence given in detail below,

R(A)(x;) = (0.4,0.5,0.5,0.3), R(4) (x;) = (0.3,0.3,0.5,0.4)

R(A)(x;) = (0.4,0.3,0.7,0.3), R(A) (x,) = (0.3,0.6,0.5,0.4)

R(4)(x3) = (0.5,0.3,0.3,0.5), R(4) (x3) = (0.3,0.3,0.5,0.5)
By Definition 5.2,

R(A) ® R(A = {(x;,0.58,0.65,0.75,0.58), (x,, 0.58,0.72,0.85,0.58), (x3, 0.65,0.51,0.65,0.75)}
By Definition 5.1,
TnTy+ + CpCp + U Uy + B F o
JTZ + C2+ U2 + B2 (T )2 + (€)% + (Up)? + (Fy)?
0.58 + 0.65

~ J0.582 + 0.652 + 0.752 1 0.582v12 + 12

S(n,n*) =

S(ny,n") = 0.675

Similarly, we can obtain,
S(ny,,n*) =0.665, S(ny,,n*)=0.636

Here S(ny,,n*) > S(ny,,n") > S(ny,,n"). So, the optimal decision is to select x,. That is the patient A is
suffering from viral fever x;.
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6. Conclusion

In this paper, we studied the framework of quadripartitioned single-valued neutrosophic rough sets through
its axiomatic characterizations. And also, we have studied the properties of quadripartitioned single-valued
neutrosophic rough sets. We also illustrate a numerical example in medical diagnosis to show the usefulness
of quadripartitioned single-valued neutrosophic rough sets on two-universes.
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